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Hecke’s Theory of Modular Forms and Dirichlet Series

Erich Hecke



Preface in Two Acts with a Prelude,
Interlude, and Postlude

Prelude

Thirty-seven years have elapsed between the first version and the present
version of this monograph. We begin with the first author’s slightly edited
preface from his first version. We then provide a lengthier second preface
composed by the second author.

The Original Preface

These notes are part of a course on modular forms and applications
to analytic number theory given by the first author at the University of
Illinois at Urbana-Champaign in the spring of 1970. The existing accounts
[47], [48], [87] of Hecke’s theory of modular forms and Dirichlet series are
somewhat concise. Therefore, it has been our intention to present a more
detailed account of a major portion of this material for those who are
unfamiliar with this beautiful theory. Readers already familiar with Hecke’s
theory will find little that is new here.

The first author is especially grateful to Ronald J. Evans for providing
a new proof of a fundamental region for Hecke’s modular groups, which we
present here. We express our thanks also to Elmer Hayashi for a detailed
reading of the manuscript and to Harold Diamond for several suggestions.

Bruce Berndt, May, 1970 & May, 2007

Interlude
The first author mailed a copy of his notes on Hecke’s theory of modular
forms and Dirichlet series to Dr. Jiirgen Elstrodt, who at that time was at

Universitat Miinchen. He responded with about a dozen pages of detailed

vii



viii Hecke’s Theory of Modular Forms and Dirichlet Series

comments, which, after an undeservedly quick reading, were deposited in
the first author’s file cabinet for approximately thirty-five years, until they
were dusted off and sent to the second author for incorporation in the new
version. We hope that it is not too late to thank Elstrodt for his kind
suggestions and patience.

The Second Preface

In the spring of 1971, I received the following letter, dated June 17.
Since it is brief, I quote it in full.

Under separate cover, I am sending you a copy of some lec-
ture notes, “Hecke’s theory of modular forms and Dirichlet
series.” I would appreciate any comments, corrections, crit-
icisms, or suggestions that you may have. Thank you very
much.

Most sincerely, (signed) Bruce

To establish the context of this letter, I recall that in the spring of 1938
Erich Hecke gave an important series of lectures at the Institute for Ad-
vanced Study, Princeton, on his correspondence theory published in 1936.
The notes from these lectures, taken by Hyman Serbin and produced in
planographed form by Edwards Brothers of Ann Arbor, received only lim-
ited circulation. To my knowledge there are only a few copies extant in
mathematics libraries (for example, the University of Illinois at Urbana-
Champaign) and private collections of professional mathematicians.

In 1970 Berndt produced a set of lecture notes based upon Hecke’s notes,
but with the addition of many details omitted from Hecke’s original notes.
The more extensive notes, too, had only limited circulation.

For the past thirty-five years I have employed both sets of notes to in-
troduce graduate students to the Hecke theory and the broader theory of
modular/automorphic forms. During this time my Ph.D. students and oth-
ers frequently asked why Berndt’s notes had never been published. Because
we are convinced that the reactions of these students reflect a genuine use-
fulness of these notes to the mathematical community, we have undertaken
the task of publishing this book based upon them, corrected and modified
where necessary, and expanded to include some of the many new develop-
ments in the theory during the past decades, as well as relevant earlier work
not, previously included. We stress that the Hecke correspondence theory
has remained an active feature of research in number theory since the 1930s
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and, in fact, its importance is perhaps better understood today than it was
in 1936.

The first six chapters of this book follow the organization of Berndt’s
original notes, hence that of the first part of Hecke’s notes as well. Beyond
this, we have added two completely new chapters based upon work done
since 1970 and upon earlier work not originally understood to lie within the
circle of ideas surrounding Hecke’s correspondence theorem.

Chapter 7 features Bochner’s important generalization of Hecke’s corre-
spondence theorem and some closely related results. Chapter 8 is devoted
to the great variety of identities related to the Hecke correspondence the-
ory (but not explicitly present in that theory) that have been developed
over the years. Among others, these identities are due to S. Ramanujan,
N. S. Koshliakov, G. N. Watson, A. P. Guinand, K. Chandrasekharan,
R. Narasimhan, and Berndt. Some antedate Hecke’s work, while others are
more recent.

Marvin Knopp, April, 2007

Postlude

We are grateful for the comments made by our students over the past
several decades. More recently, Shigeru Kanemitsu and Yoshio Tanigawa
offered several additional remarks and references. We thank Hilda Britt for
expertly typing most of our manuscript and Tim Huber for his graphical
expertise.
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Chapter 1

Introduction

The classical theta function, defined for Im 7 > 0 by

9(7_): i eﬂ'in277

n=—oo

satisfies the modular transformation law

0(—1/7) = (7/i)26(7). (1.1)

Perhaps the best-known way to derive the functional equation of the Rie-
mann zeta function ((s),

72T (s/2)C(s) = 7CDPD({L - s}/2)¢(1 - s), (1.2)

is by way of (1.1) [107, p. 22]. Conversely, it is not difficult to show that
(1.2) implies (1.1), but this derivation requires the use of the Phragmén-
Lindelsf Theorem [105, §5.65]. In 1921 H. Hamburger [38] showed that,
under certain auxiliary analytic conditions, ((s) is essentially the only so-
lution to the functional equation (1.2). For a more transparent proof, see
C. L. Siegel’s paper [99], [100, pp. 154-156]. More specifically, they proved
that if f(s) is a Dirichlet series satisfying the aforementioned auxiliary re-
strictions, and if

R(s) =7°T(s)f(2s), R(s)=R <% — s) , (1.3)

then f(s) is a constant multiple of ((s). See also [107, pp. 31-32]. That
f(2s), as opposed to f(s), appears in (1.3) guarantees a priori that the
inverse Mellin transform of R(s), an exponential series, has its coefficient
sequence supported on integral squares, and thus it has the general shape of
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6(7) — 1. The proof of Hamburger’s Theorem is then completed by showing
that this inverse Mellin transform is in fact a constant multiple of 6(7) — 1.

Of even greater interest within the context of the present work is a
second, distinct version, due to Hecke, of the Hamburger theorem. This
version is, in fact, a direct consequence of a general correspondence theo-
rem proved by Hecke in 1936 [47] (the “main correspondence theorem” of
Chapter 2, below) and the fact that, under certain conditions of regularity,
6(7) is the only solution to (1.1) that is periodic (with period 2). For further
details concerning the two formulations of Hamburger’s theorem, see the
introduction to Hecke’s final published paper [49], [62, esp. pp. 201-207],
and the Application following Remark 7.4.

Throughout the sequel we let 7 = z + iy and s = ¢ + it with z, y, o,
and t real. We denote the upper half-plane, {7 : y > 0}, by H. The set of
all complex numbers will be denoted by C, the set of all real numbers by
R, the set of all rational numbers by @Q, and the set of all rational integers
by Z. We adopt the following argument convention: for w € C, w # 0, and
k € R, w* is defined by

wh = |w|Fetkarew —m <argw < 7. (1.4)

o0

The summation sign > with no indices always means > . We write
n=1

Ji for [17% where ¢ is real and the path of integration is the straight

line from ¢ — 0o to ¢+ i0o. We often use the symbol A to denote a positive
constant, not necessarily the same with each occurrence.



Chapter 2

The main correspondence theorem

Before proving the main theorem we first establish a couple of lemmas.

Lemma 2.1. Let o(s) = > a,n~%. Then, ¢(s) converges in some half-
plane if and only if a, = O(n®), for some constant ¢, as n tends to co.

Proof. First, assume that a, = O(n°) as n tends to co. Let 0 > c+14¢
for some constant € > 0. Then,

‘Zann_s < Ach_o < AZn‘l_6 < 00.

Therefore, ¢(s) converges for 0 > c+ 1 +e.
Conversely, if ¢(s) converges for s = sg = o + ito, then a,n™° tends
to 0 as n tends to co. In particular, a,, = O(n°). O

Lemma 2.2. Let A > 0 and ¢ > 0. Suppose that
f(T) _ Z ane27rin‘r/)\
n=0

is analytic on H.

(i) If a, = O(n®), then f(r) = O(y=°~1), uniformly for all x, —co <
T <00, asy — 0+.
(i) If f(r) = O(y=°) as y > 0 tends to 0, uniformly for all z, then

an = O(n®) as n tends to co.
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Proof of (i). For u > 0, u®exp(—2muy/A) achieves its maximum at
u = cA/2my. Thus, as y > 0 tends to 0,

o0
<Y fanle2m

n=0

<A Z ncef27rny/)\

cA/2my 00
<A / ucdu—f—/ uCe2muY/A gy,
0 A/2my

+ O({C/\/Q?Ty}c —27( cA/Qﬂy)y/)\)

=0y “H+o0 (y‘c_l /Ooo u%‘“du) +0(y™°)
=0(y~ ).
0

Proof of (ii). Let 79 € H. Then by Fourier’s formula for the coefficients
of a Fourier series,

1 To+A )
a, = X/ f(T)e—27rznT/)\d7_

To

To+A
-0 / y—c€2ﬂ-ny/)\|d7_| ,
7o

as y > 0 tends to 0. If we set y = 1/n, we find that a,, = O(n®) as n tends
to oo. U

Theorem 2.1. Let {a,} and {b,}, 0 < n < oo, be sequences of complex
numbers such that ay, by, = O(n®), as n tends to oo, for some ¢ > 0. Let
A>0,keR, andy€C. Foro>c+1, put

:Zann_s and (s ann 5.

Define, for o >c+1,

D(s) = (20/N) " T(s)p(s) and W(s) = (2m/N)“T(s)(s).
Fort e H, let

00
_ Z ane27rin‘r/)\ and g Z by, e?ﬂ'znr/)\
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Then the following two assertions are equivalent.

() £(r) = 7(r/i) *g(=1/7).

(i) ®(s) +ao/s+vbo/(k —s) has an analytic continuation to the entire
complex plane that is entire and bounded in every vertical strip. Moreover,

O(s) =yU(k —s). (2.1)

Remark 2.1. Our formulation of Theorem 2.1 deviates from Hecke’s
original statement [47], [48] of his correspondence theorem in two ways.
In Hecke’s work there are not two, but only a single Dirichlet series; that
is, ¥(s) = ¢(s). Also, our boundedness condition in (ii) replaces a corre-
sponding hypothesis of Hecke, who assumes that (s — k)p(s) is an entire
function of finite genus, that is to say, there exists an M > 0 such that
I(s — k)p(s)| < exp{|s|™M}, for all s in C. In Chapter 7 we discuss the
extent to which the Dirichlet series ¢(s) and #(s) can differ, and how this
difference affects the theory developed in our Chapters 4-6.

We turn to the matter of the differing conditions on boundedness.
Clearly, they are equivalent within the framework of the Hecke correspon-
dence theorem. For, condition (ii) is equivalent to (i) in our Theorem 2.1,
while the original Hecke version of (ii) (assuming (s — k)p(s) is entire of
finite genus) is likewise equivalent to (i) [47], [48]. On the other hand, these
conditions on boundedness are not equivalent outside of the context of the
correspondence theorem. To see this, recall that

O(s) = (2m/A)"°T'(s)(s)

and that I'(s) has the following growth properties:

(a) 1/T(s) is entire of finite genus;

(b) T'(s) is bounded in vertical strips (truncated when necessary to avoid
the poles of I'(s)).

Using these facts, we can reduce the equivalence of the two boundedness
assumptions to: h(s) is bounded in vertical strips if and only if A(s) is of
finite genus. But this equivalence fails in both directions, since

(c) h1(s) = exp(e®) is bounded in vertical strips, but not of finite genus;

(d) ha(s) = exp(—s?) is of finite genus, but not bounded in vertical
strips.
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Proof of Theorem 2.1. First assume that (i) is valid. From Euler’s
integral representation of the I'-function, for ¢ > ¢+ 1,

:Zan/ (2mn/N) " fut e du
_ Zan/ -1 —Qﬂnu/)\du

Since o > ¢+ 1, we may invert the order of summation and integration by
absolute convergence to obtain

D(s) = /000 st Z ane” ™A dy
_ /Oo s=L(f(iu) — ag)du

[ Y-

= [t aofs+ [ (1 G0) - oo

1

Using (i), we find that, for o > sup(c + 1, k),

d(s) = 7/100 u ™ TR (g (iu) — bo)du + /100 w1 (f (iu) — ag)du
—ag/s —vbo/(k — s). (2.2)

Since f(iu) — ag, g(iu) — by = O(exp{—27wu/A}) as u tends to oo, it follows
by analytic continuation that ®(s)+ag/s+vbo/(k—s) is an entire function.
It is easily seen that ®(s) 4+ ag/s + vbo/(k — s) is bounded in every vertical
strip by taking absolute values in (2.2). If we replace s by k — s in (2.2)
and use a formula analogous to (2.2) for ¥(s), we immediately find that
Ok —s) =~T(s).

Conversely, we now assume (ii). By the Cahen-Mellin formula [75,
pp. 97-98], for x, d > 0,

1

et =— I(s)z™*ds. (2.3)
271 (d)

Upon letting x = 27rny/\ with n, y > 0, we find that

1
e—27rny/)\ — _/ F(S)(any/)\)—Sds
27 (d)
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Multiplying both sides by a,, and summing on n, we deduce that, for d >
c+1,

fiy) —ao = Zan% /(d) [(s)(2mny/A)~%ds (2.4)
1 —s
= omi J ®(s)y*ds,

where the inversion in order of summation and integration is justified by
the absolute and uniform convergence of ¢(s) on the line o = d.

We next move the path of integration to the line 0 = —d. We shall
do this by integrating around a rectangle with vertices £d £ T, T > 0,
applying the residue theorem, and then showing that the integrals along
the horizontal sides tend to 0 as T tends to co. Now, by Stirling’s formula
[26, p. 224],

D (o +it)| ~ (2m)2 [t]7~ 2172, (2.5)

as [t| tends to oo, uniformly on any fixed interval, o1 < o < og3. By
hypothesis, ®(s) is bounded in every vertical strip. It follows that

p(s) = O(lt]=~7e™17), (2.6)

as [t| tends to oo, uniformly for —d < o < d. On the line ¢ = d, clearly,
p(s) = O(1), (2.7)
as [t| tends to co. From (2.1) and (2.5), we find that, on the line o = —d,
p(s) = O(L(k — s)y(k — s)/T(s)) = O(|t|*+*9), (2.8)

as |t| tends to oo, since ¥(k — s) = O(1). Thus, from (2.6)—(2.8), we see
that the hypotheses of the Phragmén-Lindel6f Theorem for a vertical strip
[105, p. 180] are satisfied. Thus,

w(s) = O(lt1), (2.9)

uniformly on —d < o < d. Hence, from (2.5) and (2.9) it is easily seen that
the integrals on the horizontal sides approach 0 as T" tends to oco. Therefore,
we have

. 1 s B
fliy) —ao = i ®(s)y *ds — ag + vboy "
T J(—a)
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Using (2.1), replacing s by k— s, and employing a representation for g(iy) —
by analogous to that of (2.4), we find that

. Y —s —k

- (k- ds + ~b

f(iy) 2 ) (k — s)y*ds + vboy
7 s—k —k
= U(s)y*"ds + vyboy

270 J (+-d)

= vy "(g(i/y) — bo) +vboy "
=y Fg(i/y).

Part (i) now easily follows by analytic continuation. This completes the
proof. O

Note that ¢(s) is entire if and only if bg = 0. If by # 0, ¢(s) has a
simple pole at s = k. Alternatively, one can say that ¢(s) is entire if and
only if f(7) vanishes at ico.

Theorem 2.1 has been generalized by several authors [7], [17], [20,
pp. 665-696], [23], [77]. See Chapter 7 for more on S. Bochner’s gener-
alization in [17].

In [23], K. Chandrasekharan and R. Narasimhan extended Theorem 2.1
to the broader context of generalized Dirichlet series (as did Bochner in
[17], [20, pp. 665-696]), that is, series of the form ) a, A, ®, where {\,}
is a monotone sequence of positive real numbers such that A\, — +oo as
n — +00. Their version of the fundamental equation (2.1) retains the single
factor I'(s), but weakens the restriction on the poles of the (generalized)
Dirichlet series. Furthermore, the authors obtain a third relation equivalent
to the two assertions concerning {a,} in their generalization of Theorem
2.1. This third identity expresses a sum of the form Y an(z — A\,)? in

n<z
terms of Bessel functions.

In [7] Berndt extended the results of [23] to the case in which the func-
tional equation analogous to (2.1) contains I'™(s), where m is any positive
integer. As in [23], the author [7] proved the equivalence of three identities.
Chapter 8 is devoted to further identities equivalent to the identities of
Theorem 2.1.

H. Maass [77, Theorem 35, p. 228] reformulated Theorem 2.1 to obtain
a theorem appropriate to the context of nonholomorphic (real analytic)
exponential series. The result here is, on its face, far more complex than
Theorem 2.1, but in the end the technique of proof is the same, once Maass
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derives suitable necessary conditions for the Fourier coefficients of his ex-
ponential series.

The best-known, most widely applied generalization of Theorem 2.1 is
that of A. Weil [112], [114, pp. 165-172], who introduced the notion of
“twists” by Dirichlet characters, of Dirichlet series, to carry over the Hecke
correspondence theorem to the context of the Hecke congruence subgroups
I'o(N) of the full modular group SL(2,Z). (For N € Z, N > 0, I'4(N)
is the collection of matrices (¢ Y) in SL(2,Z) such that ¢ = 0 (mod N).)
Note that SL(2,Z) is denoted by G(1) in Chapter 5; of course, in the
present notation, SL(2,Z) = I'g(1) as well. Readers are encouraged to read
a second paper by Weil [113], [114, pp. 405-412] in which he applies the
Hecke correspondence to problems raised by the evaluation of periods of
certain Abelian integrals.

We have already observed that the Riemann zeta-function satisfies the
functional equation (1.2), which is of the form (2.1). There are several
other well-known Dirichlet series satisfying a functional equation of the
form (2.1).

Example 2.1.

1. Let Q(n1,...,n,) denote a positive definite quadratic form in m vari-
ables with real coefficients and discriminant d > 0. The Epstein zeta-
function Z(s, Q) is defined for o > m/2 by

oo
li
Z(SaQ) = Z {Q(nla"'vnm)}_sa
MN1yeeeyMm =—00
where the prime ’ indicates the term with ny = -+ = n,, = 0 is omitted

from the summation. The function Z(s, @) has an analytic continuation

to the entire complex plane and satisfies the functional equation [32]
TT(8)Z(5,Q) = d™ 25 2T (dm — ) Z(dm — 5,Q7Y),

where Q! denotes the inverse of Q.

2. Let K denote an algebraic number field of degree n = ry + 2ry, where r;
denotes the number of real conjugates of K and 2r; the number of com-
plex conjugates of K. Then the Dedekind zeta-function of K is defined
for o > 1 by

Ci(s) = 3 F(mym™,
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where F(m) denotes the number of nonzero integral ideals of norm m in
K. Let

B=2""g"3"d|3,
where d is the discriminant of K, and put
O(s) = B*{T(35)}"{T(5)} " Cx (3)-

Then, (x(s) has an analytic continuation to the entire complex plane
and satisfies the functional equation [70, p. 67]

D(s) =D(1 —s).

Note that ®(s) has the same form as the analogous function in Theorem
2.1 if and only if K is an imaginary quadratic field, that is, 1 = 0 and
Tro = 1.

3. Next, let x be a nonprincipal, primitive character (mod k). For ¢ > 0,
the Dirichlet L-function is defined by

X) =Y _x(n)n~
Let
B(s,x) = (m/k)" 26T (3{s +a}) L(s, x),

where a = 0 if x(—1) =1 and a =1 if x(—1) = —1. Then L(s, x) can be
continued to an entire function satisfying the functional equation

(I)(S7 X) = E(X)(I)(l - 875()7

where |e(x)| =1 [2, p. 371], [27, pp. 7T1-72].
4. Ramanujan’s tau-function 7(n) is defined by

H (1=g")*=> 7(n)g", g <1
It can be shown that

fls) = r(nn*

converges absolutely for o > 13/2, can be analytically continued to an
entire function, and satisfies the functional equation [43, Chapter 10]

(2m)5T(s) f(s) = (2m)* 12T (12 — 8) f(12 — s).
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Definition 2.1. Let ¢ = ¢ and suppose that ¢ satisfies condition (ii) of
Theorem 2.1. Then, we say that ¢ has signature (A, k,7).

Note that if ¢ # 0 has signature (A, k,~), then v = +1. For, combining
the relations

and
Bk — ) = v0(s),
we deduce that
O(s) = 72®(s).

Some of the series discussed above yield examples of Dirichlet series of
signature (A, k,v). Thus, ((2s) has signature (2, ,1). If Q(ni,...,n,) =
n3 +---+n2, then

((.Q) = Culs) = Y ()™

has signature (2,4m,1). Here, rm(n) is the number of integral vectors
{n1,...,nm} such that n = n? + .-+ +n2 . Alternatively, 7,,,(n) denotes
the number of representations of the pomtwe integer n as the sum of m
squares. If K is an imaginary quadratic field, then (x(s) has signature
(Jd|2,1,1). Ramanujan’s Dirichlet series f(s) = 32 7(n)n~* has signature
(1,12,1).

Definition 2. 2 We say that f belongs to the space M (\, k, ) if

E an eQTrznT/)\

where A > 0 and T €H, and

(it) f(=1/7) =~(r/i)* f(7),
where £ > 0 and v = £1.

We say that f belongs to the space My(A, k,~) if f satisfies conditions
(i) and (ii), and if

(iii) a, = O(n%),
for some real number ¢, as n tends to oo.

It is a direct consequence of (ii) that v = 1 if f(i) # 0. If f(r) # 0,
the convention (1.4) implies that 42 = 1, since 7 € H. Thus, if there exists
fe M(\k,vy), f #0, then v = £1. At this point, this restriction upon
v is to be expected in light of the special case a,, = b,(n € Z,n > 0) of
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Theorem 2.1, since (as we have seen) the same restriction follows from the
condition ¢ = 1 in Definition 2.1

The parameter k is usually called the weight of f, and we adopt this
standard terminology from the theory of automorphic/modular forms. Un-
der further suitable growth restrictions, f € M (A, k,v) is called an auto-
morphic form of weight k with respect to the group G(X). More specifically,
Mo(\, k,7) is the vector space of entire automorphic forms of weight & and
multiplier v with respect to G(\). See the beginning of Chapter 3 for the
definition of G()), and Chapter 5 for more about entire automorphic forms
with respect to G(\) and for a discussion of the important subspace of
“cusp forms.” Since G(1) =TI'(1) = SL(2,Z), the modular group, and G(2)
is a subgroup of index 3 in I'(1), in these cases f is often called modular
rather than automorphic.

It is worth noting that for A < 2, the assumption k > 0 is unnecessary in
these definitions, since k£ < 0 implies that f is constant for f € M(\ k, 7).
(Actually, f =0, for k < 0 and for k =0, v = —1, as well.) The same holds
true when A = 2, if we assume that f € My(\, k,7). See Corollary 5.3 and
Remark 6.3 for more details.

Our principal objective in Chapters 4—6 is to determine the dimension
of the space My(A, k,v). By Theorem 2.1, this problem is equivalent to
finding the number of Dirichlet series with a given signature (A, k,~y). If
A > 2, both My(\, k,~) and M (A, k,~) are infinite-dimensional. (See The-
orem 4.1.) However, M (A, k,~) is very much the larger of the two spaces.
In fact, M (A, k,7v)/Mo(A, k,~y) itself has infinite dimension (Theorem 4.2).
On the other hand, if A < 2, then My(\, k,v) = M (A, k,~), and the space
is of finite dimension, as we prove in Chapter 5. If A = 2, then again
M(A\ Ek,v)/Mo(X, k,7) has infinite dimension, but in contrast to the case
A > 2, when A\ = 2 there is a natural condition, analogous to (i), which is
equivalent to (iii) in the presence of (i) and (ii). See Definition 6.2 and The-
orem 6.3, in which we formulate the condition and prove the equivalence,
respectively.

In the sequel we restrict ourselves to the case a,, = b,, (notation as in
Theorem 2.1), in which event v occurring in (2.1) is necessarily +1. If
this restriction is lifted, one might ask whether a similar theory can be
developed. For a discussion of this question, see Chapter 7.

Hamburger [39], [40] considered some functional equations very close
in form to that satisfied by ((s). For example, replacing I' (%s) by
r (%(s + 1))7 he proved a result for Dirichlet L-functions analogous to the
uniqueness theorem for ((s) discussed in our introduction. We might also



The main correspondence theorem 13

ask about the uniqueness of Dirichlet series satisfying a functional equation
with multiple gamma factors, such as the functional equation of a Dedekind
zeta function (other than ((s) itself or the zeta function of an imaginary
quadratic number field). The only result that we know is due to Maass [76,
p. 145, Satz 2]. Under certain conditions he showed that the solution to a
functional equation involving I'2 (%{s + 1}) or I'? (%s) is unique.
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Chapter 3

A fundamental region

In the sequel we let
T=T(r)=-1/7
and
Sy =8\(1) =7+,
where A > 0.

Definition 3.1.  The Hecke group G()) is the group of linear fractional
transformations generated by 7" and Sy. We say that f(7), 7 € H, is an
automorphic form on G(\) if f € M(\ k,7v). If A =1 or A = 2, we may
refer to f(7) as a modular form on G(X).

With each transformation V(1) = (a7 +b)/(ct+d) € G(X\) we associate
the matrix
ab
v { d] |

We identify V' and —V. Thus, G(A) is isomorphic to the matrix group
modulo —I, where I denotes the identity matrix.

Definition 3.2. We say that 71 and 72 are equivalent with respect to G(\)
(or modulo G())) if there exists a transformation V' € G(A) such that

V() = 7o.

It is easily checked that Definition 3.2 does define an equivalence
relation.

Definition 3.3. A fundamental region for G(\) is an open subset R of
‘H such that

15
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(i) no two points of R are equivalent with respect to G(\);
(ii) every point in H is equivalent to some point in R, the closure of R
with respect to the extended complex plane.

Remark 3.1. It is an immediate consequence of the definition that if R
is a fundamental region for G(A), then so is M(R), for M € G()).

We now derive a fundamental region for G(A). The proof we give here
is due to R. J. Evans [34].

Theorem 3.1.  Let BA) = {7 € H: || < A\/2,|7| > 1}. Then if A > 2
or if A\ = 2cos(n/q), where ¢ > 3 is an integer, B(\) is a fundamental
region for G(X).

Definition 3.4. Let Ty = {\: A =2cos(r/q),q > 3,q € Z}.

If A\=1,1ie, ¢g=3, G(1) is called the modular group in the literature.
A derivation of the fundamental region in this case can also be found in
several other texts, e.g., [60], [73], [74], or [37]. The advantage of the proof
of Theorem 3.1 that we give here is that it is elementary, while the proofs
in [48] and [87] appeal to advanced concepts in complex analysis.

We shall establish Theorem 3.1 through a series of lemmas.

Lemma 3.1. Every point in H is equivalent with respect to G(\) to a

point in B()\).
Proof. Define the following transformations on C:

Ti(r)=71/|T*=1/7 (reflection in the unit circle),

To(r) = -7 (reflection in the line 2 = 0),
and
T5(r) = —(T+ \) (reflection in the line z = —\/2).

Note that ThTp = T, ToTs = Sy, i3 = —1/(t1+ X), T} =1, j = 1,
2, 3, and (T;T;)~' = Tj_lTi_1 = T;T;. Thus, it is easily seen that G(\)
consists of all those words of even length involving T4, T5, and 73. Hence,
given an arbitrary point 79 € H, it suffices to show that there exists a
transformation V' € (Ty,Ts, T3), the group of transformations generated by

Ty, Ty, and T3, such that V() € B(A), for if V ¢ G(A), then ToV € G())
and ToV1y € ()\)
Define a sequence of points {7,} = {z,, + iy, } inductively as follows.

Recalling that ToT5 = Sy, apply T» and T3, if necessary, to translate 79 to
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a point 71 in the strip E(A\) = {r € H: —A/2 <z < 0}. Given 7,(n > 1),
apply T» and T3 to translate 717, to a point 7,41 € F()\). Assume that
|7n| < 1 for every n, for otherwise we are done. Let w be a cluster point
of {r,}. If |w| < 1, then {7,} has an infinite subsequence {7,, } such that
|Tn,| < ¢ < 1 for some positive number ¢, e.g., ¢ = (Jw| + 1)/2. Since
Yni1 = Yn/|Tnl% Yn, = Yn,/2F~Y, which tends to oo as k tends to oc.
Since this is a contradiction, we must have |w| = 1.

Since, with increasing n, 7, approaches the unit circle, if A > 2, T17, €
B(\), for some n sufficiently large. The lemma is also clear for the case
A = 2. For since {y,} is increasing, w # (—1,0). Hence, again T1 7, € B(2)
for some n sufficiently large.

We now assume that A < 2. Let 7, denote the intersection in H of the
line x=—X\/2 and the unit circle |7| = 1. If w # 7y, it is clear that, for some
n sufficiently large, 717, € B(A). Thus, assume that w = 7). If for some
n, arg(7,) < arg(Tx), then since 7 and 7,,, n > 1, are in the left half-plane,

Im(7,) _ sin(arg7y)  Im(7y)

Im(7p41) = > Im(7y).

|Tn|2 - |Tn| B |Tn|

However, this is a contradiction, as Im(7,,) is increasing monotonically to
Im(7y). Hence, arg(r,) > arg(ry) for every n. Now, there exists a positive
integer NV such that for n > N, 7,41 = 13717, and so

Tpi1 = =\ — 2, /|Tal?

Note that z, # 0, for otherwise x,11 = —A ¢ E()\). Letting 760 = 7 —
arg(7y) (so that A = 2cosw#), we find that, for n > N,

L (=0 g2
Tpgl — Tp =—— [ Az —— +z
n+1 n z, n $%+y% n

1
——(\zy, + cos®(argT,) + 22)
x

n

1
> ——(Axp, + cos?(arg 7y) + z2)
Tn

1
—— (2, + cosh)? > 0.

n

Thus, x,41 > z, for every n > N. But this is a contradiction, as z,, tends
to Rery and z,, > ReTy. O

We must now show that for the values of A given in Theorem 3.1 no two
points of B(\) are equivalent.
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Lemma 3.2. For A > 2, no two distinct points of B(X\) are equivalent.

Proof. Let V € G(X), where V # I. We can write V in the form
V= Skrsirt. L ghgh

where r > 1, k; € Z, 1 <i<r,and k; 20,2 <i <r—1. Let 79 denote an
arbitrary point in B(A) and define for 1 <i <r —1,

7 =TSYTSYy - TSk r.

It is easily seen that |7;| < 1for 1 <4 <r—1. Thus, Vg = S5"7,_1 ¢ B()),
and the proof is complete. O

We must still examine the case when \ € T4; see Definition 3.4.

Lemma 3.3. If A € T4, no two points of B(\) are equivalent under a
nonidentity transformation in (Th,T3).

Proof. If the lemma is false, then there exist points 7, 7/ € B()) and
a transformation V' € (T7,T5) such that V7 = 7/. Note that V # T3, for
otherwise T57 ¢ B(\). Write, as before, A = 2 cos 7, where for the moment
A < 2 is arbitrary. An easy exercise in induction on n shows that

(3.1)

~ sin7f sindn  sinml(n+1)|°

(Ty, Ty)" = {cczn ZH} 1 {sinw@(l —n) —sinwhn

If X € Ty, then 0 = 1/¢, and if n = ¢, we see that (T173)? = I, the identity
transformation. Hence, we can write V in the form

V =T5(TWT3)",

where e = 0 or 1 and n € Z with 1 < |n| < ¢ — 1. (Note that if V =
(Tng)nTg, then V = Tg(Tng)_n.) From (31) we see that for 0 = 1/(],
cnd, > 0. Therefore,
lenT 4+ dn|? = E|T|* + d2 + 2¢,dna
>c2 +d% — Aepd, =1,

upon a tedious, but elementary, calculation. Thus,
Im(7") = Im(T5" (T2 T3)"T)

= Im{(T\T3)"7} = Y

|Cn7-+dn|2



A fundamental region 19

In summary, we have shown that if 7 and 7’ are two points in B(\) such
that V7 = 7/ for some V € G(X), V # I, then Im(7') = Im(V'7) < Im(7).
Now repeat the same argument with the roles of 7 and 7" reversed and V
replaced by V1. We conclude that Im(7) = Im(V ~17’) < Im(7’). Hence,
we have a contradiction, and the lemma is proved. O

Lemma 3.4. Let A€ Ty, 7 € H, and W € (T1,T3), where W # I and
W #£1Ty. If either
(i) ReT >0
or
(i) 7 € B(A),
then Re(WT) < 0.

Proof. As before, since (T173)? = I, we can write W in the form
W =TY(ThTs)",

where « = 0or1landn € Zwith 1 < |n| < g—1. To show that Re(Wr) < 0,
it suffices to show that Re(7173)"T < 0. Now, using the notation of (3.1),
we see that

(@n® + by)(cnz + dp) + ancny?
|enT + dn|? '

Re(Tng)"T = (32)
From (3.1) we also note that a,, and b,, share a sign opposite to that shared
by ¢, and d,,. Hence, if (i) holds, a,c,y? < 0 and (anz+b,)(chx+d,) < 0,
and so from (3.2) we see that Re(T1T3)™7 < 0. If (ii) holds, since a,c, <0
and (andy, + bpen) <0,

ancn|T|? + bpdy + (andy, + bpey)x
lenT + dp?

< Gnln t bndy + (andyn + bpcn)(—A/2)

- lenT 4 dn)?

Re(Tng)"T =

cos(r/q)

= A,
|CnT+d7L|2

by a straightforward calculation with the use of (3.1). This establishes the
lemma. U

Lemma 3.5. If )\ € Ty, no two distinct points of B(\) are equivalent.

Proof. It is sufficient to show that no two points are equivalent under a
transformation V' € (T4, Ts,T5), where V 2 I and V # T,. Suppose that
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the contrary is true. We shall then choose a transformation V' € (T, Ts, T3),
V # T, I, of minimal length for which there exists a point 7 € B(\)
such that V7 € B()A). By Lemma 3.3, the word V must contain T5. No
representation of V' can begin or end with Ty. For if V' = T5Y, then Y # T,
Y # I, and Y7 € B()\), which contradicts the minimality of V. Similarly,
it V=YTs then Y # Tp, Y # I, and Y (To7) € B()), which again
contradicts the minimality of V', since Tot € B()). Since Th'Te = 12T, we
replace all pairs 7175 occurring in V' by T57;. Note that V' cannot end with
ToTy, for if V =Y TyTy, then V would have the representation V = YT 75,
and we have just shown that V' cannot end in 75. Thus, V must have the
form,

V = W1T2W2T2 tee WkTQWk+17

where W, € (T1,T3), W; # I,and W; # T1,1 <i < k+1. For2 <i < k+1,
let

T; — T2WiT2Wi+]_ te WkTQWk+17—. (33)

We shall show by induction on 4 that Re(r;) < 0, for 2 < i < k + 1.
Since V1 € B(\), Re(mz) = Re(W; 'V7) < 0 by (3.3) and Lemma 3.4.
Assume that Re(r,,) < 0 for some m, 2 < m < k. Then Re(Tar,) >
0. By (3.3) and Lemma 3.4, Re(imt1) = Re(W,,'Te7,) < 0, and the
induction is complete. Since 7 € B(A), Re(Wg417) < 0 by Lemma 3.4.
Thus, from (3.3), Re(7x+1) = Re(T2Wy117) > 0. But we previously showed
that Re(7x+1) < 0, and so we have a contradiction. This completes the
proof of Lemma 3.5 and thus of Theorem 3.1 as well. (]

Remark 3.2. We show that if 0 < A < 2, A\ ¢ T4, then there exist two
points in B(A) that are equivalent under a transformation in G(A). Thus,
B(A) cannot be a fundamental region for G(\). Actually, much more is
true: if 0 < A < 2, but A ¢ T4, then G(\) is not discontinuous and so
not discrete. For a discussion of discontinuous and discrete groups, see
[73, Chapter 3] and [74, Chapter 1]. See also the discussion in Chapter 5,
immediately before the statement of Theorem 5.5, especially Theorem 5.3.

Because A = 2 cosd ¢ T4, we can find an integer k such that 1/(k+1) <
6 < 1/k. Return again to (3.1). Letting 7 = iy, y > 1, we find that

bpdy, + agery® Yy
"= (TW\T3)*r = .
T = () Ay +d? Zcigﬂ—kd%
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From a calculation in the proof of Lemma 3.3, ¢ +d2 — Acydy, = 1. By our
choice of k, ¢, and dj have opposite signs. Thus, cz + d% =14 Aepd, < 1.
Also, choose y such that Re(7’) is not an integral multiple of A/2. Then,
Im(7’) > y > 1, and an appropriate power of S, translates 7 to a point
7" € B(A). Thus, 7 and 7" are the desired equivalent points in B()\).
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Chapter 4

The case A > 2

Theorem 4.1. If A > 2, then dim My(\, k,v) = oo for every k > 0 and
v ==1.

Remark 4.1. Intuitively, the reason dim My(\, k,7y) = oo is as follows.
The conditions in Definition 2.2 that f must satisfy are restrictions on f
in the upper half-plane H. For A > 2, the fundamental region for G(\) in
Theorem 3.1 is bounded by the line segments (—A/2, —1) and (1, A/2) on
the real axis. This will enable us to continue f € My(\, k,~) analytically
from a fundamental region into the lower half-plane where singularities
may be given to f. For A < 2, a fundamental region is not bounded by
any line segment or segments on the real axis. Thus, such a continuation
is impossible for A < 2, and, in fact, the real axis is a natural boundary for

I
Proof of Theorem 4.1. Let
B*(\)={r:=)\/2<z<0,|7| > 1}.

Since B*(\) is simply connected and since the open unit disc and H are
conformally equivalent, by the Riemann mapping theorem there exists a
function z = g(7) that maps B*(\) one-to-one and conformally onto H.
Now, a mapping from the open unit disc onto H can be effected by a lin-
ear fractional transformation. This linear fractional transformation can be
uniquely determined by specifying three values on the boundary. Specifying
the values of three points on the boundary of B*(\) uniquely determines
a conformal mapping h from B*(\) onto the open unit disc. This can be
seen from mapping the disc onto B*(\) and then from B*(A) onto the disc
again. For if h is not uniquely determined, then we can find in the manner

23
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just described a nonidentity conformal map from the disc onto the disc
that fixes three boundary points. But this is impossible. Thus, ¢g(7) may
be uniquely chosen so that

g(ico) = lim g(x +1y) =1,
y—oo
g(i) =0,
and

g(—i) = 0.

The function g maps the boundary of B*()\) onto the real axis. In fact, g
takes the line segment [i,i00) onto [0, 1), the left half of the unit circle onto
the negative real axis, the line segment (—ioo, —i) onto (ag,c0) for some
ag, 1 < ap < oo, and the line x = —\/2 onto [1, ag].

We now continue g analytically into the entire complex plane except for
a set of points on the real axis. We define

g(Tir) = g(r), i=1,2,3, (4.1)

and by the Schwarz reflection principle obtain an analytic continuation of g
onto T; B*(A), 1 = 1,2, 3. (Recall that T4, T», and T3 are the three reflections
defined at the beginning of the proof of Lemma 3.1.) The continuation to
the whole complex plane, except for a set of points on the real axis, is
obtained by iteration. The continuation is well defined because B(\) is a
fundamental region for G(\). In particular, if n is even, then

g (H Tik7> = g(7), (4.2)
k=1

where i, = 1, 2, or 3. Since G(\) consists of all words of even length in
T1, Ts, and T3, g is then invariant under transformations of G(A). We note
that the analyticity of ¢ in H follows directly from the definition of g and
the Schwarz reflection principle. Since g is analytic on (B*(A)) N (HUR),
and since g(ico) = 1, g is bounded on B*(A\) N'H. Hence, g is bounded on
H.

Remark 4.2.  On the entire Riemann sphere, g is analytic except at:
(a) points equivalent to —i with respect to G(\);
(b) exceptional points on R mentioned above (4.1);
(c) limit points of the set of all points described in (a) and (b).
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Note that the symbol ico, as distinct from oo, designates the point oo
approached only in the positive vertical direction. The symbol —ico is
analogous.

We now continue the proof of Theorem 4.1 with a careful examination of
g at the “corners” +i and +ioco of B*(A). The transformation 77 = —1/7
has the two fixed points 4. The transformation S\7 = 7+ A has £ico as its
only fixed points. It then follows from (4.1) and (4.2) that g is one-to-one
in a neighborhood of every point except those equivalent to +i or +ioco.
Before proceeding further we give the following definition.

Definition 4.1. Suppose that 7p € CU {ico} and A > 0. A function ¢ =
t(7) is called a local uniformizing variable at o with respect to G(\) if t(1)
is analytic in a punctured neighborhood of 7y and ¢(7) has the additional

property:

There exists a subset M (79, A\) = N of some punctured neighborhood
U’ of 7y such that (i) t(7) maps A one-to-one and onto a punctured disc
D', 0 < |t| < e, with € > 0; (ii) distinct points of N are inequivalent
modulo G(X); and (iii) A is maximal in U’ with respect to property
(ii).
We note that +i are fixed points of the group G(X) since T' € G(\);
consequently,

V(i),V(=i)=V(@), YVeG), (4.3)

are fixed points as well. If H~ denotes the lower half-plane, and if 79 €
H U H™ is not of the form (4.3), it follows directly from the shape of the
fundamental region B()\) (see Theorem 3.1) and the fact that, for any M
in G(\), M(B(\)) is again a fundamental region of G()), that there exists
a full neighborhood N of 75 such that V(N) NN = ¢ for all V € G()),
V # I. We conclude that:

(a) 70 is not a fixed point of V'€ G(A), other than V = TI;

(b) t(r) = 7 — 79 serves as a local uniformizing variable at 79, since
distinct points of N are inequivalent modulo G()).

Remark 4.3. By way of contrast, if 7o € HUH™ is of the form (4.3),
then ¢(7) = 7 — 79 is not a local uniformizing valuable at 79, since in this
case any neighborhood of 7y necessarily contains distinct points equivalent
with respect to G(A). The appropriate choice at 7o of the form (4.3) is, in

2
fact, t = (::—;g) . (See the discussion below for the case 19 = i.)
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We return now to the proof of Theorem 4.1 and examine g in a neigh-
borhood of i. Let

Then,

a1 = S = - H = (), (1.4)

We claim that ¢(7) = ¢1(7)? is a local uniformizing variable for G(\) at
79 = 4. To verify this, let p € R, 0 < p < 1, and let U be the open disc with
diameter the line segment joining i(1 + p) to i(1 + p)~! on the imaginary
axis. Then #1(7) maps U one-to-one onto the disc D : |t1] < 5, with
the portion U™ of U above the unit circle mapping to the right half of D
and the portion U~ below the unit circle mapping to the left half of D.
(Observe that the center of U is £{(1+ p) + (1 4+ p) "'}, a point above i on
the imaginary axis, and ¢1(7) does not map the center of U to 0, the center
of D.)

Since A > 2 and p < 1, it follows easily that U™ C B()), so that
U~ C T(B()\)), the latter being again a fundamental region for G(\).
Thus, defining N' = AN (i, ) to be UT adjoined to the open arc of the unit
circle from 4 to the point of intersection of the unit circle with the right

side of U, we find that t(1) = t;(1)? = (:—;Z)Q satisfies the Definition 4.1
of “local uniformizing variable at 7.”

Now observe that ¢g(7) can be rewritten as a function of ¢1, since the
mapping 7 — t; is one-to-one on the Riemann sphere (thus, one-to-one in
a neighborhood of 4); let g(7) = §(t1), say. On the other hand, by (4.4),
the invariance property g(—1/7) = g(7) is equivalent to: §(¢1) is an even
function of t;. Thus, in fact, g(7) = §(t1) = g1(t3) = g1(t). If we write

o0
gi(t) = ant™,
n=0

then ag = 0, since ¢g(i) = 0, and a; # 0, as g1(¢) is one-to-one in a neigh-
borhood of t = 0. We conclude that g;(¢) has a simple zero at ¢ =0, i.e.,
g(7) has a double zero at 7 = 1.

N4
Remark 4.4. Note that while (:;Z) satisfies conditions (i) and (ii) of

the definition of a local variable at ¢ with respect to G(\), it fails to satisfy
the maximality condition (iii). The latter is designed to ensure that the
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invariant function g(7) can, in fact, be expressed in terms of ¢ near ¢ = 0,
that is, near 7 = i. We have observed above that the invariance property
g(—1/7) = g(7) is equivalent to the expressibility of g(7) as a function of

N2
(:—;i) . However, there is no basis for concluding that ¢g(7) can be written

N4
as a function of (T’Z) .

T+1
To examine ¢ in a neighborhood of 7 = —i, put
T+
to(7) = .
2(7) T—1

Proceeding as above, we find that ¢ = ¢3 is a local uniformizing variable
for g in a neighborhood of 7 = —i with respect to G(\). Since g(7) is not
analytic at 7 = —i, g(7) = g¢2(t), say, is not analytic at ¢ = 0. But since
g2(t) is one-to-one near ¢t = 0, go must have a simple pole at t = 0, i.e.,
g(7) has a double pole at 7 = —i.

We turn to the behavior of g(7) in a punctured neighborhood of ico,
specifically in an open half-plane of the form Im7 > B, B > 0. Choose
B > 1, say, for convenience. With

N =N(ico,A) :=={7:Im7 > B,—-)\/2 < ReT < \/2},
we see that
t(T) _ e27ri7'/)\

satisfies the conditions (i)—(iii) for a local uniformizing variable at ‘0o with
respect to G(A). As one might expect, the periodicity of g, i.e., g(7 + A) =
g(7), guarantees that

(1) = g3(t) = > _ant", (4.5)
n=0

in a neighborhood of ¢ = 0.

To verify (4.5), note that, ignoring the branching of the logarithm, we
have 7 = ﬁlogt. This implies that g(r) = g(ﬁlogt), a (possibly
multiple-valued) function of ¢. Since the distinct branches of logt differ

by 2min, n € Z, it suffices to consider only

A A
g | =—(ogt+2min) | =g | =—logt+nA|,
2m 27
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together with g (% log t). But the periodicity of g shows that all of these

branches of ¢ (% log t) are equal, so that ¢ is a single-valued function of
t holomorphic in a punctured neighborhood of ¢ = 0. Since g is bounded
near t = 0 as well, (4.5) follows. In addition, ag = 1, because g(ico) = 1,
and a; # 0, since g is one-to-one on B*(\).

We now claim that to prove Theorem 4.1 it suffices to show that
dim My(\, k,v) # 0. For if f € My(\, k,7), the same is true of f¢g™, n =0,
1, 2,..., provided that we can show that the requirements of Definition 2.2
are satisfied by fg™. First, (i) is clear from (4.5). Secondly, (ii) is clear
from the invariance property g(—1/7) = g(7). We have already seen that
g(7) is bounded on H. Hence, g(7) = O(1) as y tends to 0, uniformly for
7 € H. From Lemma 2.2, (iii) of Definition 2.2 is seen to be satisfied by fg".
Thus, fg™ € Mo(\, k,7), n =0, 1, 2,.... Furthermore, these functions are
linearly independent since g" has a pole of order 2n at 7 = —1.

Now, in a neighborhood of 7 =1,

g(r) =car(r —i)’ +- -, c1 #0,
= (1 —1i)%g* (1),

where ¢*(7) is analytic in a neighborhood of 7 = i and ¢g*(i) # 0. Thus,
we can define a single-valued, analytic square root in a neighborhood of
7 = 4. Of course, we can do the same at all points equivalent to i. Since g
is analytic and nonzero on the remainder of H, an analytic square root may
be defined in a neighborhood of each of these other points as well. Since
‘H is simply connected and g(T)% is locally single-valued (hence locally
analytic) at each point of H, the monodromy theorem permits us to define
a single-valued square root G(7) = {g(7)}2 on all of H.

As g has period A, it follows that G(7 + \) = £G(7). We claim that,
in fact, G(t + A) = G(7). To prove this, assume, by way of contradiction,
that G(t + A) = —G(71), and define

h(r) = e ™ /G(7).

Then, h(t + A\) = h(7), and the argument used to derive (4.5) yields

h(T): Z bne27rin‘r/)\7

n=—oo
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that is,
G(T) _ Z bne7'ri(2n+l)7'/)\. (46)

n=—oo

Since g(ico) = 1, we deduce that G(ico) = £1. In any event, G is bounded
at 100, so (4.6) reduces to

G(T) _ Z bneﬂ-i(Qn—&-l)‘r/)\’
n=0

and we conclude that G(ico) = 0. This contradiction implies that
G(t+ A = G(7).
Since g(7) = g(—1/7), we find that

G(r) = £G(-1/7). (4.7)

We must determine which sign is correct. In a neighborhood of 7 = i, we
know from our discussion above that

G(7) = ta(T)G1(7),
where G1(7) is analytic and G1(i) # 0. Thus, from (4.4),
Gir) __ uGi(r) _  Gi(1)

G(=1/r)  t(=1/n)Gi(=1/7) — Gi(-1/7)’

Letting 7 tend to i above, we conclude that the minus sign in (4.7) is correct,
ie.,

G(r) =—-G(-1/7). (4.8)

Now define

Since g, g’, and G have period A, then
H(r)=H(t+\). (4.9)
From (4.8) and the fact that

g(r)=g'(=1/7)/7%,
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we deduce that

= (1/i)*H(T). (4.10)

H(-1/7) = /(T))

—G(r ){g(T -1}

Since g and G are analytic on H, H(7) is analytic on H, save for possibly
those points where g(7) = 1 or g(7) = 0. Since g(ico) = 1 and g(7) is
one-to-one on B*(A), there are no points in H where g(7) = 1. If

g(T) =1+ b1e> A pon b £0,
then

g (1) = we%h//\ 4
A

Hence, since g(7)—1 has a simple zero at 0o, H (i00) exists and H (ico) # 0.
Since g has a double zero at 7 = i, G and ¢’ have simple zeros at 7 = i.
Hence, H(7) is analytic at 7 = ¢ and H (i) # 0. We conclude that H(7) is
analytic on H and has no zeros on H U {ico}.

Now, (4.9), (4.10), and the fact that H(ico) exists show that H(T) €
M(X,2,1). Also, since H(7) # 0 on 'H and since H is simply connected, we
can define an analytic function

fi(r) = {H(7)}"?

on ‘H. Since H(7) has period A, clearly we see that for some constant eq,
leif =1,

ST+ X) = e fu(r). (4.11)

It is also clear from (4.10) that

fo(=1/7) = e2(r/0)* fi(7), (4.12)

for some constant ez, |e2] = 1. We now determine €¢; and e;. In (4.11)
let 7 approach ico. Since fx(7) and fx(7 + A) approach the same nonzero
value, we conclude that €; = 1. Since H (i) # 0, we can determine €3 by
letting 7 = 4 in (4.12). Hence, e = 1. We have therefore shown that
fe € M(X\ E,1).

Consider

f(rin) = fr(m){g(m) — 137, (4.13)
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where n € Z, n > k/2. We claim that, for n > k/2, f(m;n) € Mo(\, K, 1).

Since g(7) = g(—1/7) and g is bounded on H, we see that {g(7)—1}" lies in

My(\,0,1). Now since fr, € M (A, k, 1), it follows that f(r;n) € M(X\ k,1).
To prove that f(r;n) € Mo(\ k,1) for n > k/2, examine

() =1 =71 1g'(7)/G(T) = 2ylg'(7)/ G (7)].

Let V € G(X), where VT = (ar + b)/(ct + d). Since g(V1) = g(7), we find
that

rn oy a (at + b)c
g(r) = dr _g(VT){CT+d_(CT+d)2}

{aCT—Fad—aCT—bc}
g(Vr)

(eT + d)?
"Vr
(CT +d)2’

Thus,

f1(vr) = 2Im(Vr)| |g'(VT)/G(VT)| (4.14)
_ 2y g (D) er +d?
e +dJ? |G(7)

= 2ylg'(r)/G(7)]

= f*(7).
Clearly, yg'(7) tends to 0 as 7 tends to ico. Also, since ¢’ is analytic on
B*(A\)N(HUR), it follows that ¢’(7) is bounded on B*(A)NH. Furthermore,
the only zero of G(7), a simple one at 7 = i, is cancelled by the simple zero
of ¢'(t) at 7 = i. Hence, f*(7) is bounded on B*(\) N H. By (4.14), we
conclude that f*(7) is bounded on H.

Asn > k/2, {g(r) — 1}**/2 is bounded on H since ¢ is bounded on H.
Using also the boundedness of f*, we conclude that

(i) (29)* 2] = | (0)*21g(r) = 1]"*2 = O(1),

or

f(rin) = 0(y™"?),

uniformly in = as y > 0 tends to 0. Hence, by Lemma 2.2, f(r;n) €
Moy(A, k,1). Since f(r,n) # 0, it follows from our earlier observation that
My(\, k, 1) has infinite dimension.



32 Hecke’s Theory of Modular Forms and Dirichlet Series

It is now easy to show that dim My(\, k, —1) = co. Consider

gr(1) = fr(1)G(7).

Now from (4.8) and (4.12),

91(=1/7) = Ful=1/IIG(=1/7) = ~(r/i)* Fe(1)G(7)
=~/ aulr)

Clearly, gi(7 + A) = gr(7). Now proceed in the same manner with gx(7)
as we did with fr(7). We conclude that g € My(\ k,—1) and that

dim My(\, k, —1) = co. The proof of Theorem 4.1 is now complete. -

Remark 4.5. A careful examination of the proof of Theorem 4.1 shows
that it does not depend upon the assumption &£ > 0 in an essential way, so
that this result holds for all real k, with v = £1, as long as A > 2. For
k < 0 we need to observe that 1/f*(7) (in place of f*(7)) is bounded in
H. We then simply replace the function fix(7) = {H(7)}*/2 by fi(r) =
{H(7)}~%/2, with H(r) as before, to conclude that, in this case, f(r;n) =
Fe(m){g(r) — 1} = O(y*/?). The remainder of the argument proceeds as
before. The situation in Theorem 4.2 is a bit different, as the proof below
is completely independent of the sign of k.

As a corollary to the proof of Theorem 4.1, we establish the following
theorem.

Theorem 4.2. For A > 2, k real, and v = +1,
dim M (A, k,y)/Mo(X\, k,y) = oo.

Remark 4.6. Since M (A, k,v) D Mo(A, k,v), Theorem 4.1 implies that
dim M (A, k,y) = oo. Of course, Theorem 4.2 is an even stronger statement
concerning the size of M(\ k,~).

Proof of Theorem 4.2. We are required to show that there exists an
infinite collection of functions ¢, (7) in M (\, k,~) with the property:

if crpn, + -+ ¢ppn, € Mo(A k,7), (4.15)

with distinct n;, then ¢y = --- = ¢, = 0.
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We begin by defining a modified version g(7) of the mapping function g(7)
occurring in Theorem 4.1:

3(ic0) = a # 0:3(3) = 0; §(r) has a
simple pole at 7 = —1, with residue 1.
We let fi.(7) = {H(7)}*/2, where H (replacing H) is defined by
~/
~ T
A= — 90 .
{9(n)}>{g(7) —a}
As with the function H(7) appearing in the proof of Theorem 4.1, H(r)
is analytic on H and zero-free on H U {ico}; H(1) € M(X,2,1) as well. It

follows that fi(7) € M (), k, 1) for arbitrary real k.
Define the sequence of functions

(4.16)

gn(T) = exp{nig(r)}, neZt. (4.17)

Then §n(7) is in M (A,0,1). Furthermore, for 7 = —1 44y and y — 0+,
|Gn(T)| ~ ™Y, Clearly then the functions g,(7), n € Z*, are linearly
independent. On the other hand, by (4.16) and the asymptotic behavior of
§(7) near —1, H(r) ~ y~! (again, for 7 = —1 4 4y and y — 04), so that
fk(T) ~ 1y~ 52 If we now put

Qpn(T) = fk(T)gn(T)a n e ZJra

it follows directly that ¢, (7) € M (A k,1), and, by Lemma 2.2, that the
functions ¢, (7) have property (4.15). This completes the proof of Theorem
4.2 for vy =1.

The case v = —1 can be treated exactly as in the proof of Theorem
4.1, with the role of fi(7) now assumed by hi(7) = fr(7){j(r)}2. This
completes the proof of Theorem 4.2. O
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Chapter 5

The case \ < 2

Recall from the proof of Lemma 3.1 that 7, denotes the lower left corner
of B(A). Recall also that 70 = m — arg(7)), so that cos(78) = \/2.

Let f € M(\ k,v), f # 0. Excluding the points 7y, 7\ + A, 4, and oo,
let N denote the number of zeros of f on B(\) counting multiplicities and
with proper identification. That is to say, if f(79) = 0, where 79 € W and
Re(mg9) = —A/2, then f(79+A) = 0, and N counts only one of the two zeros.
Similarly, if f(79) = 0 with 79 € B(\) and |r9| = 1, then f(—1/79) = 0,
and N counts only one of these two zeros. Let ny, n;, and no, denote the
orders of the zeros of f at 7y, 7, and ‘00, respectively. The order of the zero

of f at ico is measured in terms of exp(27miT/\).

Lemma 5.1. We have
1 1 1
0o Az = 3 5 .
N +n +2n + ny0 2k<2 0)

Proof. Let C denote the closed contour described below. The path C;
is a horizontal segment from A/2 + iT to —\/2 + 4T, with T" > 0 chosen
large enough so that all of the zeros of f on B()), except for possibly ico,
lie below C;. This can be done because f is analytic at ico in the local
uniformizing variable exp(2miT/A). The path Cy consists of that part of
the line x+ = —\/2, with indentations at the zeros of f (if any), from C}
down to an arc C;, with center 7\ and radius € > 0 passing from the line
x = —A/2 to |7] = 1. At this point on |7| = 1, C3 begins and extends
to C; with semicircular indentations around zeros of f (if any). The arc
C; is a semicircular indentation about 7 = i. Lastly, —C} is the image of
C3 under the transformation —1/7, and Cj is the image of Cy under the
transformation 7 + A. If C, 1) denotes the arc between Cy and Cs, then,

35
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we define

C=C1+0Cy+CH +C34+Ci +Cy+Crypx+Cs.

& B S
v . A
C2 L] L] Q
G
Gy PN G
[
TA A Ctﬁk To+A
0
-1 -x/2 A/2 01

In this definition we choose C;, C;,, and C;, 4 so that the portions of the
discs bounded by these arcs and the boundary of B(\) contain no zeros of
f other than (possibly) the centers of the circular arcs about the points 4,
Tx, and 7y + A.

By the principle of the argument,

1w,
=5 | T dr. (5.1)
Since f'(t 4+ N)/f(t+X) = f'(7)/f(7), it follows that

%{/@ f} 7e=e

Since f(—1/7) = ~v(7/i)*f(7), by logarithmic differentiation,

d—logf( 1/7) = é + J;/((:)) )
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Hence,
1 )
2mi { /03 + /04 () dr (5.2)
_ 1 f(7) k
_ %/cg o d7+%/c4d—10gf(—1/7')d7'— o ) 70

B N 0 D U (O P S
- 2mi /Cg () dr+ 27 /03 f(7) i 2mi Je, TdT

where, in the second integral on the right-hand side of (5.2), we have
replaced 7 by —1/7. Now,

k dr

k
A 5.3
o ol T o C4(arg)7 ( )

where Ag, (arg) denotes the change in argument along Cy. Now as € tends
to 0, and the radii of the indentations tend to 0, the right-hand side of (5.3)
tends to

k /m

o (5 - 7r9) . (5.4)

We next examine the contribution of the integral about C; to the integral
of (5.1). Write

f(r) = =)™ fi(7).
Thus,
f(r) = ni(r = )" fu() + (7 = i)™ fi(7),
and

fir) i fi(D)

) T—i A

Let 0 denote the radius of the semicircular indentation C;. Then,

B A o TR LN B O (1G))

omi Jo, f(r) 2 T+p1(5) 2mi Jeo, fi(7)

dr, (5.5)

where p;(0) and p2(0) tend to 0 as J tends to 0. Since f1(7) is analytic and
nonzero in a neighborhood of 7 = 4, if we let § tend to 0, the right-hand
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side of (5.5) becomes

n; 1

ﬂ(—ﬂ') = —ini. (56)

The contributions of C;, and Cr, 4+ to (5.1) are calculated in the same
manner as above. Letting € tend to 0, we find that the integrals

L r'(r) dr and L / r'(r) dr

27 ., f(r) 2mi Cry +2 f(7)

each tend to

1

since my is also equal to the order of the zero of f at 7\ + A, for f(7r) =
flr+A).

Lastly, we examine the contribution of C; to (5.1) by letting C; tend to
i0o. Recall that we chose Cy so that all finite zeros of f in B(\) are below
Ci. Put z = exp(2wit/A) and f(7) = f1(z). Thus, f'(7) = fi(z)dz/dr,
and C is transformed into a circle C}, described negatively, of radius
exp(—2my/\) about z = 0. Hence,

L[ rw, L[ R,

2mi Jo, f(7) "7 o cr f1(2)

We now combine (5.4), (5.6), (5.7), and (5.8) with (5.1) to conclude
that

e (5.8)

1 1 1
=3 5 L — Moo
N 2k <2 0) 2n nyd —n
and the proof is complete. O

Corollary 5.1. Let

Then,
dim M (A k,v) < m.

Proof. By Lemma 5.1, no, < m. Suppose that there exist m + 1 linearly
independent functions in M (A, k,v). Then a suitable linear combination
has a zero of order m at ico. (This suitable linear combination is achieved
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by solving a system of m linear homogeneous equations in m unknowns.)
However, this is a contradiction to the fact that n., < m. O

Thus, in contrast to Theorem 4.1, if A < 2, dim M (A, k,y) is finite and
Corollary 5.1 provides an upper bound for dim M (A, k, ).

Example 5.1. Let A = /3, so that cos(7/6) = v/3/2 and 6 = 1/6. Let

k =~ =1. Then,
T L
= 2o\276/)]

Hence, there is at most one modular form in M (v/3,1,1,) or My(v/3,1,1),
i.e., there exists at most one Dirichlet series of signature (\/§, 1,1,). How-
ever, there is known to exist such a series, namely the Dedekind zeta func-

tion (x (s) for Q(v/=3),
o) =5 O (QUmm) = £ 2(5,Q),
where Q(m,n) = m? + mn + n?.

Before proceeding further we must make some remarks about elliptic
linear fractional transformations.

Definition 5.1.  Let a, b, ¢, and d be real with ad—bc = 1. Then we say
that V(1) = (a7 +b)/(cT + d) is elliptic if V has two nonreal fixed points
70 and 7y, where Im(7p) > 0.

We note that V is elliptic if and only if
(d — a)? +4bc < 0,
or
(d—a)®+4(ad — 1) <0,
or
(a+d)? < 4.
Thus, V is elliptic if and only if the roots of

22— (a+dzr+1=0 (5.9)
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are nonreal. Since (5.9) is equivalent to

a—x b —0.

c d—=x

the roots of (5.9) are the eigenvalues of V. Note that, by (5.9), the eigen-
values of an elliptic linear fractional transformation (or its corresponding
matrix) with real entries have absolute value 1.

Lemma 5.2. Let V be elliptic with a fived point 79 € H. Suppose that
there exists a nonconstant function f, analytic on H, such that

fr)=fr+2)

and

7

rvn = (T d)k i),

for some constants A\, k > 0, and €, |e| = 1. Then, if p is an eigenvalue of
V', p is a root of unity. Consequently, V has finite order.

Proof. First, observe that p is a solution of the equations
xg=at0+b and x =crg+d,
for if p is such a solution, then

a—p b
c d—p

-0

Set
~ T —1T0
i(r)=—2=2.
(T) T —To
(Compare this with ¢1(7), used to define the local uniformizing variable at
i. See Chapter 4, just before (4.4).) By a direct calculation,

- T —1T0
(et +d)(cro+d)

Thus, as 79 and 7y are fixed points of V,

2 _V(r)—m V(1) —=V(n) cfo+dT—19
t(V(T)) - V(T) —To N V(T) —V(f'o) n cto+dT— T

= pH(7),



The case \ < 2 41

since ¢To +d = p and |p| = 1. Hence, replacing p by p, we have shown that
p is a root of

t(V (1)) = p*t(r). (5.10)

Let

Then, since Ty is fixed by V,

g(Vr) ={V(r) = V(7)}"

_ m-—i—b_ai'o—l—b k
S \ler+d  cro+d

B { T— 7 }’f
L (em +d)(cTo +d)
__ my(7)

{=i(cT +d)}r’

where 7 is a constant. If we let 7 = 79, then

9(r0) = g(V'ry) = % , (5.11)

and so
n={—i(cro +d)}*, (5.12)

since g(79) # 0.
Next, let

M) = 1wt — 7 (B (B,

Then, from the hypotheses, (5.11), and (5.12),
h(E(VT)) = f(VT)g(VT) (5.13)
k . k
(T 10 () me)

= enh(t).
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Since both f and g are analytic on H, h(t) has a Maclaurin series expansion

h(t) = Z ant".
n=0
Now, from (5.10) and (5.13),
h(p*t(r)) = h(t(V'T)) = enh(D),
or
Z anp®t" = en Z ant™. (5.14)
n=0 n=0

By hypothesis, f is periodic, so it is clear that h(f) cannot reduce to a
polynomial in £. Assume then that Gny s Gy 7 0, with ny # ng. Thus,

PP =en and p*" = ey,
or

p2(’l’L17’n2) — 1’
and the result is proved. O

Remark 5.1. By Corollary 14 of [59, p. 520], the existence of a noncon-
stant function f satisfying the hypotheses of Lemma 5.2 implies that the
group (Sx,V) is discrete. From this, in turn, it follows that V has finite
order [73, p. 91], [74, p. 15]. On the other hand, our proof of Lemma 5.2
derives the same result more simply and directly, however without placing
it within its natural setting of discrete groups.

Corollary 5.2. Let f € M(\ k,7) and let n; be the order of the zero of
f atT=1. Then

7= (=D

Proof. Let VT =T7 = —1/7, an elliptic transformation with fixed points
+i. In the notation of Chapter 4, let

by the proof of Lemma 5.2,

—1/7—1i T—1
t(T'7) = -
I =9 = v
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Thus, by comparison with (5.10), p is an eigenvalue, where p? = —1. Since

F(=1/7) =~(r/i)* f(7),

~v = € in the notation of the previous lemma. From (5.12), = 1. Now,
in (5.14) a,, # 0, for f has a zero at 7 = i of order precisely n;. Thus,
equating coefficients of ™ in (5.14), we find that

()™ =p*" =en=1,
and the proof is complete. O
Theorem 5.1. If dim M(\ k,~v) # 0, then 6 and k are rational.
Proof. Let
Vir)=TTs(r) = -1/(7+ ).
Then, writing 7\ = —%)\ + 1Yo, with yo = \/m, we see that

1 — X +iyo

Vim) =— =
(™) A +iyo  |EN+iyol?

1 .
2—5)\4—12/0:7')7

i.e., 7y is a fixed point of V| and V is elliptic. In the notation of Definition
5.1, a+d = A, and so, by (5.9), the eigenvalues of V are roots of

22— dr+1=0.

Thus, an eigenvalue is
A+VAZ—4 1
p= 2T VA —2 = VN1
= cosml + isinmh = ™,

By Lemma 5.2, p is a root of unity, and hence 6 is rational. Also, by Lemma
5.1,

1 1 1

and it follows that k is rational. O

Remark 5.2. It has been noted in other contexts (see, e.g., [64, Theorem
7]) that k € Q follows from the periodicity of f € M (A k,v). Were we to
assume that f(7 + A) = €f(7), with € not a root of unity, then k£ would
in fact be irrational. Furthermore, if A > 2, then the rationality of k does
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not follow from f(r+ A) = f(7), since, in this case, there is no nontrivial
relation in G(A) involving both Sy and T'. (For example, let f(7) = 6°(7),
with irrational real s. Then the weight k = s/2 ¢ Q, but f(r +2) = f(7).
Of course, since A = 2 here, Theorem 5.1 does not apply to this case. See
Chapters 1 and 4.)

Example 5.2. We briefly indicate what our results so far yield for the
modular group G(1). Here, cosmd = 1, and so § = &. If f € M(1,k,7),
by Lemma 5.1, we find that

n;/2+n1/3=k/12 (mod 1),
which implies that
3n;/2+n1 =k/4 (mod 1),
or
n;/2=%k/4 (mod 1).

Hence, k is an even positive integer. By Corollary 5.2, this last congruence
also shows that

7= (~1)7 = (DM
Furthermore, from Lemma 5.1,
N+ noo+n;/2+n1/3=Fk/12,
so that
k/12 > nq/3.

Hence, k£ > 4 as well, since we have assumed that £ > 0, and, furthermore,
ny > 1 when k = 2. The latter observation follows, since by definition of
M(1,k,7),

(11 /)2 f(r1) = f(=1/m) = f(m + 1) = f(n)

(recall that 71 = 2(—1+4v/3)), while y(71/i)? # 1. Lastly, from Corollary
5.1,

dim M (1, k, (—1)*/?) <1+ [k/12].
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We have already shown that 8 must be rational if dim M (A k,~) # 0.
The next theorem shows more yet.

Theorem 5.2. If dim M (v,k,v) # 0, then 8 = 1/q, where ¢ > 3 and
q €.

Proof. Let 8 = p/q, where (p,q) = 1 and p > 2. The idea of the proof is
to construct a transformation V' such that V is elliptic but also such that
its eigenvalues are not roots of unity. However, by Lemma 5.2 this is a
contradiction, and so the proof would be complete.

By (3.1),if 0 = p/q,

0 _1}" - (1 [sin{wp(l —n)/q} —sin(mpn/q)

(TWT3)" = [1 A /q) sin(rmpn/q)  sin{mp(1+n)/q}]"

Let
V =85\(ThT5)",

for a certain choice of n € Z to be given shortly. Note that

sin{mp(1 —n)/q} + Asin(rpn/q) + sin{rp(n + 1)/q}
sin(mp/q)

_ 2sin(mp/q) cos(mpn/q) + 2 cos(mp/q) sin(wpn/q)
sin(mp/q)

_ 2sin{mp(n +1)/q}

sin(rp/q)

tr(V) =

Since (p,q) = 1, we can choose n so that
(n+1p=1 (mod q).
Hence,

(V)| = 2 M\ 2,

sin(mp/q)

as p > 2. (Note that since cosmf > 0, 6§ < %, and so the case p =¢q¢ — 1 is

impossible.) Now the eigenvalues of V' are the roots of
p?— (tr(V))p+1=0,

and since |tr(V)] < 2, V is elliptic.
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Let r = tr(V). We now replace r by an algebraic conjugate r’ given by

. 2sin{mpl(n+1)/q}
sin(mpl/q)

)

for a suitable integer ¢. Then the solutions p} and p4 of
pl2—7"/pl+1=0

are algebraic conjugates of p. We choose ¢ so that p£ = 1 (mod ¢), which
is possible since (p,q) = 1. Hence,

oS/
sin(m/q)
In fact, |r'| > 2, for if £ = £1 (mod gq), then
|7,/| —9 M‘ = |’I"| <2,
sin(mp/q)
which is a contradiction. Thus, p’ is real, and at least one of the two values
p1, ph has modulus greater than 1 since |p] + p5| = |/ > 2. We are forced
to conclude that a root of unity p has a conjugate p’ with |p’| > 1, which
is impossible. O

Note that if p = 1 the proof fails, for then |r| = 2.
To summarize our work so far, if there exists a nontrivial function f €
M (X k,7), then

7= (-1, (5.15)

1
N+nw+—ni+n—;=7, 923, q€Z, (5.16)

and
A =2cos(m/q), q>3, qEZ, ie, AeTa.

The derivation of Theorem 5.2 proves more than is claimed in the state-
ment. In fact, the essential feature of the proof is an application of Lemma
5.2, and in the proof of the latter we require only that f is a nonconstant,
periodic, meromorphic function in H satisfying the stated transformation
law for some elliptic V = (} ) € G(A\). Thus we can reformulate Theorem
5.2 in a stronger fashion.
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Theorem 5.3. Suppose there exists a nonconstant function f, meromor-
phic in H and satisfying the transformation laws f(T + X) = f(7) and

vm =e (T sin)

for some elliptic V = (7 ) € G(\), with constants A > 0, k real, and € # 0.
Then if A < 2, it follows that A = 2 cos(w/q), where ¢ € Z and q > 3.

Note that in Lemma 5.2 the assumption on the multiplier € is |e| = 1,
whereas in Theorem 5.3 we assume only that € # 0. But, if V€ G())
is elliptic and € = ¢(V') # 0, it follows from Lemma 5.2 that V' has finite
order, and this, together with a calculation, implies |e(V)| = 1. (Note that
the proof of Lemma 5.2 uses only € # 0, rather than |e| = 1.)

The significance of this slightly stronger version emerges when we com-
bine it with the final theorem in [59]: If ' is a linear fractional group
preserving H and T’ contains Sy = (} 1) for some A > 0, then T is discrete
if and only if T' supports a nmonconstant automorphic form (of some real
weight).

By Theorem 5.3 and Theorem 5.5 (below), when A < 2, G(\) supports
a nonconstant automorphic form if and only if A = 2cos(7/q), with ¢ € Z
and ¢ > 3. In summary, then, we can state the following theorem.

Theorem 5.4. Let A\ < 2. Then G(X) is discrete if and only if X\ =
2cos(mw/q), with q € Z and q > 3.

Theorem 5.5. Let A € Ty. Then there exist functions fx, fi, and foo €
M (X k,v) such that each has a simple zero at T, i, and ico, respectively,
and no other zeros. Here, v is given by (5.15), and k is determined in each
case from (5.16). Thus, f € M(\,4/(q—2),1), fi € M(\,2q/(q—2),-1),
and foo € M(X,4q/(q — 2),1).

Note that there exists at most one function in each case satisfying the
conditions of the theorem. For if there were two such functions, then a
suitable linear combination would have a zero at ico (or a double zero in
the third case of fo). This however would be incompatible with (5.16).
When we say that, for example, f has only one zero, we mean, of course,
up to equivalence.

Proof of Theorem 5.5. We proceed as in the proof of Theorem 4.1. By
the Riemann mapping theorem there exists a function g(7) that maps the
simply connected region B(\) one-to-one and conformally onto H. As in
the proof of Theorem 4.1, the mapping is determined uniquely if we specify
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the values of g at three points on the boundary of B(\). We shall require
that

and
g(ico) = 0.

We note that g maps the arc of the unit circle from 7, to ¢ onto [0,1]. The
arc of the unit circle from 7 to 7\ + A is mapped onto [1, ag] for some real
number ag > 1. The right-hand edge of B(\) is mapped onto [ag, o), and
the left-hand edge of B(A) is mapped onto (—o0, 0]. As before, we continue
g analytically to H by defining

g(TiT) = g(1), i=1,2,3,

employing repeated reflections, and using the Schwarz reflection principle.
Because B()) is a fundamental region for G(\), g(7) is well defined. Fur-
thermore, g(7) is invariant under transformations of G(\) and analytic on
H.

We now examine g in neighborhoods of 7 = 4, 7, and ico. We first
consider g in a neighborhood of i. Let

t1(r) = (7 — ) /(7 +1).

From (4.4), t1(=1/7) = —t1(7). As before, t(7) = {t1(7)}? is a local
uniformizing variable for ¢ in a neighborhood of i. If we put g1(¢t) = g(7),
then g1 (t) is one-to-one in a neighborhood of ¢t = 0, and

at)=1+ Z ant™,

with a1 # 0. In other words, ¢g(7) has a double value 1 at 7 = i, in the
standard planar local variable at i, that is, 7 —i. (As we have shown, of
course, in the local variable ¢t = {(7 — i)/(7 + i)}? with respect to G()\),
g(7) has a simple value 1.)

Near 7 = 7), we put

to(1) = (T —™0) /(T — 7).
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Now,

—1/(7’-‘1-)\)—7')\ - TA(T+T)\_1+/\)
“1/(T+A) =T A+ N

tg (TngT) =

Note that 7, = exp{in(1 — 1/¢)}, and so 75 /7\ = exp(—2mi/q). Also,

1 1 1
A= A=A iyt A= 7.
T T 2" Y >
Thus,
to(TVTsT) = ta(—1/(1 + \)) = e~2mi/a T2 A  o=2mifay, (1),
T — Tx

Now, in analogy with our earlier argument (in a neighborhood of 7 = i), we
observe that ¢g(7) can be rewritten as a function of ¢2, once again since 7 —
to(7) is one-to-one on the Riemann sphere; write g(7) = g(t2). Furthermore,
if we put 7 = —1/(7 + \), then to(7') = e~ 2/9%y(7) and g(7') = g(7)
together imply that go(t2) is actually a function of ¢(7) = {t2(7)}?, that is,

g(1) = g(t2) = g2(t3) = g2(t),  t=1t3.

Since g2(0) = g(7x) = 0 and g2(t) is one-to-one in a neighborhood of ¢ = 0,
we see that

g2(t) =) bat",

with by # 0. Thus, g(7) has a simple zero at 7, in the local variable
t =td ={(r —7\)/(T +72)}? with respect to G(\). (This means that g(7)
has a zero of order ¢ in the standard local variable 7 — 7y.)

Next, put t = exp(27i7T/A). The argument used in Chapter 4 to derive
(4.5) shows that we can write g(7) = g3(t), a single-valued function of
t. Since g is one-to-one on B(A), it follows that g3(t) is one-to-one in a
neighborhood of ¢ = 0. Since also g(ico) = oo, g3(t) has a simple pole at
t =0, or g(7) has a simple pole at ico, where the pole is measured in terms
of t = exp(2miT/A). Furthermore, if

g(T) _ a_lef%riT/)\ +ao + a1€2ﬂ'i‘r/)\ +eee
then
G(7) = a1 (=2mi/N)e” 2/ 4 ay (2mi N2 4

and since a_; # 0, ¢’(7) also has a simple pole at ico.
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We are now ready to construct the functions fy, f;, and fs. Define

B {gI(T)}2 1/(¢—2)
ﬁm‘{mwwﬂ—n} ’

() = 1G] S S
Mﬂ_{wmﬁ”wﬂ—n} ’

and

{g/(T)}Qq 1/(q—2)
foolr) = {M(H%%Mﬂ—w} '

We must show that these functions have the properties enunciated in the
theorem.

Since g has a zero of order ¢ at 7y, (¢’)? has a zero of order 2(q — 1)
at 7x. Thus, (¢')%/g has a zero of order ¢ — 2 at 7y. Also, g(1») — 1 # 0,
since g is one-to-one on B(A) and g(i) = 1. Hence, f) has a simple zero at
7 = T). Now,

{g'(m)}?
)

sEm D ™

where g1 is analytic at 7, and g1(7)) # 0. Thus, we can define an analytic
1/(g — 2)th root of (5.17) in a neighborhood of 7. Since g(7) — 1 has a
double zero at 7 = ¢, and ¢’(7) has a simple zero at i, fy is analytic and
nonzero at 7 = i. Lastly, note that (¢’)? has a double pole at ico, and
9(7)(g(7) — 1) has a double pole at ico. Hence, fy is defined and not zero
at i00. In conclusion, fy has only one zero on H U {ioc}, a simple zero at
7x. We can define an analytic 1/(g¢ — 2)th root in a neighborhood of every
point of H. Hence, since H is simply connected, f is analytic on H by the
monodromy theorem.

We consider next f;. Observe that (¢’)? has a zero of order ¢ at 7, and
g(7) — 1 has a zero of order 2 at i. Hence, f; has a simple zero at 7 = i.
Also, (¢')? has a zero at 7, of order g(¢ — 1), and g9~ ! has a zero at 7y
of order (¢ — 1)g. Since g(7a) — 1 # 0, we conclude that f; is analytic
and nonzero at 7 = 7. Lastly, (¢’)? has a pole of order ¢ at ico. Also,
g% 1(g — 1) has a pole of order q at ico. Hence, f; is defined and not zero
at i00. We conclude that f; has but one zero on H U {icc}, a simple zero
at 7 = 4. Just as with f), we may define an analytic 1/(q — 2)th root in a
neighborhood of every point of H and conclude as before that f; is analytic

on H.

~2g,(71), (5.17)
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Lastly, we consider f... Note that (¢’)?¢ has a pole at ico of order 2q.
Also, g??72(g— 1) has a pole at ico of order 3¢ — 2. Thus, f.. has a simple
zero at ico. Furthermore, (g’)?? has a zero of order 2q(q — 1) at 7y. Also,
g%972 has a zero at 7y of order (2¢—2)q. Hence, f., is analytic and nonzero
at 7. Now, (¢')?? has a zero of order 2¢ at i and (g — 1)? has a zero of
order 2q at i. Hence, f is analytic and nonzero at ¢. Thus, f., has only
one zero on H U {ioo}, a simple one at ico. As above, fo is analytic on H.

To conclude the proof of the theorem we must check that (ii) of Defini-
tion 2.2 is satisfied with the proper value of k. Since g(—1/7) = g(7), we
have

d /
L o(-1/r) =74/ (r).
First,
1/(¢-2)
(-1/7) = { (-1/7)y* }
9( 1/T 9( 1/7)—1)
:{ 4{g )}2 }1/(q 2)
9(7)
6(7/2)4/ - Q)fx (7),
where |e| = 1. Since fi(7) # 0, by letting 7 = ¢ above, we find that e = 1.
Hence, fr € M(\,4/(¢—2),1).
Secondly,

(-1/7) =

{ 1/T)}q }1/(q2)

{a( 1/T }q Yg(=1/7)—-1)

{ 72 {g/ ()} }1/(¢1—2)
{g(r)}e=t(g(r) = 1)

= e(r/i)*/ @~ 2)f1(7),

where |e| = 1. Since f; has a simple zero at 7 = 7, write

fi(r) = (1 =) 1 (7).

Then,

fil=1/7) = (=17 =) [i(=1/7) = —é(T—i)fl(—l/T)
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Hence,

fil=1/7) _ . (:)2‘1/(‘1*2) fi(7)

T—1 T—1i’

which implies that

Inem=e (D" he

Since f1(i) # 0, by putting 7 = 4 above, we find that ¢ = —1. Hence,
fi € M(X2q/(q —2),—1).
Thirdly,

1= g/(=1/m)}*" Ve

{{g(—l/T)}qu( (=1/7

{ 4q{g }2q }1/(q—2)
{g(m)}21=2(g(r) — 1)1
(r/iyie/o 2>f ™),

where |e] = 1. Since foo(i) # 0, we can let 7 = i above to conclude that
e = 1. Hence, foo € M(A,4q/(q —2),1). O

We are now able, in the next theorem, to give more precise information
than that contained in Corollary 5.1, Theorem 5.1, and Theorem 5.2.

Theorem 5.6. If A ¢ T4, then dim M (X, k,v) = 0. If A = 2cos(w/q) €
Ta, then for nontrivial f € M(\ k,v), the weight k has the form

4
k= —m2 +1- (5.18)

where m > 1 is an integer. Furthermore,

dim M(\ k,y) =1+ {w] . (5.19)
Remark 5.3. 1. Since m > 1 in formula (5.18), the case m = 0 is not
included here in (5.19). Nevertheless, the formula (5.19) does hold when
m =0 in (5.18).

To see this, note first that (5.18) with m = 0 implies that k =1—~v =0
or 2, according as v = 1 or —1. We show that in either event the existence
of nonconstant f € M(\, 1 —~,7) is ruled out by the relation (5.16).

Suppose that v = 1 and k£ = 0. Assume f € M (), 0,1) and suppose
f(20) = ¢ for some zp € H. Then letting g(z) = f(z) — ¢, we conclude that
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g € M(),0,1) and g(z9) = 0. But an application of (5.16) to g implies that
g is zero-free in H U {ico}. This is a contradiction unless g(z) = 0, and so
f(z) = ¢. We conclude that dim M (), 0,1) = 1.

Suppose next that v+ = —1 and k = 2. Then assumption (ii) in the
definition of M (A, 2, —1) implies that f(i) = —f(4), so f(i) =0 and n; > 1.
But, (5.16) in this case yields

%ni SN+ N + N2 +NMxjg = % < %
This contradiction implies that f(z) =0, so that dim M (\,2,—1) = 0.

On the other hand, when m = 0 and v = 1, the right-hand side of (5.19)
equals 1, while the right-hand side of (5.19) is 1 + [-1/¢] = 0 when m =0
and v = —1. Thus (5.19) is valid when m = 0 in (5.18).

2. An application of (5.16) as in Remark 5.3. 1. (above) leads to the
observation that dim M (X, k,v) =0if k =0,y =—1, and if kK < 0.

Proof of Theorem 5.6. First, suppose that f € M (A, k, 1). From (5.15),
n; is even. From (5.16),

k(g —2)
Ty
where m is a positive integer. Therefore,
4m
= — = k’
q— 2 mKy,

where k) = 4/(¢—2), the minimum value of the parameter (i.e., the weight)
k of nontrivial f € M (A, k,1) and the value k for the invariant function fy
of Theorem 5.5. This proves (5.18) for v = 1.

Proceeding with the case v = 1, we put

fi(r) = f(7) = af(7),

where « is chosen so that f; has a zero at ico. This is possible since
fa(ico) #£ 0. Note that, since k = mky, f1 € M(\ k,1). If f1 £0, let

fa(r) = f1(7)/ foo (7).

Both f1 and fo are analytic on H, and the only zero of fo on H U {icc},
i.e., 100, is cancelled by the zero of f; at ico. Thus, fo is analytic on H and
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well defined at ico, that is, fo has a finite vertical limit at io0o. Now,

(r/i)* f1(7)
(1/i)4a/(a=2) f_(T)

Hence, fo € M (A k — koo, 1), where koo = 4¢/(q — 2). Thus,
f(1) = () +afiH (1) = f2(T) foo (T) + af3 (7). (5.20)

Note that k — koo = mkx — gkx = (m — ¢)kx. We now repeat with fo the
argument that we made with f. We obtain a function f4, say, such that
fa € M(X, (m —2q)ky, 1). Furthermore,

fa(r) = [3(7)/ foo (T),

Fal=1/7) = = (r/i)} 02 fy(r),

where

f3(1) = fa(r) = B U(7),

for a suitable constant 8. Thus, we can write

F() = (M) foo (1) + BIT (M)} oo (7) + af0(7)- (5.21)

We continue this process until we get a function f* with weight m*ky < gkj,
that is, 0 < m* < q. For with each application of the procedure we decrease
the weight by gky. Now consider

fr=r-at g

where o is chosen so that f**(ico) = 0. Clearly, f** € M(X\, m*ky,1).
From (5.16),

1 k(g — 2 “k .
N—i—noo—i-—ni—i—n)‘:m A (g ):m A_m'
2 q 4q kaq q

Thus, f** has m*/q zeros. Since f** has a zero at ico, we have a contra-
diction if m* < ¢, unless f** =0, i.e.,

f* :Oé* mx

A

Suppose that m* = g. Since f** has a zero at ico, then f** can have no
other zeros. We also have both f** and fo, € M (A, gkx,1), for gky = keo-
From our remarks after the statement of Theorem 5.5, f** is a constant
multiple of foo. In summary, either

fr=at g
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or
Hence, upon repeated substitution, we find eventually that f is of the form

F= Y bt (5.22)

0<v<[m/q]

for some constants b,, 0 < v < [m/q]. We have shown that every f €
M(2cosm/q,k,1) can be written as a linear combination of the [m/q] + 1
functions in the set

Si={fLfr " 0<v < [m/q}.

On the other hand, it is clear that each of the functions in S lies in
M(2cosm/q, k,1).

Thus to complete the proof in the case v = 1, it suffices to prove that
the functions in S are linearly independent. Suppose, then, that there exist
complex constants a, such that

S a L =0,
0<v<[m/q]
or

Yo wlfx/f) =0 (T#m).

0<v<[m/q]

By noting that (foo/f{)” has a zero of order exactly v at ico, we find that
a, =0 for 0 < v < [m/q]. It follows that the functions in S are linearly
independent. Thus we have derived (5.19) in the case v = 1.

Consider the case v = —1. Let f € M (XA k,—1), with f # 0. Then n;
is odd and

f/fi€ M(A\k—2q/(qg—2),1). (5.23)

By the earlier part of the proof of the theorem (specifically (5.18) for the
case vy =1), if k —2¢q/(¢ —2) > 0, then
2q dm
2 - —mk 5.24
27 2"k (5.24)
where m is a positive integer. It follows that
4dm 2q 4(m+1)

k= - 2
q—2+q—2 q—2 e
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and so (5.18) holds in this case.
Observe further that since g € M (A, k—2q/(¢—2), 1), we conclude that
f=fige M(\ k,—1). This, together with (5.23), implies that

dim M(\ k,—1) =dim M(\ k —2q/(q¢ — 2), 1),

which, in turn, equals

o] ]

by (5.19) for the case v = 1. The theorem then follows for the case v = —1,
provided that k > 2¢/(q — 2).

Suppose now that k < 2¢q/(q — 2), so that k — 2q/(q — 2) (the weight of
f/fi)is <0. If k —2q/(¢ — 2) < 0, an application of (5.16) to f/f; leads
to a contradiction unless f/f; = 0. It follows that f = 0, and so there is
nothing to prove. If k—2¢/(¢—2) =0, then k = 2¢/(¢—2) =4/(qg—2) +2,
and so (5.18) holds with m = 1. Furthermore, in Remark 5.3 immediately
preceding the proof of this theorem, we established that

dim M (A, k —2q/(qg—2),1) =1,

so that

2 14+2/2
dimM(A,k,—l)zlzl—i—[—}:l—k{ * /]

q
This, then, proves (5.19) for the case k — 2¢/(¢ — 2) = 0 and v = —1 and,
with it, Theorem 5.6 in its entirety. (]

Remark 5.4. Observe that f? € M(\,4q/(q — 2),1). In the notation of
(5.22) of Theorem 5.6, m = ¢. Since then [m/q] = 1, we see that, from
(5.22),

f?zaf§+ﬂfooa

for some constants a and 3. By comparing the zeros, we find that both «
and ( are nonzero. In particular, f. is a polynomial in f; and f). Hence,
it f e M(\k,7), it follows from (5.22) and (5.23) that f may be written
as a polynomial in f; and fy.

Theorem 5.6 gives us the precise dimension of M (A, k,v). However,
since we are interested in the number of Dirichlet series of signature (\, k, ),
we wish to calculate dim My(\, k, ).
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Remark 5.5. 1. When A = 1, that is, ¢ = 3 (the case of the modular
group), Theorem 5.6 implies that k € 2Z.

2. Tt is worth noting that the restriction (5.18) on admissible weights
k arises from condition (i) of Definition 2.2. Specifically, it is the pure
periodicity of f € M(X\ k,v) (f(m+ X) = f(r) follows from (i)) that is the
basis for (5.18).

For the remainder of this chapter we assume that A € T4, so A =
2cos(m/q), with ¢ € Z and ¢ > 3.

Definition 5.2. If f € M(\ k,v) and f(ico) = 0, then we call f a cusp
form of weight k and multiplier v with respect to G(\). We denote by
C(A, k,7) the vector space of all cusp forms of weight k£ and multiplier
with respect to G(A).

Observe that
dim M (A, k,y) —dim C(\ k,y) < 1. (5.25)

Indeed, for any two elements in M (A, k,~) not vanishing at ico, we may
form a linear combination vanishing at ico. Thus, in a basis for M (A, k, )
we may replace the aforementioned two elements not vanishing at ico by
one of the two elements and the constructed cusp form.

Theorem 5.7. Let k be an arbitrary real number, and, as usual, let T =
r+ 1y € H.
(a) For f € C(Ak,7),

uniformly in x, as y — 0+.
(b) For f € M(\ k,7),

uniformly in x, as y — 0+.

Proof of (a). Let

F(r) = F(z +iy) = [y*/?f(7)].
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Let V = (ar +b)/(cT +d) € G(X). Then, Im(V7) = y/|er + d|?, and so
F(Vr) = |y*?(er + d) ™ f(VT)]
= |y (er + d) (et + d)F (7))
= |y*?f(7)| = F(7).
Hence, F' is invariant under transformations in G(\). Now, since f(ico) = 0,
F(xz+1iy) tends to 0 as y tends to +00. Furthermore, f(7) is continuous on
the closed set {7 : |x| < A/2,|r| > 1}. These two facts imply that F(7) is

bounded on B(A). Since B()) is a fundamental region and F' is invariant
under transformations of G(\), for all 7 € H,

F(r) = |y*?f(1)] < A,
from which the result follows. O

Proof of (b). The idea of the proof is the same as in (a), but the details
are somewhat more involved. Again let
F(r) = F(z +iy) = y*/?|f(7)];

as in the proof of (a), F(V1) = F(r) for all V € G()\). By Definition 2.2,
f(7) has an expansion at ico of the form

f(T) _ Z Cl,LeQﬂinT/)‘.
n=0

Thus since A < 2 (so that B(A) lies in the strip {7 = 2 +iy : |z| < 3,y >

V4 —X?}), it follows that
F(r) < Ky*/?, K>0, 7e€BM\NH. (5.26)

The next step is to apply (5.26) and the invariance of F' under G(\) to
derive an inequality for F(7) valid in all of H. Toward this end, we prove
the following lemma.

Lemma 5.3. (i) If V= (5i) € G(A), then V = £S5, withn € Z.
(ii) Suppose V. = (£ %) € G(N\), with ¢ # 0, then ¢* > (1 + \2/4)~ L.

Proof. We begin with the observation that, by the definition of B(\) (see
Theorem 3.1), the set

U sx{B)} (5.27)

neEZ
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contains the closed upper half-plane {z : Imz > 1}.

(i) Suppose V = (ab4) = (8 1%) € G(N), so that Vz = a?z + ab.
We claim that V = £S%, n € Z. Suppose not; then there exists ng €
Z such that V(B(X)) N Sy°(B(\)) is a nonempty open set. Since V #
+51°, this contradicts condition (i) of Definition 3.3, which B(\) satisfies
by Theorem 3.1.

(ii) Let V.= (% 7) € G(A), with ¢ # 0. Put

b em (% *
v _VS)‘_<C d—&—nAc)’

with n € Z. We can choose n € Z so that d = d + n)c satisfies the
inequality |d'| < Ale[/2. On the other hand, since ¢ # 0, by (5.27) and
condition (i) of Definition 3.3, Im(V7) <1 for 7 € B(X). Thus,

Im Tt

m = Im(V/T) S 1, or |CT + d/|2 2 Y,

for 7 € B(X). Applying this inequality with 7 =i € B(\), we find that
AL+ N/4) =2+ (N /4)? > P +d? =ei+d)? > 1;
that is to say, ¢ > (1 + A?/4)7!, as claimed. O

Remark 5.6. Since B(\) is actually the same as the Ford Fundamental
Region

B*(\) = {TEH:|R€T| <A2, Jer+d > 1YV = (Z :) € G(\), C#O}

I
(see [73, p. 139] or [74, pp. 57-58)]), the inequality |C7_I_r:7;/|2 < 1 that we

derived in the proof of Lemma 5.3(ii) can be supplanted by the inequality

I
|j_17;/|2 < Im 7, which is sometimes stronger. This supplemental inequal-
cT
ity could be used to prove Lemma 5.3(ii), but the proof that B*(\) = B(\)

would require an extensive digression.

We continue the proof of Theorem 5.7(b). Given 7 = z + iy in H, there
exist z € B(A)NH and V = (‘c‘ g) € G(A) such that 7 = Vz, by property



60 Hecke’s Theory of Modular Forms and Dirichlet Series

(ii) of Definition 3.3. Then

[f() =y " 2F(r) =y " PF(Vz) = y 2 F(2)
S Ky_k/Q(ImZ)k/Q,

by (5.26).
Suppose that £ > 0. We have

Imr y

Imz=Im(V~1l7) = = .
m 2z = Im( 7) |—er+al?2  |—er+al?

If ¢ = 0, then by Lemma 5.3(i), it follows that Im z = Im 7. If ¢ # 0, then
by Lemma 5.3(ii),

-1
1
|—cr +af* = 2y* + (a — cx)? > 2y* > <1 + Z/\2> y2.
In this case it follows that Imz < (1 + i)\g) y~!. In either case, then,

Imz <y+ (1 + i)\Q) y‘l, and we conclude that

k/2
1
|f(r)| < Ky=*/? {y + (1 + ZAQ) y‘l} < Kiy™", (5.28)

for all y > 1, say. This completes the proof for the case k > 0.
Suppose that k£ < 0. We return to the inequality

[l =y 2P (r) =y M PE(V2) =y "2 F(2) < Ky "2 (Im2)"/2.

Since k < 0, we require a lower bound for Imz. But, since z € B()), it

follows that Imz > /1 — 1A2, so that |f(7)| < Koy~ */2. This completes
the proof of Theorem 5.7. (]

Corollary 5.3. (a) For arbitrary real k,
M(A7 ka 7) = MO()\a k7 7)

In particular, C(\, k,v) C Mo(\ k, 7).
(b) If k <0, then

M()‘a kv')/) = MO()‘a k77) = {0}

In particular, C(\, k,~v) = {0}.



The case \ < 2 61

Proof. (a) Since My(\, k,v) C M(\, k,~) by definition, it suffices to prove
the reverse inequality. But this follows from Theorem 5.7(b) and Lemma
2.2.

(b) Let f(r) € M (A, k,v), and consider the expansion at ico given in
Definition 2.2, namely,

f(r) = Z ane?™ A T e H.
n=0

By interchanging the order of summation and integration, we find that

1 To+A i

a, = — / f(C)e—Qﬂ’LnC/)\d<7
A sy

where the integration is along a horizontal path, and where 79 is an arbitrary

point in H. Then, Theorem 5.7(b) implies that

jan| < Kyo %202 gy = Imrg > 0.

Since —k/2 > 0, we let yo — 0+ to deduce that a,, = 0 for all n > 0. This
implies that f(7) =0. O

Remark 5.7. 1. If we invoke the method of proof of Corollary 5.3(b) in
the case k = 0, we obtain |a,| < K, a result insufficient to prove that f is,
in fact, constant. The latter result does hold, however (see [63]).

2. Hecke [46, p. 222] applied the method of proof of Corollary 5.3(b) and
the estimate in Theorem 5.7(a) to obtain a,, = O(n*/?) for the coefficients
ayn, of cusp forms. The same method, together with Theorem 5.7(b), yields
an = O(nF) for the coefficients of entire forms (k > 0).

3. Note that Corollary 5.3(b) follows directly from Lemma 5.1.

Theorem 5.8. We have

dim C(\, k,7y) = [W] )
where k =4m/(q—2)+1—~.
Proof. By Theorem 5.6,
dim M (v, k,v) =1+ {W} .

On the other hand, in the proof of Theorem 5.5 we constructed automorphic
forms fy, f; with the properties fy € M(\,4/(q —2),1), fa(ico) #0; f; €
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M(X\2q/(q — 2),—1), fi(ico) # 0. Furthermore, by Theorem 5.6,
the only admissible values for k have the form (5.18). But f{* €
M\ 4m/(q — 2),1) with fi*(ico) # 0 and fify* ' € M(\,4m/(q — 2) +
2,—1) with f;(ico)f{" '(ic0) # 0. Thus, by (5.25), dim M(\ k,7) =
dim My(\, k,v) = dim C(\ k,v) + 1, and so Theorem 5.8 follows from
(5.19). O

Corollary 5.4. The dimension of the space of entire Dirichlet series of
signature (X, k,7y) is

[m +(y— 1)/2]

— |

We now give some examples of functions belonging to My(1, k,~y). First
we prove a lemma.

Lemma 5.4. Let k> 2. Then

oo

Z/ |mT 4 n|*

m,n=—00

converges for every T € H. Furthermore, the convergence is uniform on
compact subsets of H. Here, the dash ! indicates that the term with m =
n = 0 is omitted from the summation.

Proof. Fix 7 € ‘H and let
Sp={trr+nnrtr:—r<n<r}

where r > 1 is an integer. Note that the set S, contains 8r points. Let
h = h(7) denote the distance of Sy from the origin. Then hr is the distance
of S, from the origin. Thus, if m7 +n € S,., then |m7 + n| > hr. Hence,

Z |m7 4 n|™% < 8r(rh)~*

mT+neS,
and
S 00
/
E |mT +n|7F = E E |mT +n|7F <8hF E PR <o,
m,n=—00 r=1mr+neS,

if k > 2. If 7 belongs to some compact set S in H, then {h(7)} =% < A.
By Weierstrass’s M-test the convergence is uniform on compact subsets
of H. O
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Definition 5.3. For k£ > 2 and 7 € H, define the Eisenstein series G (1)
by

oo
I

Gi(1) = Z (m7 +n)~".

m,n=—o0

Theorem 5.9. Ifk > 2 is an even integer, Gi(1) € My(1,k, (—1)%/?).
Furthermore, for T € H,

i )* ,
Gr(r) = 2¢(k) + Zf(k)) > ok1(n)e*™ ™, (5.29)

where

oa(n) = Z d®.

d|n
d>0

Proof. Since k > 2, Gi(7) is analytic on H by Lemma 5.4. Now,

oo
I

Gk(—l/T)ZTk Z (—m—&—m’)fk

m,n=—o0

= T Gi(r) = (~1)M2(r/i) Gu(7).

Thus, property (ii) of Definition 2.2 is valid. If we prove (5.29), (i) and
(iii) of Definition 2.2 will follow since it is well known that or_1(n) satisfies

(ii).

Since k is even, we have, upon separating the terms with m = 0,

Gr(r) =20(k)+2>_ > (mr+n)" (5.30)

m=1n=—oo

It is well known [1, p. 187] that for 7 € H,

7T2 o = -2
sinrr Z (n+7)7"
Thus,
- o (27i)? _ (2mi)%e?™T
n;oo(n + T) - (eﬂ'iT _ e*TI'Z'T)2 - (1 _ e?ﬂ'iT)Q

_ (27Ti)2 Z ne?ﬂ'inr.
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Differentiate both sides, above, k — 2 times with respect to 7 to obtain

o0

(k=1 > (n+7)"F=@ri)* Y nFle?m, (5.31)

n=—oo

Replacing 7 by m7 and summing on m, we arrive at

= = 27” i 1 27mmn7'
S (4wt = k)) Yk

m=1n=—o0

i)k ;
— (i(k)) Zak—l(n)BQﬂmT- (5.32)

Combining (5.32) with (5.30), we arrive at (5.29), and so the proof is com-
plete. O

Remark 5.8. The formula (5.31) is a special case of the Lipschitz sum-
mation formula. (See [60, p. 65].)

Corollary 5.5. If k > 2 is even, ((s){(s — k + 1) has signature
(11k7 (_l)k/g)

Proof. Since

C(8)C(s =k +1) =D op1(n)n,

the result follows from Theorem 5.9. O

Note that f; € ]\40(1,47 1) and f; € Mo(l,ﬁ, —1). Here, f1 = fi (in the
notation of Theorem 5.5) when A = 1, and is not to be confused with either
of the functions with the same designation in the proofs of Theorems 5.5
and 5.6. Since dim My(1,4,1) = dim My(1,6,—1) = 1, it follows that G4 is
a multiple of f; and Gg is a multiple of f;. In particular, the only zero of
G4(7) on B(1) (up to equivalence) is a simple zero at exp(27i/3).

Definition 5.4. For even k > 2, the normalized Eisenstein series Ey(T)
is defined by

Ey(r) = Gr(T) -1+ (_l)k/ZAk Za'k—l(n)(fQﬂmT,

where
(2m)*
L(k)C(k)”

Theorem 5.10. The numbers Ay are rational, when k > 2 is even.

Ap =
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Proof. We begin with the familiar formula [105, p. 114]

blIlZ_ZH< n27r2>
It follows that for |z| <,
t z d log(sin z)
zeotz = z—
dz °®
1

_ 2
=1-2 Z n2772(1 — 22/n272)

I_QZZ 22 Jn2p2ym+1

n=1m=0
S Y Y
m=1 n=1
=1-2) (z/m)*"¢(2m (5.33)
On the other hand, it is clear that the Maclaurin series coefficients of z cot z
are rational. Hence, ((2m)/m?™ is rational, m = 1, 2,..., and the result
follows. =

Definition 5.5. If k& > 2 is even, By = 2k/Aj is the kth Bernoulli
number.

We now construct some cusp forms for the full modular group. First,
note that, by Theorem 5.8,

1L iy =1,
dim C(1,k,v) = {[112 ]7 X 1 Y
[H5k—3g], ify=-1,
or, if k >4,
5k if k22 d 12
dim C(1,k,v) = [15%] if k#2 (mo ),
(k] =1, if k=2 (mod 12).

Definition 5.6. For 7 € H, the classical discriminant function A(T) is
defined by
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Since the Fourier expansions of F4 and Fg both begin with 1, it is clear
that A(7) € C(1,12,1). Note that 12 is the least value of k for which there
exists a nontrivial cusp form. Now, A4 = 240 and Ag = 504. This can be
seen, for example, by a direct calculation of the Maclaurin series for z cot z
and the use of (5.33). Thus,

A(r) = ﬁ {(1 + 2402ag(n)62ﬂm)3 _ (1 _ 504205(@62““7)2}
=2 ane’™", (5.34)

say. Since o3(1) = 05(1) =1,

L 3:24042.504
1= 1728 -

In fact, as we shall see below, a,, is integral for all n.

Definition 5.7. The classical Dedekind eta function n(r) is defined for
T € 'H by

_ 7r17'/12 H 27rzn‘r (535)

n=1

It is well known [60, p. 43] that n(7) is a modular form (in a more
general sense than we have defined here) of weight % on the full modular
group. Indeed, the behavior of n(r) under I'(1) = G(1) is analogous to
that of 6(7) under the subgroup (of index 3) I'y = G(2). (For example,
(1.1) holds with 6(r) replaced by n(r).) Since the translation property
n(r 4+ 1) = e™/12y(1) follows directly from the definition (5.35) and since
G(1) =T(1) =< S5,T >, it follows that n(7) transforms into itself under
transformations in G(1). (See [60, pp. 43-45, proof of Theorem 10] and the
argument in Chapter 7 here, immediately preceding Remark 7.7.) Thus,

n(r)** =™ [ (1 - 7)€ C(1,12,1).
n=1
Since dimC(1,12,1) = 1 and both 7(7)** and A(r) have leading coeffi-
cient 1, n(7)** = A(r). It is also clear that a, is integral for every n.
The coefficients a,, are usually denoted by 7(n), Ramanujan’s arithmetical
function. For an excellent introduction to the properties of 7(n) see [43,
Chapter 10]. Further informative expository papers have been written by
F. van der Bliji [108], M. R. Murty [84], V. K. Murty [85], R. A. Rankin
[93], and H. P. F. Swinnerton-Dyer [102], with the papers by van der Bliji,
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M. R. Murty, and Rankin containing lengthy lists of references. In 1916
Ramanujan conjectured that 7(n) is multiplicative, and this was proved by
L. J. Mordell [80] in 1917. (It is of historical interest that in [80] Mordell
invented the “Hecke operators” in order to prove the multiplicativity of
7(n).) Mordell also showed that for o = Re s sufficiently large,

Z’T(’n)nis _ H(l _ T(p)pfs +p1172s)71’

p

where the product is taken over all primes. The product actually converges
absolutely for o > 13/2. A second deep conjecture of Ramanujan,

m(p)| < 2p"/2,

where p is any prime, resisted all efforts to prove it for nearly sixty years,
until finally P. Deligne succeeded in 1974 [28]. A third well-known problem
concerning 7(n) is Lehmer’s question whether 7(n) is ever 0 [72]. There is
a good deal of numerical evidence to support the proposition that 7(n) # 0
for all n € ZT, but the problem appears very difficult. (The nonvanishing
of 7(n) is often referred to as “Lehmer’s conjecture,” even though he never
conjectured it.)

We close this chapter by indicating how one can construct Dirichlet
series of signature (A, k,7) from those of signature (1, k,v) for certain .
First, if A is a positive integer the problem is trivial, for in the notation of
Theorem 2.1,

O(s) = (2m) T (s)p(s),  @(s) =Y ann™",
may be rewritten as

2w

w6 = (5) e o= Tatw

and ¢*(s) is again a Dirichlet series, since A € Z*. On the other hand,
©(s) has signature (1,k,~v) and ®*(s) = ®(s), and so *(k — s) = yP*(s).
It follows that ¢*(s) has signature (\, k, 7).

We now construct functions in the space Mo(AZ,k,~) from those in
My(1,k,~), where X is a positive integer. Let f € My(1,k,~v) and put
g(z) = f(z/\), z € H. Then,

F(=X2) = 2(2/iNF F(2/A) = 2(2/iN)*g(2)
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and
9(=X/2) = f(=1/2) = 4(2/i)" [ (2).
If we put
H(z) = f(z) + A*?g(2),
it follows that

H(=A/z) = 7(2/iNg(2) +1(z/)) A2 £ (2)
=(2/i) A2 H (2).

Note also that H(z + \) = H(z2).
Now put z = VA7, 7 € H. Define

F(r)=H(z)=H (\/Xr) .
Then,
F(r+Vx) =H (VAT +A) = H (VA7) = F(r),
and
F(-1/7)=H (—\FA/T) = H(=Mz) = 7(2/i)"A"*/2H (2)
= A(r/i) ().

Hence, F' € My (\/X, k,'y).



Chapter 6

The case A\ = 2

The group G(2) is, in fact, a subgroup of index 3 of the modular group
G(1). (See [60, p. 9].) Recall that, for A < 2 and A € T4, we showed that
the function g(7) in Theorem 5.5 has a zero of order ¢ at 7 in the standard
planar local variable 7 — 75. From g(7) we were able to construct a basis
for M (A, k,7). The behavior of a modular form with respect to G(2) in
a neighborhood of 7» = 7 = —1 will be more difficult to determine as
—1 ¢ H. We would first like to establish a lemma analogous to Lemma
5.1. However, to do this, a study of functions in M (2,k,~) near 7 = —1 is
necessary.

Our initial task is to find a local uniformizing variable near 7 = —1 for
f € M(2,k,v). Tt will be convenient to transform 7 = —1 to ico by the
modular transformation

z=2z(1)=-1/(t+1). (6.1)
Note that —1 is fixed under the transformation
Vir)=-1/(t +2) (6.2)
in G(2). Now,

-1 T+2
V = = — =
(V) —-1/(t+2)+1 T+1

z(1) — 1. (6.3)

Inverting (6.1), we find that 7 = 7(2) = —(2 + 1)/2. Another elementary
calculation like that in (6.3) gives 7(z —1) = —1/(7+2) = V(7). That is to
say, the map 7 — V(7) is equivalent to the map z — z—1. This observation
can be applied to show that (1) = exp{2miV (1)} = exp{—2mi/(T + 1)} is
a local variable at the cusp —1 with respect to G(2).

69
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In order to establish this, it suffices to show that there exists a subset
N(—1,2) = N in a punctured neighborhood U of —1 such that ¢(7) has
properties (i), (ii), and (iii) of Definition 4.1. Since our functions are de-
fined only on HU Q" = H U Q U {icc}, we must first define “punctured
neighborhoods” of —1 in such a way that they lie inside H.

The idea for doing this is motivated by the definition we gave in Chapter
4 of a “punctured neighborhood” of ico. This is defined as any open half-
plane of the form Im 7 > B, with B > 0. Observe that 7 — z(7) maps
—1 to ico and the circle of radius 1/(2yo), yo > 0, centered at —1+1i/(2yo)
(thus tangent to the real line at 7 = —1) onto the horizontal line at height
1o. Furthermore, let D be the open disc bounded by the circle above; then
z(7) maps D onto the open half-plane Im 7 > gy in a one-to-one fashion.
This suggests the requisite definition.

Definition 6.1. A punctured neighborhood of —1 is any open disc U =
U(yo) of the form

(a:+1)2+(y—2iy0>2:i, (6.4)

with 7 =« + 4y and yo > 0.

We now define the required subset N' = N(—1,2) = N(—1,2;y0) to be
the “triangle” in ‘H bounded by the three circular arcs:

(a) the circle defined by (6.4),

(b) the unit circle 2% + y? = 1,

(c) the circle (x + 2)? + y? = 1.
Note that one of the vertices of the triangle lies at the point —1. A simple
calculation shows that 7 — z(7) maps this triangle onto the open half-strip

1
{zEH:|ReZ|<§,Imz>y0} (6.5)

in a one-to-one manner.

We have previously observed that 7 — V(1) is equivalent to z — z — 1.
Also, distinct points of the half-strip (6.5) are inequivalent with respect to
the map z — z—1. Thus, since by Theorem 3.1 B(2) is a fundamental region
for G(2), it follows readily that for yo > 0 sufficiently large (yo > 1 will do),
distinct points of A'(—1,2;10) are inequivalent modulo G(2). Furthermore

t = exp{2miz(1)} = exp{—2mi/(7 + 1)}
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maps N (—1,2;yo) one-to-one onto the punctured disc D’ : 0 < [¢]| < e =270,
since this is the image of the half-strip (6.5) under z — exp(2miz). Thus,
t(r) = exp{—2mi/(7+1)} is indeed a local uniformizing variable at —1 with
respect to G(2). We show that a modular form with respect to G(2), of any
weight, has an expansion at —1 in the variable ¢(7). This is the content of
the following result.

Theorem 6.1. (a) Let f € M(2,k,v). Then there ezists a real number
p, 0 < p <1, such that for T € H,

—k oo
fr) = (T+ 1) Z a,, e intp)=(7)

7

_ T+1 —k io: ane_gﬂ-i(n+p)/(‘r+1) (6.6)
7: n=—oo ,

where {an} is a sequence of complex numbers.
(b) If f € My(2,k,7), then the expansion (6.6) has no terms with
n+ p < 0; that is, (6.6) takes the form

T4+1\ 7" ;
f(T)=< . ) D anpe PR/, (6.7)

)
n+p>0

Proof. (a) From (i) and (ii) of Definition 2.2 and (6.2),

k k
=2 (T2) sern =0 (T2) so. 6s)
From (6.8) and the fact that

2M(r+2)=—(+2)/(t+1) =2(7) — 1,

we find that
50 ()7 = (72) o ()
- (M) g (6.9)

for some number € with |e] = 1. Write € = exp(2mip), 0 < p < 1. Thus,
from (6.9), we find that

f(7) (@> o e?me <Z(T)7_1> - f(V). (6.10)

2 2
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But, as we have seen, the map 7 — V7 is equivalent to the map z — z — 1.
Thus, by (6.10), the function

1
H() = e (o) () =70y 4 (- = 1)
is periodic in z, with period —1. Since f(7) is holomorphic for 7 in H, H(z)

is holomorphic in z for Imz > 0. Thus, H(z) has a Laurent expansion in
the local variable t = exp{2miz} = exp{2miz(7)}, namely,

[e%S)
E aneQﬂ'znz’

or

Z/’L Z an e27m(n+p)z

T+1 k>

= —2mi(n+p)/(T+1)

( i) 3 e ,

for 7 in H.
(b) Now we assume that f € My(2,k,7) and show that a, = 0 if

n+p<0.

From the standard formula for Fourier coefficients,

zo+1 1 k )
a, = / f(7) (T—: ) e 2minte)z g,
20

Let zo = ug 4+ 1vp and z = u + ivg with ug < u < ug + 1 and vy very large.
Since, by Lemma 2.2,

fla+iy) =0(y™°)
as y > 0 tends to 0, for some ¢ > 0,

ﬂﬂ:f<4_§>:fC4_£;£%)=ow&

as vg tends to co. Hence,

_ O( c—k Qﬂvg(n-l-l’))

as vo tends to co. Hence, if n + p < 0, we must necessarily have a,, = 0,
and this proves (b). O
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Definition 6.2.  Let M;(2,k,~) denote the subspace of M(2,k,~) sat-
isfying condition (6.7).

Theorem 6.1 shows that Mq(2,k,~v) C M1(2,k,v) C M(2,k,7).

Definition 6.3. In (6.7), suppose that a,, = 0, 0 < n < m — 1, but
am # 0. Then, we say that f(7) has a zero of order n_1 = m + p at
T=—1.

Remark 6.1. In general, the order of the zero of f at 7 = —1 will be
irrational. However, suppose that f € M(1,k,(—1)¥/2); a fortiori, then,
f € My(2,k, (—1)*/2). Since, in this case,

) = (2 s e =0 (T s

a straightforward calculation shows that n_; = n.,. Hence, since n is an
integer, n_; is an integer as well. (Recall that n., the order of the zero of
f at 00, is defined to be the smallest exponent occurring in the expansion
(i) of Definition 2.2.)

Lemma 6.1. Let N, n;, and ny be defined as in the beginning of Chapter
5. Let n_1 be given as above. Then if f € M1(2,k,v) and f #0,

1 k
N+noo+§ni+n_1 =1 (6.11)

and
v=(=D".

Proof. First, from (6.7),

k
o) (T2 5 e

where t = exp(2miz). It follows that f(7) has only a finite number of zeros
in the intersection of B(2) with any neighborhood of 7 = —1. For if there
were an infinite number of zeros, then

> ant” (6.12)

n+p>0

would have an infinite number of zeros in a neighborhood of t = 0. This
would imply that (6.12) is identically zero, and so f(7) = 0, contrary to
our assumption.
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We can then proceed as in the proof of Lemma 5.1 to derive (6.11). The
contour of integration is the same as in the proof of Lemma 5.1, except that
now A = 2, and so the vertical lines Cy and C5 intersect the real axis at —1
and 1, respectively. The only change in the proof occurs in the calculation
of the integral along the arc C;, = C,, and then letting € tend to 0. A
simple calculation shows that

P, [ AUOEED) [ A
/cm ) dT_/c G /c cror T

T2

Now,
d k
w{r+ 1)) .
L —dr =ikA arg),
/072 (r+ 1)F o)
which clearly tends to 0 as € tends to 0, since the line x = —1 and the circle
|7| =1 are tangent at 7 = —1.

We now make the change of variable ¢ = exp(2miz), where z = z(7) is
given by (6.1). Then,

o0
FOE+ D = Y eI =gy e nt™ =171 (1),
n+p>0 n=0

where m is defined as in Definition 6.3. Next, we examine what happens
to C, under the transformation ¢. We have

t = e~ 2mi/(T4+1) _ 6—27Ti(x+1—iy)/{(z+1)2+y2}.
If 7 = —1+ iy,
t=e 27V,

As T € C,, tends from —1+iy to the unit circle, the argument of ¢ decreases.
When 7 reaches the unit circle, then 22 + 32 = 1 and
t = e—2ﬂi(z+l—iy)/(2z+2) — _e—ﬂy/(x—&-l).

Thus, as T traverses C,, t traverses a simple path I" in the lower half-plane
beginning on the positive real axis and terminating on the negative real
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axis. Thus,

[ EUCE g,
C r

)+ 1) tr-1g(t)
[ {rm i)

Since g(t) is analytic and g(0) # 0, we deduce that, by the argument

principle,
1 - (¢ -
lim — /F {u i gg_()} dt = 2= Ar(arg)

T2

e—0 278 t (t) 27
a1
= o ( 7T) = 271,1.

We obtain the same result for the arc C;, 12, so combining the calculations
as in the proof of Lemma 5.1, we arrive at (6.11).
The second part of the lemma follows as in the proof of Corollary 5.2.

O

Remark 6.2. An analogue of Corollary 5.3(b) for A = 2 follows directly
from Lemma 6.1: If k¥ < 0, then

M0(27 k7'7) = M1(27 k7'7) = {0}

This can also be proved by a modification of the argument given in Chapter
5 to derive Corollary 5.3(b).

Corollary 6.1. Let

m =1+ [k/4]
and
m' =1+ [(k—2)/4].
Then,
dim M7 (2,k,1) <m (6.13)
and

dim M;(2,k,—1) < m/'. (6.14)
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Proof. From Lemma 6.1, ny, < m. Recalling that, since A = 2, the angle
6 = 0 in this case, we proceed exactly as in the proof of Corollary 5.1 to
arrive at (6.13).

If v = —1, then from Lemma 6.1, n; > 1. Hence,

Proceed as in the proof of Corollary 5.1 to arrive at (6.14). O

Example 6.1. From Corollary 6.1,
) 1
dim M, 2,5,1 <1

Since M (2, % , 1) C M, (2, % , 1), there is at most one Dirichlet series of
signature (2, % , 1). But from (1.2), {(2s) has signature (2, % , 1). Thus,
we have proved Hecke’s version of Hamburger’s result to which we referred
in the Introduction, namely, that there is exactly one linearly independent
solution to the functional equation satisfied by ((s).

We note here that the uniqueness of the solution to this functional
equation is radically disturbed by (apparently innocent) modifications to
the auxiliary conditions [62, Theorem 1]. See the application of Theorem 7.1
following Remark 7.4.

Example 6.2. It is known that the Dedekind zeta function for K = Q(¢),

() = 3605, Q)

where Q(m,n) = m? + n?, has signature (2,1,1). (See the example in
Chapter 2, following Definition 2.1.) But by Corollary 6.1, there exists at
most one Dirichlet series of signature (2,1,1). Thus (x(s) is the unique
solution to its functional equation.

We could now proceed as in Chapter 5. From the Riemann mapping
theorem there exists a function g(7) which maps B(2) conformally onto H
such that g(—1) =0, ¢g(¢) = 1, and g(ioco) = co. We would then construct
functions f_1, fi, and foo from which we could find a basis for M7 (2, k,~).
This is, in fact, the method used by Hecke [48, pp. 24-28]. However, we
follow a slightly shorter, more constructive method given by A. Ogg [87].

Lemma 6.2. [105, p. 406] Let f be of bounded variation on [0,1]. Then,

%{f(x +0)+ f(x—0)} = %ao + Z(an cos(2mnx) + by sin(2mnx)),
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where
1 ! 1 '
34 = / f(z)cos(2mnx)dx and §b77, = / f(z) sin(2mna)dz.
O 0

Lemma 6.3. (Poisson summation formula) Let f be of bounded varia-
tion on [A, B], where A, B € Z. Then,

1 y N B
3 0 0+ /(=0 = lim 37 /A ) g

where the ' indicates that for n = A only the term §f(A +0) is counted
and for n = B only the term %f(B —0) is counted.

The form and proof of Poisson’s summation formula that we give here
can be found in [27, p. 16]. See [60, pp. 39— 40] for another proof.

In the sequel we write Z for lim Z

v=—00 V=00, N

Proof of Lemma 6.3. Let fi(z) = f(z), 0 < z < 1, and extend the
definition of f1 to (—oo0,00) by periodicity. Apply Lemma 6.2 to f; and
choose z = 0. Then,

SO +0)+ f(1—0)} = S{/1(0+0) + 1(0-0)}
1a0+2au
Z / f(x) cos(2mvz)dx

V=—00

Replacing f(z) by f(x 4+ n), where n € Z, we find that

%{f(n—i—O)—&—f(n—l—l— Z / f(x 4+ n)cos(2nvz)de

V=—00

Z / ) cos(2mvzx)d.

V=—00
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Now sum on n, A <n < B — 1, to deduce that

—Z{fn+0 + f(n—=0) Z / f(x) cos(2mvz)de

n=A v=—00
Z / f 27'mvxd
V=—00
as the terms involving sin(27vz) and sin(—27wva) cancel. O

Theorem 6.2.  The classical theta function 6(1) € M (2, 3,1). Further-

more, the only zero of 0(1) on B(2) (up to equivalence under G(2)) is at
7 = —1, and the order of the zero is 1/8.

Proof. Recall that 6(7) is defined at the beginning of Chapter 1. Since (i)

and (iii) of Definition 2.2 are clearly satisfied, to prove the first part of the

theorem we need only establish (1.1). It is sufficient to prove (1.1) for 7 =

iy, y > 0, for then the general result will follow by analytic continuation.
By Lemma 6.3,

N

Z —1n /y Z / e~ T 2 Jy+2miva dz (615)

n=—N v=—00
2
/ / —7'rr Jy+2mive dr.
|z|>N

We now want to show that as N tends to oo,

V=—00

oo

E / 67ﬂw2/y+2ﬂ—iywdﬂj‘
|z|>N

V=—00

tends to 0. Upon integrating by parts twice, we find that

/N ey cos(2mvz)dx = o . dx{ e /y}s1n(27rz/m)dm

o 2
N ey d

771'{1;2
- 2myv2 22 Jy da? € 19} cos(2mva)d.
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Hence,

o0

E / €7ﬂ—w2/y+2ﬂ—iywdﬂj‘
|z|>N

V=—00

v#0

N 2 1 > 2 2
< L ,—mN"/y § -2, = Y g w2ty d § : —2
- ﬂ'ye vt 272 /N dx? {e bz v

=o(1),

as N tends to co. Thus, from our calculations above and (6.15), upon
letting N tend to oo, we deduce that

i e ™Y = i /O:O o~ AT gy (6.16)

n=—oo V=—00

s 00
=y § / e~ U y+27'rwyudu7
—o00

V=—00

where we have replaced x by uy. Apply Cauchy’s theorem by integrating
exp(—mz2y) with respect to z around the rectangle with vertices =R and
+R — iv and then letting R tend to oo. We immediately find that

/ e~ ™=y gy, — / e ™ Y du, (6.17)
Now,
/ 677TU2ydu = yié / eiﬂv2d/(} = y7%B7 (6.18)

say. Since —mu?y + 2mivyu = —w(u — iv)?y — 72y, we find that (6.16)—
(6.18) yield

oo

)
—nn2 1 — 2
E e~ /vy — By2 E e~V y,

n=—oo V=—00

8(i/y) = By*4(iy).

Put y = 1. Since, clearly, 6(i) # 0, we find that B = 1. This concludes the
proof of (1.1) and the first part of the theorem.
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To prove the second part of the theorem, we have from (6.11), since

MO (27 %7 1) C Ml (23 %7 1))

1 1
N+ne+=-—n;+n_1=-—.

2 8
Since N, no, and n; are integers, the only possible way this can be satisfied
isif N =n. =mn; =0and n_; = 1/8, and the proof is complete Il

Remark 6.3. The important functional equation (1.2) for {(s), which
has motivated much of the material in this volume, (finally) follows directly
from Theorem 6.2 and the Main Correspondence Theorem, Theorem 2.1.
For the derivation, see Example 6.4 following the proof of Theorem 6.3.

Theorem 6.3. We have My(2,k,~) = M1(2,k,7). Furthermore,
dim Mo(2,k,v) =1+ [(k+~v—1)/4].

Note that in contrast to the case A < 2 (see Theorem 5.6), there are no
restrictions on k£ > 0 when A = 2. The underlying reason for this difference
is that 7173 = ({ ') is elliptic for A < 2 and parabolic for A = 2. (See
Chapter 3.) Thus, with A < 2, the fixed point 7 of T1T3 is in H, while
79 = —1, a rational point on the real line. Consequently, 7175 has finite
order when A < 2, but not when A = 2. Indeed, the expression for (T175)"
given at the beginning of the proof of Theorem 5.2 shows that with p =1,

(T\Ts)" = —1.

This, together with T? = —I, gives two independent relations in G(\),
\ = 2cosm/q, while G(2) has only the single relation 72 = —I. The extra
relation in the former cases imposes the additional restrictions on k by
forcing conditions upon the multiplier system of an automorphic form with
respect to G(\), when A < 2.

Proof of Theorem 6.3. We show that
dim My(2,k,1) > 1+ [k/4].

Since My (2, %, 1) C M (2, %, 1), it follows immediately from Corollary 6.1

that Mo (2,k,1) = M;1(2,k,1) and that
dim Mo (2, k,1) = 1 + [k/4].

A similar argument will establish the result in the case v = —1.



The case A = 2 81

The proof of the aforementioned lower bound on dim My (2, k, 1) entails
consideration of arbitrary positive real powers of 6(7). Since 6(7) # 0 and
analytic on H, and since H is simply connected, we can define an analytic
function log#(7) on H. Since (7) can be represented as a power series in
z = exp(miT) with nonzero constant term, log6(7) can be represented as a
power series in z. For any k > 0, define

6.2k (T) — e2klog 9(7’)’

where the logarithm is, as usual, defined by the assumption loga € R for
z > 0. In this case, the assumption amounts to log#(iy) € R for y > 0.
This definition gives rise naturally to a power series representation of §2%(7)
in the variable z = exp(mi7). Thus, (i) of Definition 2.2 is satisfied. Because
of Lemma 2.2 and the fact that 0(7) satisfies condition (iii) of Definition
2.2, it follows that 62*(7) obeys condition (iii) as well. We also have

62%(—1/7) = e(7/i)*0% (1)

for some complex number €, where |¢|] = 1. Letting 7 = ¢ and using the
fact that 6(i) # 0, we conclude immediately that ¢ = 1. Hence 6%%(7) €
My(2,k,1), and, by Theorem 6.2, the only zero (up to G(2)-equivalence) of
62% (1) on B(2) is at T = —1 with order k/4.

Recall that in Theorem 5.9 we showed that the Eisenstein series E4(7) €
Mo(1,4,1). Since Mo(1,4,1) C My(2,4,1) C Mi(2,4,1), E4(r) is in
M;(2,4,1) as well. In the lines immediately preceding Definition 5.4, we
observed further that the only zero (up to G(1)-equivalence) of E4(7) on
B(1) is a simple one at 71 = exp(27i/3). Now, from Lemma 6.1,

N—I—noo—k%m—kn_l =1.

It follows that 71 is the only zero (up to G(2)-equivalence) of E4(7) on B(2)
as well. To see this, we observe the potentially elusive distinction between
the order of the zero of E4(7) at 71 with respect to G(1) and the order of
the same zero with respect to G(2). The former is measured in the local
variable {(T — 71)/(7 — 71)}® with respect to G(1), since 71 is a fixed point
of S7IT, an element in G(1) of order 3. The latter is measured in the
standard planar variable, since 71 is not a fixed point of G(2). Thus the
latter order is three times the former.

Consider the functions EZH%*S”, with v € Z, v > 0, and 2k — 8v > 0.
By the properties of 62 and E, that we have already established, these
functions lie in My(2, k,1). By the inequality imposed upon v, 0 < v < k/4,



82 Hecke’s Theory of Modular Forms and Dirichlet Series

so there are precisely 1+ [k/4] such functions. On the other hand, EY§2*—8>
has a zero of order exactly v at 7 = exp(2mi/3) with respect to G(2),
so that the elements of the set {EY0%~8 . 0 < v < [k/4]} are linearly
independent. Thus, dim My(2,k,1) > 1 + [k/4], and the proof of Theorem
6.3 is complete in the case v = 1.

Let v = —1. We have already observed that the only zero of E4 on W
is at 71. Thus, since F4(i) # 0, we can choose « such that

g:=6%—aFE,

has a zero at 7 = 4. As 0(i) # 0, o # 0. Since E4(—1) # 0 and 6(—1) =0,
g(—1) # 0. Now 0 € My (2, %, 1) and Ey € My(2,4,1), so by Lemma 2.2,
g € My(2,4,1). It follows that we may apply Lemma 6.1 to g, with the
result

Since g(i) = 0 by construction, n; > 0. This last equation then yields the
values n; = 2, N = no, = 0. That is, in the standard planar variable 7 — 7,
g has a double zero at 7 = ¢ and no other zeros in ﬁ

Since g has a double zero at 7 = i, we may define an analytic square
root h = g% in a neighborhood of 7 =i and all its equivalent points on H.
Since g has no other zeros on H, we may define an analytic square root in
a neighborhood of any other point in H as well. As H is simply connected,
by the monodromy theorem, h is analytic on H.

We claim that h € My(2,2,—1). We apply Lemma 2.2 to find that h
satisfies condition (iii) of Definition 2.2. To check that (i) holds, recall that
6 and E4 both satisfy (i), so that, in particular, g(7 +2) = ¢g(7). From this
it follows directly that h(r + 2) = +h(7). We show that h(T +2) = h(7).
We have observed above that g(ico) # 0 (i.e., noo = 0) so that h(ico) # 0.
Furthermore h(ico) = UILH;O h(iy) is finite. Thus, if h(T + 2) = —h(7), then

a simple argument, which we have invoked earlier, shows that
o0
hr) = D anem )T,
n=0

for 7 € H. But this implies that h(ico) = 0, a contradiction. In fact, then,

oo
h(r) = Z ane™™, T EH,
n=0
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so h satisfies condition (i) of Definition 2.2 for membership in My (2,2, —1).
It remains to verify condition (ii). Now, since g € My(2,4, 1), we have
9(=1/7) = (7/i)*g(7), so that

h(=1/7) = £(7/i)?h(T). (6.19)
Since h(7) has a simple zero at 7 = i, we may write
W) = (T = i)ha(7),

where h; (i) # 0. Then

L = iYha (—1/7).

T

h(—1/7) =
Thus, (6.19) may be written as

~Lha(-1/7) = (i) (7).

Letting 7 = ¢, we find that e = —1. Hence, h € My(2,2,—1).

Suppose now that f; € My(2,k — 2,1). Then, using Lemma 2.2 once
more to verify condition (iii), we find that f = f1h € My(2,k, —1). Clearly,
then, the map fi — f = fih is one-to-one from Mjy(2,k — 2,1) into
My(2,k,—1), so that

dim My(2,k, —1) > dim My(2,k — 2,1) = 1 + [(k — 2)/4],
by the first part of the theorem. But by Corollary 6.1, it follows that
dim My(2,k, —1) < dim M1(2,k,—1) <14 [(k — 2)/4],

so that dim My(2,k,—1) =1 + [(k — 2)/4] = dim M;(2,k,—1). This com-
pletes the proof of Theorem 6.3. (]

From the definition of A in the proof of Theorem 6.3, it follows that
h? = 0% — aEy4, with o # 0. Thus Ej is a polynomial in § and h. The proof
of Theorem 6.3 then shows that any element of M(2, k,~y) is a polynomial
in # and h. This has great significance for Dirichlet series of signature
(2, k,7), for each such series can be obtained from those corresponding to
the signatures (2, %, 1) and (2,2, —1).

We conclude this chapter with two number-theoretic examples.
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Example 6.3. If k is a positive integer, then for 7 € H,

oo

0’“(7’) _ Z eﬂ'i(nf+---+ni)‘r
N1y, Np=—00
=1+ Z Tk(n)em'n‘r,

where ri(n) denotes the number of representations of n as the sum of
k squares. If k < 8, there is only one Dirichlet series, > ri(n)n~—°, with
signature (2, %, ), as follows rather directly from the proof of Theorem 3
of Chapter 5 of [60]. (See page 81 of [60].) Of course, this is likewise an
immediate consequence of Theorem 6.3. This is a very important fact, for
if we can find another series Y ap(n)n~° with the same signature, then
ri(n) is a multiple of ag(n). Thus, one might obtain formulas for rg(n).
For an early historical account of formulas that have been found for r(n),
see [4], and for recent extremely comprehensive surveys, see the two papers
[78] and [79] by S. C. Milne.

Example 6.4.  We begin by deriving the functional equation (1.2) from
Theorem 6.2. The latter shows that condition (i) of Theorem 2.1 is satisfied
with A =2, k = 1, v =1, and f(r) = g(r) = 6(7). Furthermore, in the
notation of Theorem 2.1, ag = by = 1 and a, = b, = 2, if n = m?2, m € Z+;
an = b, =0, otherwise. Thus

satisfies (2.1). That is to say,
T (s)¢(2s) = 72T (L — 5) ¢(1 — 2s);
replacing s by s/2, we obtain
720 (s/2)¢(s) = 7¢7VAT ({1 - s}/2) C(1 - 9),
the functional equation (1.2).

Let k be an even positive integer. From the foregoing functional equa-
tion of ((s),

a H DT (/)T ({s — k + 13/2)¢(s)¢(s — k + 1) (6.20)
= 5= HD2DP ({1 — s}/2)0({k — s}/2)C(1 = 8)C(k — s).
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From Legendre’s duplication formula,
[(s) = 77225710 (s/2)T ({1 + 5}/2),
we find that

72172 HRD () (s — k + 1)
F{s+1}/2)T({s—k+2}/2)"

After three applications of the reflection formula,

I(s/2)T({s—k+1}/2) =

(6.21)

™

P(s)I(1 —s) =

sin(rs)’
(6.21) becomes

T(s/2)T'({s—k+1}/2)

_ 21-2HR ()T ({1—s}/2) T ({k—s}/2) sin{n(s+1)/2} sin{n(s—k+2)/2}
D(k—s)sin{mr(k—s)}

2R DRET ()P ({1 - s} /2T ({k— s} /2)

- T3 : (6.22)

Substituting (6.22) into (6.20), we find that
(2m) " T(s)¢(s)¢(s — b+ 1) = (=1)2(2m)° T (k — 5)¢(1 = s)¢(k — 5).

Thus, we have shown that ((s)((s — k + 1) has signature (1,k, (—1)*/2),
provided that we show that ((s){(s — k + 1) is analytic except for a simple
pole at s = k. Since ((s) has a simple pole at s = 1, it is clear that
¢(s)¢(s — k 4+ 1) has a simple pole at s = k. Now, from the functional
equation for ((s) it is easy to see that {(—n) = 0 for every even positive
integer n. Thus, if £ > 2, (2 — k) = 0. Hence ((s){(s — k + 1) is analytic
at s = 1if k£ > 2. Thus, we have proved Corollary 5.5 once again.

For several examples of Dirichlet series of signature (2, k,~) when k& > 0
is integral, see [48, pp. 29-31].
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Chapter 7

Bochner’s generalization of the main
correspondence theorem of Hecke,
and related results

Bochner’s generalization [17], [20, pp. 665-696] has previously been men-
tioned in passing in Chapter 2, following the proof of Theorem 2.1, the
Hecke correspondence theorem. We take up the generalization in some
detail here, both for its intrinsic interest and because it has proved very
useful in applications to the theory of Dirichlet series. (See [7], [61], [62],
[66], and the remarks following the proof of Theorem 7.1 below.) After he
published [17], [20, pp. 665-696], in the next few years Bochner returned
to his ideas from [17], reformulated his main correspondence theorem, and
derived further consequences. In particular, see his papers [18], [21], [19],
[20, pp. 697-700, 715-739, 763-775 ]; the paper [21] was coauthored with
K. Chandrasekharan.

In formulating the generalized correspondence theorem it is useful to
introduce a special class of functions, the “log-polynomial sums.”

Definition 7.1. A log-polynomial sum (LPS) ¢(7) is a finite sum of the
form

gr)="Y (/)% Y BG.t)log!(r/i), (7.1)
1<<L 0<t<M(j)
with L, M (j) € Z and «;, 5(j,t) complex constants.

Note that ¢(7) is holomorphic in the slit plane C — {it : ¢ < 0}. In
particular, ¢(7) is holomorphic in H. It is worth noting that LPS’s are
“residual functions” in the sense of Bochner [17], [20, pp. 665—696].

Bochner’s generalization follows.

Theorem 7.1. Let A1, Ao >0, k€ R, andy € C. Let

f(T) _ Z ane%rinr/)\l’ g(T) _ anGQﬂ'inr/Az (72)
n=0 n=0

87
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be nonconstant exponential series, such that the sequences {an}, {bn} sat-
isfy the growth condition

an, by, = O(n?), n — oo, p > 0.

As in Theorem 2.1, put

B(s) = <i—?>_sf(s)2ann_s . /Ooo{f(iu) Caodutldu,  (7.3)

W(s) = <i—z>_sf(s)2bnn_s _ /Ooo{g(iu) ~ bo}ut—ldu.

Then the following two conditions are equivalent.
(A) f(r) and g(7) satisfy the (generalized) modular transformation
equation

(/1) "" f(=1/7) = v9(7) + a(7), (7.4)

where q(7) is an LPS.

(B) ®(s) and V(s) have meromorphic continuations to the entire s-
plane, each with at most a finite number of poles in C. Furthermore, ®(s)
and ¥ (s) satisfy the functional equation

Ok —s) =~¥(s). (7.5)

Finally, there exists Ty > 0 such that ®(s) remains bounded in each “la-
cunary” wvertical strip (LVS) of the form o1 < o < o9, |t| > Ty. (Here,
s=o+it.)

Remark 7.1. 1. To compare Theorem 7.1 with Theorem 2.1, note that
we have here interchanged the roles of f and g, and consequently the roles
of ® and V¥, as well. In this generalization A1, A2 may be distinct positive
numbers whereas in Theorem 2.1 A = A1 = Ao, even when f # g.

2. The most important feature of the generalization is the presence of
the LPS ¢(7) in (7.4). (Recall that ¢ = 0 in Theorem 2.1). It is striking
that the presence of ¢ in (7.4) makes no change in the functional equation
connecting ® and . The influence of ¢ makes itself felt rather in the polar
singularities of ® and ¥. The details will emerge in the proof that (A)
implies (B). The structure of the proof is the same as that of Theorem 2.1.

In the proof of Theorem 7.1 we require two preliminary results.
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Lemma 7.1. Leta € C, with Rea < —1, and let j € Z, 7 > 0. Then,

/100 u®(logu)/du = (—1)7 (o + 1)1, (7.6)
Proof. Integrate by parts j times or apply induction. O
Proposition 7.1.  Assume f(7) is nonconstant and has the form

f(r) = i ane? T/ TEH, A > 0.
n=0

Assume as well that f satisfies the transformation law (7.4), with g = f
and q(7) of the form (7.1). Then ¥?> =1 and

q(—-1/7) = —e " 2yrhe(r),  TeEM. (7.7)
Proof. Applying (7.4) twice yields

F(r) =22 f(r) +7a(r) + (i/7)Fa(=1/7),

so that

FT) A =~%) = ~q(7) + (i/7)*q(—1/7).

But the left-hand side is periodic with period A, while (as is easily checked)
the right-hand side is a LPS and thus not periodic unless it is constant.
Since f(7) is nonconstant, the left-hand side is constant only when 72 = 1,
and (7.7) follows. O

In order to emphasize the role of the LPS in the generalization, we
begin our treatment of Theorem 7.1 with a proof that (A) implies (B) in
the special case f = ¢ (hence Ay = A2 and ® = ¥), thus suppressing the
less important generalization to distinct f and g.

Proof that (A) implies (B) (assuming f = g). Since A\; = A3, we set
A = A1 = A2. As in the proof of Theorem 2.1, we find that

() = / ") — ao)udu+ / T f0) - aghu .
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Apply (7.4) with 7 = iu, u > 0, and rearrange slightly to obtain

[t = aahutu = [ () - aoput =

+ 7/100 aou® " du — /100 aou”* " du + /100 q(iw)u* "1 du.
Thus, for ¢ > max(0, k),

®(6) = [ 17G00) ~ aapu o [ {f(00) - ot~

+ agp (ﬁ - é) + /100 q(iu)uf~*"1du
= FE(s)+7(s) + /100 q(iu)uf =" du,

with E(s) equal to the sum of the first two integrals above and

r(s) = ag (Sjk —1). (7.8)

S

By the exponential decay of f(iu) — ag as u — 400, it follows that E(s)
is entire. Also, by Proposition 7.1, v = £1, so that

E(k —s) =~E(s), r(k —s) =~r(s). (7.9)

To continue the proof, we examine the remaining term

L(s) := /100 q(iu)u* =" tdu. (7.10)

By (7.7), we have the alternative representation

L(s)=—v /100 q(i/u)u*"du. (7.11)

Note that both integrals (7.10) and (7.11) converge and are holomorphic
for 0 = Re s sufficiently large.

To apply Lemma 7.1 to (7.10), we single out a term in g(iu) and suppress
the indices j, t; by (7.1), such a term has the form Bu®(logu)t, with a,
BeC,3#0,and t € Z, with t > 0. In (7.10) this gives rise to the term

164 / u* k= log u)! du,
1
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which by Lemma 7.1 equals B(—1)"¢!(a + k — 5)7t~1, provided that o >
Rea + k. It follows that, for o > k + 1I<na<xL{Re ajlt,
<j<

= > D BGHEDT ks (7.12)

1<<L 0<t<M(j)

and the right-hand side of this equation provides the meromorphic contin-
uation of L(s) to all of C.
To derive the functional equation (7.5), it suffices, by the decomposition

®(s) = E(s) +r(s) + L(s)
and (7.9), to show that
L(k—s)=~L(s), seC. (7.13)

From (7.12) it follows that

-y ¥ A D ey +) 7 (7.04)

1<G<L 0<t<M(j

Next, recalculate L£(s), this time employing the representation (7.11) in

place of (7.10); the same method applied in deriving (7.12) shows that v£L(s)

is the same as the right-hand side of (7.14), as long as o > 1r<na<XL{—Re ajt,
<<

and so (7.13) follows.

To complete the proof that (A) implies (B) we need only show that
®(s) is bounded in a LVS. If we choose Ty = 1 + max{|Ime;|: 1 < j < L}
(say), then (7.8) and (7.12) imply that r(s) and L£(s) are bounded in the
LVS, while the boundedness of E(s) in the strip follows just as in the proof
of Theorem 2.1, that is, by taking absolute values inside the two integrals
whose sum is E(s). This completes the proof that (A) implies (B). O

Remark 7.2. The proof yields information about the poles of ®(s): since
E(s) = ®(s) — r(s) — L(s) is an entire function of s, (7.8) and (7.12) show
that ®(s) has poles at the points a; + k, and at 0 and k if ap # 0. On the
other hand, the functional equation (7.13) implies that the poles of ®(s)
are located at the points —a;, and at 0 and k if ag # 0. Thus, if ag # 0,
we have the set equality

{0k, +k:1<j<L}y={0,k,—a;:1<j <L}
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If ag = 0, the equality is

{aj +k:1<j<L}={-a;:1<j<L}

Rather than proceeding with a proof of the converse direction in Theo-
rem 7.1 for the special case f = g, we continue by proving Theorem 7.1 in
its full generality, in both directions.

Proof that (A) implies (B) (in general). Since we have removed the
restriction f = g, Proposition 7.1 no longer applies. Thus the proof must
be modified, but surprisingly little.

Assuming (A) and arguing as we did before, we obtain, for ¢ = Res
sufficiently large,

s) = /100{f(iu) — ag}u~du + 7/100{g(iu) — bouh—s1
+ (Spy_bok - %) + /100 g(iu)u®"* " du. (7.15)

We require an analogous expression for ¥(s); in order to obtain this, we
rewrite the transformation law (7.4) as

(r/i)"g(=1/7) =7~ f(r) =y~ M7 /D) Fa(=1/7). (7.16)

Just as (7.15) follows from (7.4), (7.16) implies that

= [ tgti - mhu ey [ G0~ aohul

S

for o sufficiently large.

With the possible exception of the integrals involving the period func-
tion ¢(7), the right-hand sides of (7.15) and (7.17) are meromorphic in the
entire s-plane. We apply Lemma 7.1 to carry out the meromorphic contin-
uation into C of these two integrals as well. A single term ¢(7) in the LPS
has the form B(7/i)*log’(7/i), and so by Lemma 7.1 the corresponding
term in [ q(iu)ur " du is

ﬁ/ “(logu)'u*~*"1du = p(-1)"" W (a+ k —s)7171,
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for o sufficiently large. In the same way, the corresponding term in
o0
S
1
is
By =D e 5)

It follows that (7.15) and (7.17) can be written, respectively, as

D(s) = /100{f(zu) —aptu* " du + 'y/loo{g(iu) — botuF " du

b
* (37—0k - %) +Las) (7.18)
and
- / T {o0) — bobu 4 / " (i) - a0~ du
! 1
v lag by
+(s—k s>+52() (7.19)
where
=YY 8GN e k)T (7.20)
1<G<L 0<t<M(4)
and

y ST BUHD T s (T.21)

1<G<L 0<t<M(j)

From (7.18) and (7.20) we conclude that ®(s) is meromorphic in C; sim-
ilarly, (7.19) and (7.21) imply that ¥(s) is meromorphic in C. It follows
further from the pairs of expressions (7.18), (7.20) and (7.19), (7.21) that
®(s) and ¥(s) are bounded in each LVS of the form given in (B), for suitably
large T > 0.

Since both ®(s) and ¥(s) are meromorphic in all of C, the functional
equation (7.5) is meaningful. To prove (7.5), we compare (7.18) and (7.19),
obtaining

Dk —s) —yU(s) = L1(k — s) —yLa(s).
Thus, (7.5) will follow from
L1(k —s) =~vLa(s). (7.22)
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But, (7.22) is immediate from (7.20) and (7.21). This concludes the proof
that (A) implies (B). O

Remark 7.3. By (7.18) and (7.20), the poles of ®(s) are restricted to
the set {0,k,a; + k;1 < j < L}. In the same way, (7.19) and (7.21) imply
that the poles of ¥(s) lie in the set {0,k, —c; : 1 < j < L}.

Proof that (B) implies (A). We turn to the proof of Theorem 7.1 in the
converse direction, (B) implies (A). In (B) we assume that the functions
®(s), U(s), defined by (7.3), have meromorphic continuations to the whole
s-plane, each of them with at most a finite number of poles in C. Further,
assume that they are bounded in LVS’s sufficiently removed from the real
line and, finally, that they satisfy the functional equation (7.5).

As in the proof of Theorem 2.1, we begin by observing that for y > 0
and sufficiently large d > 0, we have both

1
— by = — Y —d 7.2
gliv) ~bo= gz [ sy as (7.23)
and
fiy) L[ a(syea (7.24)
W) a0 =5 “ s)y~ ®ds. .

(Note that (7.3) defines ® and ¥ as the Mellin transforms of f — ag and
g — bp, respectively, while the equations (7.24) and (7.23) express f — ag
and g — by as the inverse Mellin transforms of ® and W, respectively.) By
assumption, there exist

b(j, 1)
1<jZ<L 1<§v (s —d;)t"
v'(5,t)
22 (s =my)t’

S
1<5<L’ 1<t<N'(j)

with 6;, n; € C, such that ®(s) — Pi(s) and ¥(s) — Pa(s) are entire.
Applying the procedure in the proof of Theorem 2.1, we move the line
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of integration to o = —d; (7.23) then implies that

1
) — by = —— U(s)yd
g(iy) — bo 57 /( » (s)y °ds

- - (Flogy)!
+ Z y Z UQJ)W’ (7.25)
1<G<L 1<t<N'(5) '
whereas from (7.24) it follows that
Fly) —ao = —— [ d(s)y—ds
Y 0= 55 ) Y

s, - (=logy)!

1<G<L 1<t<N(j) '

We should mention an additional restriction that we have imposed implic-
itly upon d : d > 0 is sufficiently large so that all poles of ®(s) and ¥(s)
lie in the vertical strip |Res| < d. It is also important to note that in the
derivation of (7.25) and (7.26) we require both Stirling’s formula and the
Phragmén-Lindeldf Theorem for a vertical strip. (See the proof of Theorem
2.1 for more details.)

At this juncture we invoke the functional equation (7.5) in (7.25) to
obtain

-1
gliy) —bo= 32— | ®(k—s)y "dy+p(y).
™ J(~d)

where p(y) is the finite sum on the right-hand side of (7.25). With a change

of variables in the integral, we find that

vy Tk
271

oy lyh N
=1 /<k+d>q)()<y> ds + p(y)
=y Yy (i /y) — a0} + P(y),

by (7.24). This can be rewritten as

gliy) —bo = /(WD ®(s)y*ds + p(y)

(r/8)"*F(=1/7) = v9(7) + ao(r/i)~* —~bo — p(7/1), (7.27)

valid for 7 = iy, y > 0. By analytic continuation, (7.27) holds for all 7 in
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‘H. Thus we have proved (7.4) with

q(r) = ao(7/i) ™" = ~vbo — p(7/i),
an LPS. This completes the proof of Theorem 7.1. |

Information beyond what is contained in the statement of Theorem 7.1
can be extracted easily from the proof. This is contained in the following.

Remark 7.4. 1. The proof that (B) implies (A) shows immediately that
the “period function” ¢(7) in (7.4) can be written as

q(1) = ao(r/i) ™ — vbo — 4(7),

where

1yi—1
R MU DI P WG}

1<<L 1<t<N/(5)

Note that §(7) is simply the finite sum in (7.25), with y replaced by 7/i.
2. The proof that (B) implies (A) can be modified by applying the
functional equation (7.5) in (7.26) instead of (7.25). This leads to

F(r) = 2(i/7)"g(=1/7) + a0 — 7bo(i/7)* +p(r/i),

for 7 = iy, y > 0, where p(y) is the finite sum on the right-hand side of
(7.26). Replacing 7 by —1/7 and invoking the identity theorem for analytic
functions leads to

(r/1) 7 f(=1/7) = v9(7) + ao(r/i) ™" = ~bo + (r/i)*p(i/7),  (7.28)
for 7 € H. A comparison of (7.28) with (7.27) yields
(/0)~*p(i/7) = =p(7/0),

and so from the explicit expressions for p, p given in (7.25) and (7.26), we
conclude that

IO b(j,t)ﬁlogt‘l(ﬂi)

1<5<L L<t<N(J)

— ¥ @ Y v e

1<’ 1<t<N'(4)
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At this point we turn to a description, without detailed proofs, of an
application of Theorem 7.1.

Application. This application relates to our Theorem 4.1 (A > 2)
and Theorem 6.3 (A = 2), and especially to Hamburger’s Theorem [38], an
important result mentioned in Chapter 1 and proved in Chapter 6. (See the
Example following Corollary 6.1.) Note that Theorem 4.1 demonstrates the
existence of many Dirichlet series of signature (A, k,7), as long as A > 2,
while Theorem 6.3 and Hamburger’s Theorem (signature (2, %, 1)) both
express the paucity of such Dirichlet series for A = 2. The application of
Theorem 7.1 at hand treats the cases A =2 and A > 2.

Hamburger’s Theorem [38], [49], [99], [100, pp. 154-156] can be formu-
lated as follows. Put ®(s) = 77°T'(s)¢(s) and assume that ®(s) satisfies
the three conditions:

1. There exists a polynomial P(s) such that P(s)y(s) is an entire func-
tion of finite genus.

2. ®(3—s) =®(s), for s in C.

3. Not only ¢(s), but ¢(s/2) as well, can be expanded in a Dirichlet
series convergent somewhere: (s) = > b(n)n~=2%. Then, p(s) = al(2s),
where « is a complex constant.

Some fifteen years later, in 1936, Hecke [47], [49] proved an alternative
version of Hamburger’s Theorem. In the Hecke formulation, the polynomial
is specified as P(s) = s — 3 in Condition 1, but Hecke assumes only the
expressibility of ¢(s) itself as a Dirichlet series p(s) = 3 b(n)n~* in Condi-
tion 3, not that of ¢(s/2). Hecke’s conclusion is the same: ¢(s) = a(2s).
Of course, the two proofs differ to some extent. It is important to note here
that the Hamburger Theorem we proved in Chapter 6 is the later (that is,
the Hecke) formulation.

With these contrasting versions of Hamburger’s Theorem at hand, it
appears natural to relax both the expressibility of ¢(s/2) as a Dirichlet
series in (3) and the restriction upon the poles of ¢(s) in Hecke’s version,
to conjecture that ¢(s) is uniquely determined by Conditions 1, 2 and the
following modification of Condition 3.

3'. Suppose only that ¢(s) (not ¢(s/2)) can be expanded in a Dirichlet
series convergent somewhere: ¢(s) = > b(n)n=*.

This conjectured “strong Hamburger’s Theorem” has the appealing fea-
ture of containing both versions, but unfortunately it fails spectacularly.
Indeed [61, Theorem 1] presents the following result.

Abundance principle for Dirichlet series with functional equation. There
exist infinitely many linearly independent Dirichlet series ¢(s) satisfying
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Conditions 1, 2, and 3.

The proofs of the abundance principle and its several generalizations
(see [61], [62], [66]) fall into two steps.

Step 1. We translate the question of the existence of the desired Diri-
chlet series into a question of the existence of many linearly independent

o0
exponential series f(7) = > a,e™"" satisfying
n=0

(r/i) 2 (=1/7) = f(7) +q(7),

with ¢(7) a LPS. Clearly, this translation is accomplished by Theorem 7.1
with f =g, Ay =Xy =2,and y=1.

Step 2. We construct, by means of Eichler’s generalized Poincaré series
[31], infinitely many linearly independent exponential series of the kind
described in Step 1.

As stated, the abundance principle stands in sharp contrast to Ham-
burger’s Theorem. The generalizations (there are three) to which we refer
above should be compared with Theorem 4.1 and Theorem 6.3. The proof
in each case follows the two-step procedure we have already described. The
three generalizations are as follows.

1. With A = 2, we generalize the principle to arbitrary real k and
~ = %1. This can be contrasted with Theorem 6.3.

2. Again with A = 2 and v = %1, we restrict k£ to & > 2. In this case,
we construct ®(s) = 7 °T'(s)¢(s) meromorphic in C, with at most a finite
number of poles, at preassigned points and with preassigned principal parts
at these points. This, of course, strengthens the first generalization above
considerably in the range £ > 2. One can think of this as a “Mittag-Leffler
Theorem” for Dirichlet series with functional equations.

3. This is a generalization to arbitrary A > 2, arbitrary real k, and
v = =+1. With A > 2 we obtain the stronger Mittag-Leffler version of the
abundance principle for all real k. The comparison here is with Theorem
4.1, which gives infinitely many linearly independent solutions of the req-
uisite functional equation, but yields nothing like the Mittag-Leffler result
of the generalization.

We now turn our attention to questions of how the sequences {ay},
{bn} in Theorem 2.1 may be related. That is to say: suppose ¢(s), ¥(s)
are the Dirichlet series given in Theorem 2.1, and assume that these series
are related by the functional equation (2.1). We then wish to determine the
extent to which these sequences of coefficients and other relevant parameters
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can differ. Equivalently, of course, we may formulate this problem instead
in terms of the corresponding exponential series f(7), g(7) satisfying the
modular transformation law (i).

We broaden the context of the investigation somewhat by considering
the generalization of Theorem 2.1 obtained as a corollary of Theorem 7.1
simply by assuming that ¢(7) = 0, where ¢(7) is the log-polynomial sum
occurring in (7.4). This leads to a modification of Theorem 2.1 in which
the periods A1, A2 of the exponential series f(7), g(7) are not necessarily
the same. Note that, in light of the proof of Theorem 7.1, the assumption
g(7) = 0 is equivalent to the restriction of the poles of ® and ¥ to the set
{0, k}.

Below, we state several results that address the issues we have raised
here. In proving these, we deviate somewhat from the practice adopted else-
where in the book, the practice, that is, of presenting self-contained proofs,
quoting results that we leave unproved only when these are widely regarded
as standard. (Examples are the Cahen-Mellin formula, the Phragmén-
Lindel6f theorem, and Stirling’s formula, all quoted in the proof of Theorem
2.1.) For, strict adherence to this practice in the proofs to be given in the
remainder of the chapter would lead us far afield and create imbalance in
the exposition. We trust that the effects of this change in practice will be
mitigated in part by the specific references to the literature we supply for
the theorems quoted without proof.

The theorems we present address the three questions:

(i) Which parameters A1, Ay can occur in nontrivial pairs ®, ¥, defined
as in (7.3), satisfying the functional equation (7.5), and with poles restricted
to the set {0,k}? (Recall that the latter condition is equivalent to our
assumption that ¢(7) = 0 in (7.4).)

(if) With Ay, Az fixed, consistent with the answer to (i), to what extent
can ® and VU differ?

(iii) How is the weight parameter k in (7.5) related to A1, Ao?

In partial answer, we present Theorems 7.2, 7.3, and 7.4, below. Before
we state these, we alter slightly the notation of Theorem 7.1, incorporating
the factor v into the function g (effectively putting v = 1). Thus, for
example, (7.5) becomes ®(k —s) = U(s). Henceforth, the factor v will
be reserved for the special case in which g = ~f (that is, ¥ = v®). Of
necessity, then, v = +1.

Theorem 7.2. Suppose ®, U are defined as in (7.3) with coefficient se-
quences of polynomial growth. Assume further that ® and ¥ are noncon-
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stant, related by (7.5) (i.e., ®(k—s) = U(s)) and with poles (if any) confined
to the set {0,k}. Then, either \i\y = 4cos? w/q, with q € Z, q > 3, or
A1 g > 4.

Theorem 7.3. Assume that A1, A2 > 0, with Ay = 4 cos? 7w/q, where
q is an odd integer > 3. Further, assume that ® and ¥ are as in Theorem
7.2. Then,

(i) k(1 —q/2) € Z;

(il) W(s) = e™k1=a/2) (X /A0)F/ 275D (s).

Theorem 7.4. Assume that A1, A2 are as in Theorem 7.3, except that
now q is even. Let ®, U be as in Theorems 7.2 and 7.3. Then, k(1—q/2) €
27.

Remark 7.5. 1. There are results that address the question to what
extent Theorems 7.2, 7.3, and 7.4 are best possible. These will be stated,
and their proofs sketched, after we have completed the proof of Theorem
74.

2. Note that the expression e™#(1-9/2) = 41 or —1, according as
k(1 —g/2) is even or odd.

The proofs of these theorems require a modest amount of information
concerning “multiplier systems” on G(A) and on a certain subgroup of index
2in G(A). Thus we now present a formal definition and a brief discussion of
how multiplier systems arise within the context of the Hecke correspondence
and Bochner’s generalization. (Multiplier systems have been mentioned
earlier in the book, but only in passing and indirectly. They are, of course,
related closely to the “multipliers” of Definition 5.2.)

Definition 7.2. Suppose that k is a real number and I' is a discrete
subgroup of SL(2,R). A multiplier system (MS) v of weight k on T is a
function from I'" onto C, such that

(a) [v(M)| =1, for all M €T
(b) (M M) (—i(csT + d3))*
= o(My)o(My)(—=i(cr Mot + dy))* (—i(car + do)),
for all My, My €T. (7.29)

In (b), M1 My = M3 and M; = (ct d*j), 1 < j < 3. The stipulation (7.29)
is usually called the consistency condition for multiplier systems for MS’s
with respect to (T, k).
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Remark 7.6. 1. In (b), as throughout, we adhere to the argument con-
vention (1.4).

2. If k € Z, (b) reduces to v(M;My) = e~ ™*/2y(M;)v(Ms). Thus, if
k=0 (mod 4), v is a multiplicative character on the matrix group T

3. As an immediate consequence of (b) (and v(M) # 0), we find that
v(I) = e™*/2 and v(—I) = +e™*/2,

The motivation for the condition (7.29) is the characteristic transfor-
mation law of an automorphic form F' of weight k and MS v, with respect
to I':

F(M7) =v(M)(—i(cr +d))*F(r), T€H, (7.30)

with k € R, v(M) € C, and |[v(M)| =1, for all M = () € T. Indeed, the
existence of F' # 0 satisfying (7.30) implies directly that v satisfies (7.29).
Note that if F' is meromorphic in H, it follows from (7.30) and the fact
|[v(M)| = 1 that v(M) is independent of 7. It is customary to call F' an
automorphic form of weight k and MS v on ', provided that F' satisfies
(7.30) and certain growth conditions at the real points of the boundary
of a fundamental region for I'. (Compare this with the more restrictive
definition of M (A, k,v) at the end of Chapter 2.)
The existence of F' # 0 satisfying (7.2) implies that

v(—1I) = e ™2, (7.31)

For obvious reasons, (7.31) is usually called the nontriviality condition for
multiplier systems for M S’s in weight k. Here we consider only those MS’s
satisfying (7.31).

Before starting the proofs of our theorems, we elucidate the connection
of M S’s with our previous work—in particular, with the Hecke correspon-
dence theorem and the Bochner generalization. In the former, Theorem
2.1, we are given two exponential series

f(T) — ZaneQﬂinr/)\’ g(T) — Z bneQﬂ-inr/)\’
n=0 n=0

both convergent for 7 € H. We further assume that the pair f, g satisfies
condition (i):

f(r) = (T/’i)_kg(—l/T), keR, reH. (7.32)

We make the simplifying assumption that g = v f, so that f € M(\ k,~)
and v = £1. (See Definition 2.2 of Chapter 2.) Then we have the two
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transformation laws for f:

fr+X=f(),  [(=17) =)D f(7). (7.33)

Recall the notation Sx7 =74+ A, Tt = —1/7, and G(A) = (S, T). We
show that (7.33) can be invoked to generate a MS v on G(\) of weight
k, at the same time proving that f(7) satisfies (7.30) with M.S v for all
M € G(X\). We proceed by expressing M € G(X) as a word in Sy and T

M =T"SyTS? - ST, (7.34)

with ¢; € Z, £; # 0, 1 =0, 1, 2, or 3 and €3 = 0 or 1. This representation
of M as a word in Sy, T is not unique since there are nontrivial relations
in G(\), for example, T? = —I. However, as we shall observe, this has no
bearing upon the proof we are about to give, since v(M), as we generate
it, is uniquely determined by f(7) and M, in light of (7.30), with F = f.

The procedure is iterative. Define v(Sy) = 1, v(T') = ~, as dictated
by (7.33). For general M € G()), apply the expression (7.34) and make
repeated use of the consistency condition (7.29) in the form

(_i(61MQT+d1))k(_i(CQT+d2))k
(—i(C3T + d3))k ’

Note that, since |v(Sy)| = |v(T")] = 1 and the ratio on the right-hand side
of (7.30) has absolute value 1 as well, it follows that |v(M;Ms)| = 1, as
required. This approach yields (7.30) with F' = f, MS v, and T = G(\).
Notwithstanding the nonuniqueness of the expression (7.34), the uniqueness
of v(M) follows directly from (7.30), since

f(MT)
f(7)

Note that (7.29) and (7.31) also follow immediately from (7.30).

Of course, this procedure is applicable to discrete groups other than
G(A) as well. Indeed, in the proofs of Theorems 7.2, 7.3, and 7.4 we shall
have occasion to apply the method to the group K(\) = (Sx,TS\T), a
subgroup of G()), and to a generalized version of K(A). In the end, the
proofs of all three theorems come down to establishing the existence of a
nontrivial function on H, satisfying (7.30) with an appropriate M S on some
group related to G()).

’U(MlMQ) = ’U(Ml)U(MQ)

(7.35)

v(M) = (—i(er +d))7*.

Remark 7.7. It is useful to know that the procedure outlined above
works equally well if f(7), g(7) are related by a transformation law of the
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form (7.4) with a log-polynomial sum ¢(7) # 0. However, the proof is of
necessity more complicated. We do not give it here.

Proof of Theorem 7.2. Under the assumptions of Theorem 7.2, Theorem
7.1 implies that the pair f(7), g(7) satisfies (7.4) (with v = 1), where f(7),
g(T) are given by (7.2) and are related to ®(s), ¥(s), respectively, by (7.3).
Furthermore, an examination of the proof of Theorem 7.1 shows that, under
restriction of the poles of ®(s) and ¥(s) to the set {0,k}, ¢(7) = 0 in (7.4).
Thus, in this case we have the stricter form of (7.4),

(T/Z.)ikf(—l/T) = g(7), TeH. (7.36)

Since g(7 4+ A2) = g(7), it follows that

T+ Aoy -k —1 .
(2251 () oo
Replacing 7 by —1/7 and applying (7.36) once again, we find that
AT — 1 -k -7 (-1 -k
() 1) = ()
—T (e —1 Pro Tk
() (222 () o
Dot =1\ 7 /1"
iT iT

f <A2;T_ 1) = (Aﬂi_ l)kf(T), (7.37)

with |e|] = 1. As before, the condition |¢] = 1 implies that

that is to say,

Since

= |>\2’7’ — 1|k,

it follows that

(AQT - 1)’“ f (A;ll)
€= ,

i f(7)
is independent of 7 € H. From the definition of f(7), f(7 + A1) = f(7),
and so by the procedure outlined above (for the group G(X\) = (Sx,T)), we
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find that f(7) satisfies (7.30) for the group I' = K (A1, A2) = (Sx,, TS\, T,
with v = vy, a, .k, & MS of weight k on K (A1, A2).

By assumption, ®(s) # 0, so f(7) is not constant. Since K (A1, A2)
contains translations, Corollary 14 of [59] implies that K (A1, A2) is discrete.
Thus, by [65, Theorem 1], we conclude that either A\; A\ = 4 cos® w/q, with
q€7Z,q>3,0r A\ > 4. This competes the proof of Theorem 7.2. O

In Theorems 7.3 and 7.4 we deal only with the first of the two al-
ternatives in the conclusion of Theorem 7.2. That is, we treat the case
M2 = 4cos?m/q, with ¢ € Z, ¢ > 3. In Theorem 7.3 we assume in ad-
dition that ¢ is odd. In the proof of the latter, we require a preliminary
result.

Proposition 7.2.  For A =2cosw/q, ¢ € Z, ¢ > 3, we have the following
relations in G(X):

T? = (TS))? = —1, (7.38)
with T = (9 7') and Sx = (§ 7).

Proof. The first relation, T? = —1I, is clear. The second was proved in
Chapter 5, but stated in a slightly different form. Recall that

T
TlT: W, T3T:—(7:+>\),

as defined in the proof of Lemma 3.1; by a simple calculation, then, 7175 =
T'Sy. In the proof of Theorem 5.2, we observed that

n_ 1 sin{rp(l —n)/q} —sin(rpn/q)
(ITs)" = sin(mp/q) [ sin(mpn/q)  sin{mp(1 —l—n)/q}} ’

with A = 2cos(mp/q), (p,q) =1,q¢>3,p>2,and n € Z*. By (3.1), this
holds for p =1 as well. Putting p =1 and n = ¢, we deduce that

n 1 sin{m(1 —¢)/q} —sinw
(T1T3) = sin(w/q) [ sin T —Sin(’]‘[‘/q):|
_ 1 [-sm(/g 0 ]__
 sin(n/q) [ 0 —Sin(ﬂ/Q)} h
as asserted. O

Proof of Theorem 7.3. We begin with the proof of Theorem 7.3 for the
special case A7 = Ay. Thus, we may write A = Ay = Ay = 2cos7/q, with
g odd and ¢ > 3. Just as in the proof of Theorem 7.2, we note that f(7)
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and g(7) are related by the transformation law (7.36), so we obtain a M .S
va,x of weight k on K(A). (Note the abbreviated notations v r = va
and K(A) = K(A, A).) Again, f(7) satisfies (7.30) for the group K(\) with
v = vyk. Since, by assumption, f(7) is nonconstant, vy j satisfies the
nontriviality condition (7.31).

Since ¢ is odd, the second relation in (7.38) can be used to express the
inversion T in G(\) as a word in Sy and T'S\T of length ¢, namely,

(TS\T)SA(T'SxT)S -+ (T'SxT) = —T. (7.39)

(In (7.39) there are (q + 1)/2 factors T'S\T separated by (¢ — 1)/2 factors
Sx.) In particular, this shows that G(\) = K(A) = (Sx,TS\T). Hence,
f(7) satisfies (7.30) for all M in G()), including M =T, i.e.,

F(=1/7) = oan(T)(=i7)* f(7),

or

(/1) " f(=1/7) = van(T) (7). (7.40)

A comparison with (7.36) implies that g(7) = v x(T)f(7), so that ¥(s) =
A k(T)®(s). Except for the specific determination of the factor vy x(T") on
the right-hand side in terms of k and ¢, this proves part (ii) of the theorem
in the special case A1 = Ao.

We invoke (5.18) from Theorem 5.6, which yields k = 4m/(¢ — 2) +
1 — vy x(T), with m € Z*, since vy x(T') = 7, in the notation of Definition
2.2 and Theorem 5.6. Furthermore, it is easy to show that vy (T") = %1,
either directly from

U(k —5) = ®(s) = vy (T) 1 U(s)

or by applying (7.29). This implies that

k(1—%):—2m+<77_1> (q—2) ez,

and so we have proved part (i) of the theorem. Since ¢ is odd here, note
that k(1 —¢/2) € 2Z if and only if vy = 1. From this it follows directly that
emk(1=a/2) = emila=2)(y=1)/2 = 4 = 4, 1 (T), since v = +1. This completes
the proof of Theorem 7.3 in the case A\; = As.

Extension of the proof to the general case. At this point we lift the
restriction A\; = )2, assuming only that A1, Ay > 0 and A1 A\ = 4 cos? T/q,
with ¢ € Z, ¢ > 3, and ¢ odd. The assumptions, once again, are that ®(s),
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¥(s) are nonconstant, defined as in Theorem 7.1, related by the functional
equation U(k — s) = ®(s) ((7.5) with v = 1), and meromorphic in C, with
poles confined to the set {0, k}.

Let A = VA1 A2 = 2cos7/q and define

We note that

with @, = )\]f/zan, En = /\];/an, for all n. A simple calculation employing
the functional equation ¥(k — s) = ®(s) shows that \Tl(k —s5) = EI\>(s) The
theorem for the special case Ay = A2 now implies that k(1 — ¢/2) € Z and
U(s) = vak(T) 1 ®(s), that is,

A k/2—s
U(s) =vai(T)! (/\—2> d(s).
As before, vy 1, (T) = €™ *(1=9/2) " This completes the proof of Theorem
7.3. O

Proof of Theorem 7.4. The simple considerations of the previous para-
graph permit us to assume at the outset that A\; = Ao = A. As in the proof
of Theorem 7.3, the hypotheses of Theorem 7.4 imply that f(7) and g(7)
are related by the transformation formula (7.36) with the consequence that
once again f(7) satisfies (7.30) for the group I' = K (X) = (Sx, T'S\T), with
a MS v =70,y of weight £k on K(\). Since ¢ is even in this case, it is not
true that K (X) = G(A), but, in fact, [G(A) : K(\)] = 2. Thus, the relations
(7.38) do not imply that f(7) satisfies (7.30) for M = T', and we cannot
prove anything like Theorem 7.3 (b).

Nevertheless, the MS 0y, does extend to G(X), and this will suffice to
obtain the restriction upon the weight k£ that we claim. To show this, we
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revisit the transformation formula (7.36), i.e.,

(/i) " f(=1/1)=g(r), TEH.

Replacing 7 by —1/7 and rearranging yields

(r/i))*g(=1/7) = f(r),  TEMH.
Letting hi(7) = f(7) + g(7) and ha(7) = f(7) — g(7), we find that

(m/1) " ha(=1/7) = g(7) + f(7) = hu(7)

and

(m/1) " ha(=1/7) = g(7) = f(7) = ~ha(7).

Since f(7), g(T) are nonconstant, it follows that hi(7) = ha(7) = 0 cannot
occur, so there is a MS vy of weight k on all of G()), satisfying the
nontriviality condition, which restricts to @ on the subgroup K(A). (If
hi(t) # 0, we have vy x(T) = +1; if hao(7) # 0, we have vy (T) = —1; if
both are # 0, we have two distinct M S’s on G(\) that restrict to 9y 5 on

As in the proof of Theorem 7.3, we may now apply (5.18) of Theorem
5.6 to conclude that k = 4m/(q — 2) + 1 — v x(T). Thus,

k(l—g) :—2m+{%}(q—2)

is an even integer, since ¢ is even and vy ;(T) = £1. This completes the
proof of Theorem 7.4. O

Theorems 7.2, 7.3, and 7.4 may be regarded as nonexistence results,
since they impose restrictions upon the complex constants that occur in
Theorem 7.1, subject to the restriction ¢(7) = 0 in (7.4). The article
[65] describes the values of A1, A2 > 0 that yield discrete K(\1,A2) =
(Sx,, TS, T). They are:

(a) MA2 = 4cos®(1/q), ¢ € Z, ¢ > 3, with ¢q odd;

(b) M A2 = 4cos*(r/q), q € Z, ¢ > 3, with q even;

(C) )\1/\2 = 4;

(d) Ao > 4.

A glance at Theorems 7.3 and 7.4 shows that in case (a) the results are
far stronger than in (b). In cases (c¢) and (d) there are no results at all
relating the functions and parameters that occur, explicitly or implicitly,
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in the functional equation (7.5) (with v = 1). In Theorem 7.5 we formu-
late existence results showing that, in fact, the nonexistence statements of
Theorems 7.3 and 7.4 cannot be extended further. Furthermore, it follows
directly from Theorem 7.5 that Theorem 7.2 is best possible as well.

Theorem 7.5. Assume Ay, Ao > 0.

(a) Let AMyA\y = 4 cos®(/q), where q is an odd integer > 3. Suppose that
k(1—q/2) €Z, and put v =1 if k(1—q/2) is even and v = —1 if k(1 —q/2)
is odd. Assume that

1 1 v—1
14 |k(>—2q)+ 22| >0
+le(5-50) + 5] >0
(k > 0 suffices to ensure this when v = 1; when v = —1, k > 2q/(q — 2) is
sufficient.) Then there exists nontrivial

26 = ()t el =

with a, = O(n”), n — oo, p > 0, such that:

(i) ®(s) has a meromorphic continuation to the entire s-plane, with poles
restricted to the set {0,k};

(ii) ®(s) is bounded in lacunary vertical strips (see (B) of Theorem 7.1
for the definition);

(iif) ®(k — s) = e™*A/A/2 (\) [ N)F/275D(5).
If we assume that k satisfies the stronger inequality k > 4q/(q — 2) in the
case y =1, and k > 6q/(q—2) in the case v = —1, then ®(s) can be chosen
so that (i) is strengthened to:

(iv) ®(s) is an entire function of s.

(b) Suppose A1 Ao = 4cos?(w/q), where q is an even integer > 3. Let
k(1 —q/2) € 2Z and v = £1. As in (a), assume that

1 1 v—1
1 k{-—— —_— 0
clrGm) ]
but now for v = £1 simultaneously. (These two inequalities reduce to the
single one k > 2q/(q — 2).) Then there exist nontrivial

o) = () 1 X awn



Bochner’s generalization 109

with both {an} and {b,} of polynomial growth: a, = O(n*), b, = O(n*),
n — 00, p >0, and such that ®(s), V(s) both satisfy conditions (i) and (ii)
above, and

(v) Uk —s)=(s).

Furthermore, {an} and {b,} can be chosen so that \{°®(s) and \;°U(s)
are linearly independent over C. If we assume that k > 6q/(q — 2), then
(i) can be strengthened, as in (a), to the assertion (iv) for ®(s) and ¥(s)
sutitably chosen.

(c) Suppose A1 A2 =4 andy = £1. Assume that 1+[(k+v—1)/4] > 0 for
both v = +1 and v = —1, but nothing further about k. (The two inequalities
taken together are equivalent to k > 2.) The conclusion is the same as in
(b), provided the last sentence in case (b) is omitted.

(d) Let MAe > 4 and k € R, with k arbitrary. The conclusion here is
the same as in (c), but with the additional feature that for each k there are
infinitely many linearly independent choices for each of ®(s) and ¥(s).

Remark 7.8. 1. Note that the right-hand side of (iii) has the form

. (i—:)_sms) (j—)/ ols) = + (i—i)_sr@) (i—)/ ()

2. In part (a), ®(s) can be replaced by

U(s) = (%)8”8)2%”‘5,

with A; and Ag reversing roles in (iii).

3. In case (c) there is a further result analogous to the final statements in
(a) and (b), but the proof of this depends on knowing that dim C°(2, k,~) >
0 for k “large.” This is, of course, well known, but we have not discussed it
here. (It can be proved from Theorem 6.3 and the introduction of Eisenstein
series more general than those of Definitions 5.3 and 5.4.) What can be
shown is this: if & > 2, then both ®(s) and ¥(s) can be chosen continuable
to entire functions of s. The same addition can be made to (d), for k > 2.

Proof of Theorem 7.5. The proofs of the results included here are based
upon the dimensionality results, Theorems 5.6 and 5.8 (A < 2), Theorem
6.3 (A =2), and Theorem 4.1 (A > 2). They also involve Theorem 2.1 and
Corollary 5.3(a) in an essential way.

(a) AMAg = 4cos?(m/q), where g is an odd integer > 3. The existence
proof in this case, and the following cases as well, begins with the special
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situation in which both A1 and A\ are replaced by A = v/A1A2. In this case,
then, A = 2cos(w/q). Suppose k € R and k(1 — ¢/2) € Z. By Theorem 5.6
and the restrictions on k,

dim M (X, k, e™k(1=4/2)y > ¢,

(Since k(1 — q/2) € Z, it follows that v = e™k(1=¢/2) = £1.) But, by
Corollary 5.3(a), Mo(\, k,v) = M(A, k,7), so

dim Mo (X, k, e™*(1=a/2)y > 0,

Theorem 2.1 then implies the existence of a nontrivial Dirichlet series
(s), convergent in some right half-plane, such that ®(s) = (2%) " T'(s)¢(s)
satisfies (i), (ii) and the simplified version of (iii) obtained by putting A\; =

A2 (see (2.1)):
Bk —5) = e™*1-9/2) P(s).

The extension to general A1, A2 (still subject to the condition imposed at
the outset, of course) can be carried out by reference to the extension of
the proof of Theorem 7.3 to the general case. Simply let

B(s) = A /2 (:\\_T)S/z b(s);

this fulfills the required conditions.

Next, by Theorem 5.8, dim C°(\, k,~v) > 0, provided k > 4q/(q — 2),
for y =1, and k > 6¢/(q — 2), for v = —1. (Thus, for example, k > 12
suffices in the first case and k > 18 suffices in the second.) By Theorem 2.1,
then, these stricter inequalities (k still subject to the condition k(1—g/2) €
7Z) guarantee the existence of entire ®(s) satisfying the conditions in the
conclusion of Theorem 7.5(a). This completes the proof of part (a).

(b) M1 Aa = 4 cos?(m/q), where ¢ is an even integer > 3. As in (a), we may
assume from the outset that both A; and Ay are replaced by A = 2 cos(7/q).

Suppose k € R is such that k(1 — ¢/2) € 2Z and v = +1. Under
the further assumption k > 2¢/(q — 2), Theorem 5.6 and Corollary 5.3(a)
together imply that dim My(\, k,v) > 0 for both v = +1 and v = —1.
Theorem 2.1 then implies the existence of nontrivial Dirichlet series ¢(s),
(), convergent in some right half-plane, such that both

o)~ (X)) et and a9 - () v
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satisfy (i) and (ii), and also
Bk —s)=d(s) and D(k—s) = —d(s). (7.41)
Let

ot (s) = A (VAR) B(s) and w7 (s) = 3N (Va/N ) ().

It follows that

w6 = () TONe ad v = () e,

and from (7.41) we infer that U (k — s) = ®*(s). Similarly, defining

O (s) = A2 (\//\1//\2)S<i>(8) and U (s) = —A, /2 (m)sé(s),

we find that

w6 = () TN, mav o) = () TR 60,

2

and that U= (k —s) = &~ (s).

Now, the pair ®T(s), UT(s), satisfies (i), (ii), and (v), as does the
pair @~ (s), ¥~ (s). However, neither pair satisfies the linear independence
condition described in the statement of (b) (penultimate sentence), since

MPATS0(5) = M2 (0550 () = (VAihe) —5d(s),

and

NPOFR(5) = =205 () = (VAd2) 0(s).
In order to achieve the desired linear independence, we define
B(s) = T (s) + & (s), U(s) =Ut(s)+ U (s).

The pair ®(s), ¥(s) inherits the required properties (i), (ii), and (v). Fur-
thermore,

ATS0(s) = AP (VA he) T {(s) + B(s)}

and

A0 (s) = 25 (VAL) T {(s) - B(5))-
These expressions show easily that A; *®(s) and A; *¥(s) are linearly inde-
pendent, by (7.41) and the nontriviality of ®(s) and ®(s).
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The derivation of (iv) from the stricter assumption k > 6q/(q¢ — 2) is
identical with that in (a). This completes the proof of (b).

(¢) The proof in this case is the same as in case (b), except that here
we apply Theorem 6.3 instead of Theorem 5.6 and Corollary 5.3(a).

(d) Apart from the final statement, the proof is the same as that in case
(¢), except that Theorem 4.1 replaces Theorem 6.3 in the argument. To
prove the assertion made in the last sentence, we invoke Theorem 4.1.

Theorem 4.1 implies the existence of infinitely many linearly indepen-
dent @(s) satisfying the first equality in (7.41) (v = 1) and infinitely many
linearly independent é(s) satisfying the second equality (v = —1). Recall

that
_ e () ;
D(s) = Dt (s) + @ (s)—/\1k2< E) {D(s) + B(s)}.

(See the proof of part (b) for this.)
Let t € Z* and consider

©;(s) = A, <\/%> {0;(s) + @;(s)},

1 < j <t, with the ®;(s) linearly independent, and the ®;(s) as well.
Suppose that

t
Z a;®;(s) =0,
j=1

with complex o; that is,

Zajti’j(s) =0, so a;=--=0uo =0,
j=1
and ®q(s),...,P.(s) are linearly independent over C. Since ¢t € ZT is

arbitrary, there are infinitely many linearly independent choices for ®(s).
One can apply the same argument to show the existence of infinitely
many linearly independent ¥(s). Alternatively, this follows from the linear
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independence of the ®(s), together with the functional equation (v) relating
U(s) with ®(s). This concludes the proof. O
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Chapter 8

Identities equivalent to the functional
equation and to the modular relation

In Chapter 7, we focused our attention on a generalization of Hecke’s func-
tional equation due to Bochner. In fact, Bochner [17], [20, pp. 665-696]
considered a further more general functional equation than that of Hecke.
We begin this chapter by describing the setting for this considerably more
general functional equation, although we shall concentrate mainly in the
sequel on Hecke’s functional equation. Identities arising from other special
cases of our general functional equation can be found in [9]. In Chapter
2, we briefly and implicitly alluded to an identity for > A<z an(x — Ap)P
that is equivalent to Hecke’s functional equation. We give not only that
identity in this chapter, but offer further identities equivalent to Hecke’s
functional equation. In Chapters 2 and 7, the Mellin transform of the ex-
ponential function and the inverse Mellin transform of the Gamma function
play key roles in demonstrating the equivalence of the modular relation and
the functional equation. In proving the identities in this chapter, Mellin
transforms also play central roles. For example, in establishing an identity
for the Riesz sum » , _ a(n)(z —Ay,)? in Theorem 8.1, the inverse Mellin
transform for the ordinary Bessel function J,(x) of order v [106, p. 196,
Eq. (7.9.1)],

1 [etiee I'(s) A 1 3
J(@) = 5= L (2) s, v+ 2,
Iu(2) 2m'/c r(y+1—s)(2) s U<esgrty

—100
is of prime importance. Versions of Perron’s formula are needed to prove
Theorem 8.1 as well as the identities for logarithmic sums that are discussed
after Riesz sums. Another useful Mellin transform is (8.15) below.

For all of the theorems that we present, specific examples and less gen-
eral theorems historically preceded the more general theorems. In Defi-
nition 5.7 and Example 6.3, we considered, respectively, the Ramanujan

115
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tau-function 7(n) and ri(n), the number of representations of the posi-
tive integer n as a sum of k squares. We focus on these two arithmetical
functions to illustrate the theorems that follow. No proofs are given, but
sources where proofs may be found are indicated.

In our theorems and examples throughout this section, s = o + it, with
o and t both real. Also, C' denotes a simple closed curve, or union of simple
closed curves, oriented in the positive direction.

Definition 8.1. Let A\, and pu,, 1 < n < oo, be two sequences of positive
numbers strictly increasing to co, and let a(n) and b(n), 1 < n < oo, be two
sequences of complex numbers not identically zero. Consider the functions
(s) and 9 (s) representable as Dirichlet series

ps) =D amA,®  and  9(s) =) bln)u,",
n=1 n=1

with finite abscissas of absolute convergence o, and o, respectively. If N
is a positive integer, let

N
A(s) = [ ] T(ows + Br),
k=1

where o > 0 and i is complex, 1 < k < N. With r real, we say that ¢
and 1 satisfy the functional equation

Als)p(s) = A(r = s)ip(r — ) (8.1)

if there exists in the s-plane a domain D, which is the exterior of a compact
set S, such that in D a holomorphic function y exists with the properties:

(i) x(s) = A(s)e(s), for o> o,
x(8) = A(r — s)(r —s), for o <r — ogx;
(i) | l‘im Xx(o +it) =0, uniformly in every interval
t|—oo

—0 <o, <o <oy <o0;

(iii) X(s) is meromorphic on S.
In particular, if A(s) = T'(s) and if we replace ¢(s) and ¥(s) by
(2m)"%p(s) and (27)~*Y(s), respectively, so that A, and p, are replaced

by 27\, and 27wp,, respectively, then (8.1) reduces to Hecke’s functional
equation

(2m)7*T(s)p(s) = (20) "D (r — s)u(r — ). (8.2)
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We begin with Chandrasekharan and Narasimhan’s theorem on the
Riesz sums , ., a(n)(z — A,)” [23]. A different proof of their theorem
was later given by Berndt [14]. We state the theorem in a “weak” form
in which the identity holds for p > 20} —r — % Under fairly complicated
additional hypotheses, the identity is valid for p > 20} —r — 2. For the
examples that we give, these additional hypotheses are indeed satisfied,
and so we state the examples in a “strong” form. Identities for Riesz sums
are important in proving theorems on the average order of arithmetical
functions. Even though the identity for », _ a(n)(z — A,)” may not be
valid for p = 0, a method using successive differences can be employed to
obtain results on the average order of », _ a(n). See, for example, [24],

[13], and the several references given in these papers.

Theorem 8.1. Let J,(x) denote the ordinary Bessel function of order

v, and let x > 0 and p > 20 —r — L. Then the functional equation (8.2)

2
implies the identity

ﬁ; "a(n)(z — An)”
- p oo 2\ Ho)/2
- <%> ;b(n) (M_n) Jrip(4m /i) + Qp(x).  (8.3)
Here

[ et
@lw) = 271'2'/0 T(p+1+s) ds,

where C' denotes a closed curve or union of closed curves encircling all of
S, and the prime ' on the summation sign on the left-hand side of (8.3)
indicates that if p = 0 and x = \,, for some n > 1, then only 3a(n) is
counted. Conversely, the identity (8.3) implies that (8.2) holds.

As indicated above, in many cases Theorem 8.1 can be strengthened by
replacing the condition p > 20} —r — % by p > 20 — 7 — %; see [23, p. 14,
Theorem II1] and [14].

A generalization of Theorem 8.1 to the case when A(s) = I'"(s), where
m is a positive integer, has been given by Berndt [7]. To illustrate Theorem
8.1 and the aforementioned extension, we give two examples, both of which
are also found in [23].

Example 8.1. Let r4(n) denote the number of representations of n as
a sum of k squares. In the notation of Theorem 8.1 and Definition 8.1,
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a(n) = b(n) = ri(n), Ay = iy = 40, and r = 1k. Then, if z is replaced by

%m, we find that, for p > %(lﬂ -3),

1 , ) 7.‘./76/233/76/2+p
_— rg(n)(x —n)f = —0—————
T(p+1) 2 re(m)@—n) T(p+ 1+ 3k)

0<n<zx
( ) Z’/‘k ( )k/4+P/2 Jk/2+p(2ﬂ'\/%).

Example 8.2. Let 7(n) denote Ramanujan’s tau-function. Then A, =
Un =1 and a( ) =b(n) = 7(n), n > 1. Thus, by Theorem 8.1, for z > 0
and p > — =, since x(s) is entire in this instance,

ﬁwm—n () S () st

n<x

/

Certain identities for the logarithmic sums ) _, a(n)log’(z/n), where
p is a nonnegative integer, are also equivalent to the functional equation for
Dirichlet series involving A(s) = I'"(s) [8]. The first general theorems for
such sums were proved by Berndt [8], and because these general theorems
[8, Theorems 1, 3|, even in the case of the simple gamma factor I'(s),
are somewhat complicated—in particular, the identities involve integrals of
Bessel functions—we content ourselves here with offering three examples for
p = 1. The first examples of this type were derived by A. Oppenheim [89].

Example 8.3. If d(n) denotes the number of positive divisors of the
positive integer n and v denotes Euler’s constant, then [8, p. 371], [89]

1
Z d(n)log(xz/n) = z(logx — 2 + 27) + 1 log(4m2x)

n<x

I % 3 @ <y0(47r\/@) + %Ko(m/%)) :

n=1

where Y, (x) denotes the second solution of Bessel’s differential equation of
order v, and K, (z) denotes the modified Bessel function of order v, both
usually so denoted.

In his paper [89], Oppenheim alludes to an identity involving ra(n)
but does not explicitly state it. C. Miiller [83], L. Carlitz [22], Berndt [8],
and R. Ayoub and S. Chowla [3], [25, pp. 1189-1191] each proved such
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an identity, and each used an entirely different method. The identity in
question is given by

Z ro(n)log(z/n) = 7o —logx + ¢ — % Z #Jo@m/ﬂ). (8.4)

The constant ¢ was given in various forms by the authors cited above and
is equal to

I(1/4)
167w’
with the best proof probably that of Ayoub and Chowla.

¢ = —log (8.5)

Example 8.4. If 7(n) denotes Ramanujan’s tau-function, then [8, p. 372]

12 oo (n An/nz
Z 7(n)log(z/n) = 2 (%) Z n(lz) /0 ullJlg(u)du.

n<z n=1

The next two theorems offer identities for modified zeta functions or
Hurwitz-type zeta functions, i.e., identities for Dirichlet series in which the
variable n of summation, or more generally A,, or p,, is replaced by n + a
(or Ap+a or u,+a). The first is due to Chandrasekharan and Narasimhan
[23, p. 8, Lemma 6], and the second is due to Berndt [6], [9, p. 342, Theorem
8.1]. In fact, prior to the publication of [23], Bochner and Chandrasekharan
[21], [20, 715-739] had established a general identity similar to (8.6) below.

Theorem 8.2. Leta(n) andb(n), n > 1, be coefficients of Dirichlet series
satisfying the functional equation (8.2). Suppose that p is a nonnegative
integer. Then if Re s >0, o >0, and p > 20 —r — %,

CORDX
> b(n)

_ o3r+ 1y, r—1/2
=2"""T(r+p+3)m Z (82 + 16724y, ) T +1/2
n=1 n

+ R,(s), (8.6)

CZ [ AMACOTC )
o T(z+p+1) |
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Here C is a closed curve or union of closed curves containing all poles of the
integrand on the interior of C. Conversely, if (8.6) holds for some integral
pand Y o [b(n)|un " 12 < oo, then (8.2) is valid.

Example 8.5. If we put a(n) = b(n) = 7(n) and p = 0 in Theorem 8.2,
then, for Re s > 0, we deduce that, since x(s) is entire,

> _ 25 7(n)
sV _ 936,23/21 '
3 rioe (5) L o

Theorem 8.3. Suppose that ¢(s) satisfies Definition 8.1, with (8.1) tak-
ing the simpler form (8.2). Define for a >0 and o > o,

ia (A +a)~%.

n=1

Let D be a domain where
Z 57’47T /—Na) (s—r)/2

converges uniformly. As above, K, (z) denotes the modified Bessel function
of order v. Let R(s,a) denote the sum of the residues of x(w)T'(s — w)
(2ma)*¥~* at the poles of x(w). Then, if s € D,

(2m)~°T'(s)p(s,a —QZb ( )(S T)/zKS_T(47T\/M)+R(S,a).

(8.7)
Conversely, if (s, a) satisfies (8.7), then p(s) satisfies (8.2).

It should be emphasized that in the statement of Theorem 8.3, R(s,a)
does not include any residues arising from poles of I'(s — w). Keeping this
in mind, we can write

R(s,a) = % /c N(W)D(s — w)(27a)" = duw, (8.8)

where C' is a closed curve or union of closed curves enclosing the poles of
x(w) but not of I'(w — s), unless poles of these two functions coalesce.

If Theorem 8.2 holds for p = 0, then the theorem coincides with The-
orem 8.3 if we set s = r + % in Theorem 8.3, set s = 47%\/a in Theorem
8.2, reverse the roles of ¢(s) and ¢(s), employ the well-known formula [111,
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p. 80]

™

Ki)o(z) = ge*‘z, (8.9)
and use the representation (8.8). In demonstrating that a common identity
is obtained, one must use the functional equation (8.2).

Another proof of Theorem 8.3 was given by S. Kanemitsu, Y. Tanigawa,
and M. Yoshimoto [57]. They furthermore show that the identity (8.7)
is equivalent to an identity involving incomplete gamma functions due to
A. F. Lavrik [71].

Example 8.6. Let a(n) =7(n). Then, as in Example 8.2, b(n) = 7(n),
tn = n, r = 12 and x(w) is entire. We find from Theorem 8.3 that, for
a > 0 and any complex number s,

(2m)~°I'(s Z: ( )(S e K_12(4my/na),

where for o > %
— (n+a)

The following theorem is the special case p(s) = ((2s) of Theorem 8.3
and historically is the first instance of Theorem 8.3 to be established. Here,
r= % and s — % has been replaced by v, so that we can record the theorem
in its original formulation.

Theorem 8.4. Let K, (z) be as above. If x >0 and Re v > 0, then

“T(v) + Z n" K, (2mnx)

1 —v-1 1 VT "“ = —v-1/2
_4\/E(7rx) F(I/—‘r§)+2x( ) ;n + 2?) .

(8.10)

Theorem 8.4 was first established by G. N. Watson [110], who used the
Poisson summation formula. H. Kober [67] generalized Theorem 8.4 in two
different directions. Berndt [15] proved a generalization of (8.10) in which
either even or odd periodic coefficients appear as coefficients in both infinite
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series of (8.10). A short, more recent proof of Theorem 8.4 has been given
by Kanemitsu, Tanigawa, and Yoshimoto [56].
Recall that the theta function identity

Z e min® /T _ VTl Z e”i"QT, Im 7> 0, (8.11)

n=—oo n=—oo

is equivalent to the functional equation of the Riemann zeta function ((s)
given by

72T (Ls) ¢(s) = a2 (L(1 - 8)) ¢(1 - 9). (8.12)

If we consider now the functional equation for (2(s), then Koshliakov’s
formula [68] in the theorem below can be considered as an analogue of the
transformation formula (8.11) for the classical theta function. To justify
this claim, recall first from (2.3) that the exponential function is the inverse
Mellin transform of I'(s). Second, recall that the inverse Mellin transform
of 2°72I'?(15) is the modified Bessel function Ko(z) [33, p. 331]. The
coefficients of the exponential functions in the classical theta relation (8.11)
are 1, while the coefficients of K((2n«) in Koshliakov’s formula below are
d(n), the number of positive divisors of the positive integer n, which are
the coefficients in (?(s). Koshliakov’s formula was established in 1929 [68],
but, in fact, it was recorded by Ramanujan about ten years earlier and can
be found in his lost notebook [91, p. 253].

Theorem 8.5. Let o and 3 denote positive numbers such that off = 72,
let v denote Euler’s constant, and let d(n) denote the number of positive
divisors of the positive integer n. Then,

NG Gw ~ Jlog(45) + )3 d(n)Ko@na))

=8 (%7 - ilog(éla) + Zl d(n)K0(2nﬂ)> . (8.13)

Koshliakov established Theorem 8.5 by using the Voronoi summation
formula [109], which can be considered to be an arithmetic analogue of
the classical Poisson summation formula. We do not give a statement of
Voronoi’s summation formula here, but for several versions of it and con-
ditions under which they are valid, see [11]. A. L. Dixon and W. L. Ferrar
[30] also used Voronoi’s formula to prove (8.13), while F. Oberhettinger

and K. L. Soni [86] established a generalization of (8.13) using Voronoi’s
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formula. Soni [101] derived further identities from Koshliakov’s formula. In
contrast to the work of these authors, Ramanujan evidently did not appeal
to Voronoi’s formula. A. P. Guinand [36] showed in 1955 that Koshliakov’s
formula is a corollary of a more general formula, now called Guinand’s
formula, in Theorem 8.6 below. See also a paper by Berndt, Y. Lee, and
J. Sohn [16] for similar, more detailed proofs of both Guinand’s and Koshli-
akov’s formulas. We remark that both Guinand [36] and Berndt, Lee, and
Sohn [16] employ Theorem 8.4 in their proof of Theorem 8.6. Since Ra-
manujan recorded Guinand’s formula on the same page of his lost notebook
[91, p. 253] as he had recorded Koshliakov’s formula, he undoubtedly made
the same deduction of the latter formula from the former as did Guinand
approximately 36 years later. Ramanujan also recorded on page 254 of his
lost notebook [91] additional theorems that can be derived from Guinand’s
formula and that were not later rediscovered by other mathematicians; see
[16] for proofs of these results.

Theorem 8.6. Let ox(n) = 3y, d*. If a and 3 are positive numbers
such that a8 = w2, and if s is any complex number, then

\/—ZU S/ZKS/Q 2na) — \/_Za S/QK s/2(2n)

= %]f‘ (_) (s ){ﬂ(l s)/2_ (1_3)/2}+ZF (_5) C(—S){ﬂ(1+s)/2—a(l+s)/2}.
(8.14)

As indicated above, the identity (8.14) was first proved in print by
Guinand [36] in 1955. The series in Theorem 8.6 are remindful of the
Fourier expansions of nonanalytic Eisenstein series on SL(2,Z), or Maass
wave forms [77], [81, pp. 230-232], [69, pp. 15-16], [104, pp. 208-209]. Since
certain nonanalytic Eisenstein series, namely, those defined by

o0

!/
Z ler +d|™%, Res>2,17€eMH,

c,d=—00

where the / on the summation sign indicates that the term with ¢ =d =0
is omitted, can be recast as Epstein zeta functions, these two objects can
be regarded as different sides of the same coin. The Fourier series for non-
analytic Eisenstein series was derived by Maass [77] in the same year, 1949,
that A. Selberg and S. Chowla [97], [94, pp. 367-378] published the Fourier
series of the Epstein zeta function, but with their proof not published until
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eighteen years later [98], [94, pp. 521-545]. In the meanwhile, R. A. Rankin
[92] and P. T. Bateman and E. Grosswald [5] published proofs. Later proofs
were devised by Y. Motohashi [82] and Berndt [12], who generalized the re-
sult to more general Epstein zeta functions. In providing another proof
of a slightly less general formula, Kanemitsu, Tanigawa, H. Tsukada, and
Yoshimoto [54] point out that this less general result was also given by
Kober [67, p. 620] in 1934. In fact, Kanemitsu, Tanigawa, Tsukada, and
Yoshimoto (or a subset of these authors) have written several papers em-
phasizing consequences of the modular relation [53], [54], [55], [56], [57],
[58]. The nonanalytic Eisenstein series mentioned above were shown by
Maass [77] to satisfy modular relations. C. J. Moreno kindly informed the
authors that he was easily able to derive Theorem 8.6 from the aforemen-
tioned Fourier series expansion and functional equation of the Epstein zeta
function. One may then regard (8.14) as an analogue of a modular relation
equivalent to the functional equation of these nonholomorphic Eisenstein
series or these particular Maass wave forms.

We next state a general theorem in the spirit of Guinand’s formula in
Theorem 8.6; see [9, p. 343, Theorem 9.1] for a proof. Oberhettinger and
Soni [86, p. 24] established a similar theorem a few years later.

Theorem 8.7. Suppose that ¢(s) satisfies Definition 8.1 in the form
(8.2). Define, for x > 0,
1 —s
P(x):=— [ x(s)x™%ds,
211 C

where C' is a closed curve, or union of closed curves, containing the set S of
Definition 8.1 on its interior. If s is any complex number and Re a,Re b >
0, then

ZZa (A +a)5/2K5(47T (An +a)b)

_ / $871672ﬂaw72ﬂb/$P($)dﬂj
0

(r—s)/2
+2Zb ()\ +b> Kr—s(47T (,Un‘f'b)a)

Example 8.7. In Theorem 8.7, set a(n) = b(n) = ri(n), with k > 2. In
this case, we know that P(z) = —1 + 7*/227%/2 [23  p. 19]. We also need
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the integral evaluation [35, p. 384, formula 3.471, no. 9]

S v/2
/ ' le T PlrTrE gy = 2 (g) K,(2v/37), (8.15)
0

where v is any complex number and Re # > 0, Re v > 0. Hence, for any
s € C,

/ $371672wa172ﬂ'b/wp(m)dx

0

:/ e—27'rax—27rb/z (—3}‘5_1 +7Tk/2$5_k/2_1) dx
0

b s/2 b (s—k/2)/2
=2 (5) KS(47T\/E)+2<E) K, y2(4mvab),  (8.16)

where we have made two applications of (8.15). Define r;(0) = 1. In
Theorem 8.7, replace a and b by 1a and b, respectively, and use (8.16) to
deduce that, for all complex numbers s,

537%(n)<nf;a
_Z (n+b

In particular, if s = § and k = 2, then upon the use of (8.9), we see that
(8.17) reduces to the identity

s/2
) K27/ (n+a)b)

(k/2—s)/2
) Ky ja—s(2my/(n +b)a). (8.17)

2my/lnra _ N 1200 onfnrya
Z \/n_ﬂ + 2 i +b)a, (8.18)

This identity was first proved by Ramanujan and communicated to
G. H. Hardy, who recorded and sketched a proof of it in his paper [42,
p. 283], [44, p. 263] on the famous “circle problem,” which we now briefly
describe. Let the “error term” P(x) be defined by

!

Z ro(n) = wx + P(z), (8.19)

0<n<zx

where, as usual, the / on the summation sign indicates that if x is a positive
integer N, only 3r2(N) is counted. In [42], [44, pp. 243-263], Hardy proved
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that
P(z) = Q((zlog z)'/*), (8.20)

i.e., for every positive constant A, there exists a sequence {z,}, n > 1,
tending to oo such that |P(x,)| > A(z,logz,)4, n > 1. If (8.18) is
differentiated with respect to b, and if we then let a tend to 0, we obtain
an identity which was crucial for Hardy’s proof, and which had earlier been
proved by Hardy in a paper written in 1908 [41, p. 373], [45, pp. 434—
452, Equation (74), p. 450]. At the end of his paper [42, p. 283], [44
p. 263], Hardy stated the corresponding identity for representations of an
integer by an arbitrary positive definite quadratic form in two variables.
The identity (8.18) cannot be found in Ramanujan’s published papers or
notebooks. Another proof of (8.18) was given by Dixon and Ferrar [29].

The symmetry of (8.17) and (8.18) in the parameters a and b is striking.

Example 8.8. Let a(n) = b(n) = 7(n). We apply Theorem 8.7 and
note that P(z) = 0 [23, p. 16], [80]. Hence, we find that, for any complex
number s,

Z <n+a>5/2K5(47r (n+a)b)

o (12—s)/2
Z_: <n+b> Kia_s(4m/(n+b)a). (8.21)

To indicate one further consequence of the modular relation, we first
need to recall the definition of the Laguerre polynomials L (x), namely
35, p. 1061],

L)(z) = ie x o‘ﬂ(e_rx”“") n>0.
" n! dzn ’ -
Theorem 8.8. Let Lgla)(x) denote the nth Laguerre polynomial, and let
©(8) and (s) satisfy Hecke’s functional equation (8.2). Then, if y > 0 and
m 1S any nonnegative integer,

> an)(2rA,) e A = mly =" mZb Je 2TV LD (27 [y)
n=1 n=1
1 [ x(s)L(s+m)

- —s—m g ,
27t Jo I'(s) Y y

where C' is a closed curve or union of closed curves encircling the poles of
x(8), and where —n ¢ C, forn=0,1,...,m
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Theorem 8.8 is due to Berndt [9, Theorem 10.1] and generalizes a the-
orem of G. Szegd [103].

In closing this monograph, we indicate one further class of Dirichlet
series, axiomatically defined for the first time by A. Selberg [96], [95, pp. 47—
63] in 1989. An excellent article describing investigations of this class since
1989 has been written by J. Kaczorowski [51], and for an article addressing
the Hecke theory, see [52]. We reproduce the definition of the Selberg class
as given in [51].

Definition 8.2. The Selberg class is the set of all Dirichlet series

F(s):= Z a(z)
n=1

n

that satisfy the following axioms.

(1) The Dirichlet series F'(s) has abscissa of absolute convergence equal to
1.

(2) Analytic Continuation. There exists an integer m > 0 such that
(s —1)™F(s) is an entire function of finite order.

(3) Functional Equation. The function F'(s) satisfies a functional equation
of the form

O(s) = wd(l —9),

where f(s) = f(3), |w| =1, and

O(s) = Q* T T(\js + 1) F(s),
j=1
where r > 0, Q@ > 0, A; > 0, and Re p; > 0 for 1 < j < r, with all
parameters depending on F(s).
(4) Ramanujan Hypothesis. For every € > 0, a(n) < n®.
(5) Euler Product. For o > 1,

tog F(s) = Y 4,
n=1

where b(n) = 0 unless n = p™ with m > 1, and b(n) < n? for some
6 <1

Observe that, in this definition, Dirichlet series are normalized so that
the abscissa of absolute convergence is equal to 1. Dirichlet series in the
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Selberg class include the Riemann zeta function, Dirichlet L-functions, and
Dedekind zeta functions for algebraic number fields; see [51] for further
examples. A major goal in the Selberg class theory is to demonstrate that
certain Dirichlet series indeed do belong to the Selberg class; again see [51]
for examples.
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