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Preface in Two Acts with a Prelude,

Interlude, and Postlude

Prelude

Thirty-seven years have elapsed between the first version and the present

version of this monograph. We begin with the first author’s slightly edited

preface from his first version. We then provide a lengthier second preface

composed by the second author.

The Original Preface

These notes are part of a course on modular forms and applications

to analytic number theory given by the first author at the University of

Illinois at Urbana-Champaign in the spring of 1970. The existing accounts

[47], [48], [87] of Hecke’s theory of modular forms and Dirichlet series are

somewhat concise. Therefore, it has been our intention to present a more

detailed account of a major portion of this material for those who are

unfamiliar with this beautiful theory. Readers already familiar with Hecke’s

theory will find little that is new here.

The first author is especially grateful to Ronald J. Evans for providing

a new proof of a fundamental region for Hecke’s modular groups, which we

present here. We express our thanks also to Elmer Hayashi for a detailed

reading of the manuscript and to Harold Diamond for several suggestions.

Bruce Berndt, May, 1970 & May, 2007

Interlude

The first author mailed a copy of his notes on Hecke’s theory of modular

forms and Dirichlet series to Dr. Jürgen Elstrodt, who at that time was at

Universität München. He responded with about a dozen pages of detailed

vii
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comments, which, after an undeservedly quick reading, were deposited in

the first author’s file cabinet for approximately thirty-five years, until they

were dusted off and sent to the second author for incorporation in the new

version. We hope that it is not too late to thank Elstrodt for his kind

suggestions and patience.

The Second Preface

In the spring of 1971, I received the following letter, dated June 17.

Since it is brief, I quote it in full.

Under separate cover, I am sending you a copy of some lec-

ture notes, “Hecke’s theory of modular forms and Dirichlet

series.” I would appreciate any comments, corrections, crit-

icisms, or suggestions that you may have. Thank you very

much.

Most sincerely, (signed) Bruce

To establish the context of this letter, I recall that in the spring of 1938

Erich Hecke gave an important series of lectures at the Institute for Ad-

vanced Study, Princeton, on his correspondence theory published in 1936.

The notes from these lectures, taken by Hyman Serbin and produced in

planographed form by Edwards Brothers of Ann Arbor, received only lim-

ited circulation. To my knowledge there are only a few copies extant in

mathematics libraries (for example, the University of Illinois at Urbana-

Champaign) and private collections of professional mathematicians.

In 1970 Berndt produced a set of lecture notes based upon Hecke’s notes,

but with the addition of many details omitted from Hecke’s original notes.

The more extensive notes, too, had only limited circulation.

For the past thirty-five years I have employed both sets of notes to in-

troduce graduate students to the Hecke theory and the broader theory of

modular/automorphic forms. During this time my Ph.D. students and oth-

ers frequently asked why Berndt’s notes had never been published. Because

we are convinced that the reactions of these students reflect a genuine use-

fulness of these notes to the mathematical community, we have undertaken

the task of publishing this book based upon them, corrected and modified

where necessary, and expanded to include some of the many new develop-

ments in the theory during the past decades, as well as relevant earlier work

not previously included. We stress that the Hecke correspondence theory

has remained an active feature of research in number theory since the 1930s
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Preface ix

and, in fact, its importance is perhaps better understood today than it was

in 1936.

The first six chapters of this book follow the organization of Berndt’s

original notes, hence that of the first part of Hecke’s notes as well. Beyond

this, we have added two completely new chapters based upon work done

since 1970 and upon earlier work not originally understood to lie within the

circle of ideas surrounding Hecke’s correspondence theorem.

Chapter 7 features Bochner’s important generalization of Hecke’s corre-

spondence theorem and some closely related results. Chapter 8 is devoted

to the great variety of identities related to the Hecke correspondence the-

ory (but not explicitly present in that theory) that have been developed

over the years. Among others, these identities are due to S. Ramanujan,

N. S. Koshliakov, G. N. Watson, A. P. Guinand, K. Chandrasekharan,

R. Narasimhan, and Berndt. Some antedate Hecke’s work, while others are

more recent.

Marvin Knopp, April, 2007

Postlude

We are grateful for the comments made by our students over the past

several decades. More recently, Shigeru Kanemitsu and Yoshio Tanigawa

offered several additional remarks and references. We thank Hilda Britt for

expertly typing most of our manuscript and Tim Huber for his graphical

expertise.
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Chapter 1

Introduction

The classical theta function, defined for Im τ > 0 by

θ(τ) =

∞∑

n=−∞
eπin2τ ,

satisfies the modular transformation law

θ(−1/τ) = (τ/i)
1

2 θ(τ). (1.1)

Perhaps the best-known way to derive the functional equation of the Rie-

mann zeta function ζ(s),

π−s/2Γ(s/2)ζ(s) = π(s−1)/2Γ({1− s}/2)ζ(1 − s), (1.2)

is by way of (1.1) [107, p. 22]. Conversely, it is not difficult to show that

(1.2) implies (1.1), but this derivation requires the use of the Phragmén-

Lindelöf Theorem [105, §5.65]. In 1921 H. Hamburger [38] showed that,

under certain auxiliary analytic conditions, ζ(s) is essentially the only so-

lution to the functional equation (1.2). For a more transparent proof, see

C. L. Siegel’s paper [99], [100, pp. 154–156]. More specifically, they proved

that if f(s) is a Dirichlet series satisfying the aforementioned auxiliary re-

strictions, and if

R(s) = π−sΓ(s)f(2s), R(s) = R

(
1

2
− s

)
, (1.3)

then f(s) is a constant multiple of ζ(s). See also [107, pp. 31–32]. That

f(2s), as opposed to f(s), appears in (1.3) guarantees a priori that the

inverse Mellin transform of R(s), an exponential series, has its coefficient

sequence supported on integral squares, and thus it has the general shape of

1
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θ(τ)−1. The proof of Hamburger’s Theorem is then completed by showing

that this inverse Mellin transform is in fact a constant multiple of θ(τ)− 1.

Of even greater interest within the context of the present work is a

second, distinct version, due to Hecke, of the Hamburger theorem. This

version is, in fact, a direct consequence of a general correspondence theo-

rem proved by Hecke in 1936 [47] (the “main correspondence theorem” of

Chapter 2, below) and the fact that, under certain conditions of regularity,

θ(τ) is the only solution to (1.1) that is periodic (with period 2). For further

details concerning the two formulations of Hamburger’s theorem, see the

introduction to Hecke’s final published paper [49], [62, esp. pp. 201–207],

and the Application following Remark 7.4.

Throughout the sequel we let τ = x + iy and s = σ + it with x, y, σ,

and t real. We denote the upper half-plane, {τ : y > 0}, by H. The set of

all complex numbers will be denoted by C, the set of all real numbers by

R, the set of all rational numbers by Q, and the set of all rational integers

by Z. We adopt the following argument convention: for w ∈ C, w 6= 0, and

k ∈ R, wk is defined by

wk = |w|keik arg w, −π ≤ argw < π. (1.4)

The summation sign
∑

with no indices always means
∞∑

n=1
. We write

∫
(c) for

∫ c+i∞
c−i∞ , where c is real and the path of integration is the straight

line from c− i∞ to c+ i∞. We often use the symbol A to denote a positive

constant, not necessarily the same with each occurrence.
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Chapter 2

The main correspondence theorem

Before proving the main theorem we first establish a couple of lemmas.

Lemma 2.1. Let ϕ(s) =
∑
ann

−s. Then, ϕ(s) converges in some half-

plane if and only if an = O(nc), for some constant c, as n tends to ∞.

Proof. First, assume that an = O(nc) as n tends to ∞. Let σ ≥ c+ 1 + ε

for some constant ε > 0. Then,

∣∣∣
∑

ann
−s
∣∣∣ ≤ A

∑
nc−σ ≤ A

∑
n−1−ε <∞.

Therefore, ϕ(s) converges for σ ≥ c+ 1 + ε.

Conversely, if ϕ(s) converges for s = s0 = σ0 + it0, then ann
−s0 tends

to 0 as n tends to ∞. In particular, an = O(nσ0 ). �

Lemma 2.2. Let λ > 0 and c ≥ 0. Suppose that

f(τ) =

∞∑

n=0

ane
2πinτ/λ

is analytic on H.

(i) If an = O(nc), then f(τ) = O(y−c−1), uniformly for all x, −∞ <

x <∞, as y → 0+.

(ii) If f(τ) = O(y−c) as y > 0 tends to 0, uniformly for all x, then

an = O(nc) as n tends to ∞.

3
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Proof of (i). For u ≥ 0, uc exp(−2πuy/λ) achieves its maximum at

u = cλ/2πy. Thus, as y > 0 tends to 0,

|f(τ)| ≤
∞∑

n=0

|an|e−2πny/λ

≤ A
∑

nce−2πny/λ

≤ A

(∫ cλ/2πy

0

ucdu+

∫ ∞

cλ/2πy

uce−2πuy/λdu

)

+O({cλ/2πy}ce−2π(cλ/2πy)y/λ)

= O(y−c−1) +O

(
y−c−1

∫ ∞

0

uce−udu

)
+O(y−c)

= O(y−c−1).

�

Proof of (ii). Let τ0 ∈ H. Then by Fourier’s formula for the coefficients

of a Fourier series,

an =
1

λ

∫ τ0+λ

τ0

f(τ)e−2πinτ/λdτ

= O

(∫ τ0+λ

τ0

y−ce2πny/λ|dτ |
)
,

as y > 0 tends to 0. If we set y = 1/n, we find that an = O(nc) as n tends

to ∞. �

Theorem 2.1. Let {an} and {bn}, 0 ≤ n < ∞, be sequences of complex

numbers such that an, bn = O(nc), as n tends to ∞, for some c ≥ 0. Let

λ > 0, k ∈ R, and γ ∈ C. For σ > c+ 1, put

ϕ(s) =
∑

ann
−s and ψ(s) =

∑
bnn

−s.

Define, for σ > c+ 1,

Φ(s) = (2π/λ)−sΓ(s)ϕ(s) and Ψ(s) = (2π/λ)−sΓ(s)ψ(s).

For τ ∈ H, let

f(τ) =

∞∑

n=0

ane
2πinτ/λ and g(τ) =

∞∑

n=0

bne
2πinτ/λ.
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Then the following two assertions are equivalent.

(i) f(τ) = γ(τ/i)−kg(−1/τ).

(ii) Φ(s) + a0/s+ γb0/(k− s) has an analytic continuation to the entire

complex plane that is entire and bounded in every vertical strip. Moreover,

Φ(s) = γΨ(k − s). (2.1)

Remark 2.1. Our formulation of Theorem 2.1 deviates from Hecke’s

original statement [47], [48] of his correspondence theorem in two ways.

In Hecke’s work there are not two, but only a single Dirichlet series; that

is, ψ(s) = ϕ(s). Also, our boundedness condition in (ii) replaces a corre-

sponding hypothesis of Hecke, who assumes that (s − k)ϕ(s) is an entire

function of finite genus, that is to say, there exists an M > 0 such that

|(s − k)ϕ(s)| ≤ exp{|s|M}, for all s in C. In Chapter 7 we discuss the

extent to which the Dirichlet series ϕ(s) and ψ(s) can differ, and how this

difference affects the theory developed in our Chapters 4–6.

We turn to the matter of the differing conditions on boundedness.

Clearly, they are equivalent within the framework of the Hecke correspon-

dence theorem. For, condition (ii) is equivalent to (i) in our Theorem 2.1,

while the original Hecke version of (ii) (assuming (s − k)ϕ(s) is entire of

finite genus) is likewise equivalent to (i) [47], [48]. On the other hand, these

conditions on boundedness are not equivalent outside of the context of the

correspondence theorem. To see this, recall that

Φ(s) = (2π/λ)−sΓ(s)ϕ(s)

and that Γ(s) has the following growth properties:

(a) 1/Γ(s) is entire of finite genus;

(b) Γ(s) is bounded in vertical strips (truncated when necessary to avoid

the poles of Γ(s)).

Using these facts, we can reduce the equivalence of the two boundedness

assumptions to: h(s) is bounded in vertical strips if and only if h(s) is of

finite genus. But this equivalence fails in both directions, since

(c) h1(s) = exp(es) is bounded in vertical strips, but not of finite genus;

(d) h2(s) = exp(−s2) is of finite genus, but not bounded in vertical

strips.
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Proof of Theorem 2.1. First assume that (i) is valid. From Euler’s

integral representation of the Γ-function, for σ > c+ 1,

Φ(s) =
∑

an

∫ ∞

0

(2πn/λ)−sus−1e−udu

=
∑

an

∫ ∞

0

us−1e−2πnu/λdu.

Since σ > c+ 1, we may invert the order of summation and integration by

absolute convergence to obtain

Φ(s) =

∫ ∞

0

us−1
∑

ane
−2πnu/λdu

=

∫ ∞

0

us−1(f(iu) − a0)du

=

{∫ 1

0

+

∫ ∞

1

}
us−1(f(iu) − a0)du

=

∫ ∞

1

u−s−1f(i/u)du− a0/s+

∫ ∞

1

us−1(f(iu) − a0)du.

Using (i), we find that, for σ > sup(c+ 1, k),

Φ(s) = γ

∫ ∞

1

u−s−1+k(g(iu) − b0)du+

∫ ∞

1

us−1(f(iu) − a0)du

− a0/s− γb0/(k − s). (2.2)

Since f(iu)− a0, g(iu)− b0 = O(exp{−2πu/λ}) as u tends to ∞, it follows

by analytic continuation that Φ(s)+a0/s+γb0/(k−s) is an entire function.

It is easily seen that Φ(s) + a0/s+ γb0/(k− s) is bounded in every vertical

strip by taking absolute values in (2.2). If we replace s by k − s in (2.2)

and use a formula analogous to (2.2) for Ψ(s), we immediately find that

Φ(k − s) = γΨ(s).

Conversely, we now assume (ii). By the Cahen-Mellin formula [75,

pp. 97–98], for x, d > 0,

e−x =
1

2πi

∫

(d)

Γ(s)x−sds. (2.3)

Upon letting x = 2πny/λ with n, y > 0, we find that

e−2πny/λ =
1

2πi

∫

(d)

Γ(s)(2πny/λ)−sds.
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Multiplying both sides by an and summing on n, we deduce that, for d >

c+ 1,

f(iy) − a0 =
∑

an
1

2πi

∫

(d)

Γ(s)(2πny/λ)−sds (2.4)

=
1

2πi

∫

(d)

Φ(s)y−sds,

where the inversion in order of summation and integration is justified by

the absolute and uniform convergence of ϕ(s) on the line σ = d.

We next move the path of integration to the line σ = −d. We shall

do this by integrating around a rectangle with vertices ±d ± iT , T > 0,

applying the residue theorem, and then showing that the integrals along

the horizontal sides tend to 0 as T tends to ∞. Now, by Stirling’s formula

[26, p. 224],

|Γ(σ + it)| ∼ (2π)
1

2 |t|σ− 1

2 e−π|t|/2, (2.5)

as |t| tends to ∞, uniformly on any fixed interval, σ1 ≤ σ ≤ σ2. By

hypothesis, Φ(s) is bounded in every vertical strip. It follows that

ϕ(s) = O(|t| 12−σeπ|t|/2), (2.6)

as |t| tends to ∞, uniformly for −d ≤ σ ≤ d. On the line σ = d, clearly,

ϕ(s) = O(1), (2.7)

as |t| tends to ∞. From (2.1) and (2.5), we find that, on the line σ = −d,

ϕ(s) = O(Γ(k − s)ψ(k − s)/Γ(s)) = O(|t|k+2d), (2.8)

as |t| tends to ∞, since ψ(k − s) = O(1). Thus, from (2.6)–(2.8), we see

that the hypotheses of the Phragmén-Lindelöf Theorem for a vertical strip

[105, p. 180] are satisfied. Thus,

ϕ(s) = O(|t|A), (2.9)

uniformly on −d ≤ σ ≤ d. Hence, from (2.5) and (2.9) it is easily seen that

the integrals on the horizontal sides approach 0 as T tends to ∞. Therefore,

we have

f(iy) − a0 =
1

2πi

∫

(−d)

Φ(s)y−sds− a0 + γb0y
−k.
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Using (2.1), replacing s by k−s, and employing a representation for g(iy)−
b0 analogous to that of (2.4), we find that

f(iy) =
γ

2πi

∫

(−d)

Ψ(k − s)y−sds+ γb0y
−k

=
γ

2πi

∫

(k+d)

Ψ(s)ys−kds+ γb0y
−k

= γy−k(g(i/y)− b0) + γb0y
−k

= γy−kg(i/y).

Part (i) now easily follows by analytic continuation. This completes the

proof. �

Note that ϕ(s) is entire if and only if b0 = 0. If b0 6= 0, ϕ(s) has a

simple pole at s = k. Alternatively, one can say that ϕ(s) is entire if and

only if f(τ) vanishes at i∞.

Theorem 2.1 has been generalized by several authors [7], [17], [20,

pp. 665–696], [23], [77]. See Chapter 7 for more on S. Bochner’s gener-

alization in [17].

In [23], K. Chandrasekharan and R. Narasimhan extended Theorem 2.1

to the broader context of generalized Dirichlet series (as did Bochner in

[17], [20, pp. 665–696]), that is, series of the form
∑
anλ

−s
n , where {λn}

is a monotone sequence of positive real numbers such that λn → +∞ as

n→ +∞. Their version of the fundamental equation (2.1) retains the single

factor Γ(s), but weakens the restriction on the poles of the (generalized)

Dirichlet series. Furthermore, the authors obtain a third relation equivalent

to the two assertions concerning {an} in their generalization of Theorem

2.1. This third identity expresses a sum of the form
∑

n≤x

an(x − λn)q in

terms of Bessel functions.

In [7] Berndt extended the results of [23] to the case in which the func-

tional equation analogous to (2.1) contains Γm(s), where m is any positive

integer. As in [23], the author [7] proved the equivalence of three identities.

Chapter 8 is devoted to further identities equivalent to the identities of

Theorem 2.1.

H. Maass [77, Theorem 35, p. 228] reformulated Theorem 2.1 to obtain

a theorem appropriate to the context of nonholomorphic (real analytic)

exponential series. The result here is, on its face, far more complex than

Theorem 2.1, but in the end the technique of proof is the same, once Maass
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derives suitable necessary conditions for the Fourier coefficients of his ex-

ponential series.

The best-known, most widely applied generalization of Theorem 2.1 is

that of A. Weil [112], [114, pp. 165–172], who introduced the notion of

“twists” by Dirichlet characters, of Dirichlet series, to carry over the Hecke

correspondence theorem to the context of the Hecke congruence subgroups

Γ0(N) of the full modular group SL(2,Z). (For N ∈ Z, N > 0, Γ0(N)

is the collection of matrices
(

a b
c d

)
in SL(2,Z) such that c ≡ 0 (mod N).)

Note that SL(2,Z) is denoted by G(1) in Chapter 5; of course, in the

present notation, SL(2,Z) = Γ0(1) as well. Readers are encouraged to read

a second paper by Weil [113], [114, pp. 405–412] in which he applies the

Hecke correspondence to problems raised by the evaluation of periods of

certain Abelian integrals.

We have already observed that the Riemann zeta-function satisfies the

functional equation (1.2), which is of the form (2.1). There are several

other well-known Dirichlet series satisfying a functional equation of the

form (2.1).

Example 2.1.

1. Let Q(n1, . . . , nm) denote a positive definite quadratic form in m vari-

ables with real coefficients and discriminant d > 0. The Epstein zeta-

function Z(s,Q) is defined for σ > m/2 by

Z(s,Q) =

∞∑′

n1,...,nm=−∞
{Q(n1, . . . , nm)}−s,

where the prime ′ indicates the term with n1 = · · · = nm = 0 is omitted

from the summation. The function Z(s,Q) has an analytic continuation

to the entire complex plane and satisfies the functional equation [32]

π−sΓ(s)Z(s,Q) = d−
1

2 πs− 1

2
mΓ( 1

2m− s)Z( 1
2m− s,Q−1),

where Q−1 denotes the inverse of Q.

2. Let K denote an algebraic number field of degree n = r1 + 2r2, where r1
denotes the number of real conjugates of K and 2r2 the number of com-

plex conjugates of K. Then the Dedekind zeta-function of K is defined

for σ > 1 by

ζK(s) =
∑

F (m)m−s,
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where F (m) denotes the number of nonzero integral ideals of norm m in

K. Let

B = 2−r2π− 1

2
n|d| 12 ,

where d is the discriminant of K, and put

Φ(s) = Bs{Γ( 1
2s)}r1{Γ(s)}r2ζK(s).

Then, ζK(s) has an analytic continuation to the entire complex plane

and satisfies the functional equation [70, p. 67]

Φ(s) = Φ(1 − s).

Note that Φ(s) has the same form as the analogous function in Theorem

2.1 if and only if K is an imaginary quadratic field, that is, r1 = 0 and

r2 = 1.

3. Next, let χ be a nonprincipal, primitive character (mod k). For σ > 0,

the Dirichlet L-function is defined by

L(s, χ) =
∑

χ(n)n−s.

Let

Φ(s, χ) = (π/k)−
1

2
(s+a)Γ

(
1
2{s+ a}

)
L(s, χ),

where a = 0 if χ(−1) = 1 and a = 1 if χ(−1) = −1. Then L(s, χ) can be

continued to an entire function satisfying the functional equation

Φ(s, χ) = ε(χ)Φ(1 − s, χ̄),

where |ε(χ)| = 1 [2, p. 371], [27, pp. 71–72].

4. Ramanujan’s tau-function τ(n) is defined by

q
∞∏

n=1

(1 − qn)24 =
∑

τ(n)qn, |q| < 1.

It can be shown that

f(s) =
∑

τ(n)n−s

converges absolutely for σ > 13/2, can be analytically continued to an

entire function, and satisfies the functional equation [43, Chapter 10]

(2π)−sΓ(s)f(s) = (2π)s−12Γ(12− s)f(12 − s).
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Definition 2.1. Let ϕ = ψ and suppose that ϕ satisfies condition (ii) of

Theorem 2.1. Then, we say that ϕ has signature (λ, k, γ).

Note that if ϕ 6≡ 0 has signature (λ, k, γ), then γ = ±1. For, combining

the relations

Φ(s) = γΦ(k − s)

and

Φ(k − s) = γΦ(s),

we deduce that

Φ(s) = γ2Φ(s).

Some of the series discussed above yield examples of Dirichlet series of

signature (λ, k, γ). Thus, ζ(2s) has signature (2, 1
2 , 1). If Q(n1, . . . , nm) =

n2
1 + · · · + n2

m, then

ζ(s,Q) = ζm(s) =
∑

rm(n)n−s

has signature (2, 1
2m, 1). Here, rm(n) is the number of integral vectors

{n1, . . . , nm} such that n = n2
1 + · · · + n2

m. Alternatively, rm(n) denotes

the number of representations of the positive integer n as the sum of m

squares. If K is an imaginary quadratic field, then ζK(s) has signature

(|d| 12 , 1, 1). Ramanujan’s Dirichlet series f(s) =
∑
τ(n)n−s has signature

(1, 12, 1).

Definition 2.2. We say that f belongs to the space M(λ, k, γ) if

(i) f(τ) =

∞∑

n=0

ane
2πinτ/λ,

where λ > 0 and τ ∈ H, and

(ii) f(−1/τ) = γ(τ/i)kf(τ),

where k > 0 and γ = ±1.

We say that f belongs to the space M0(λ, k, γ) if f satisfies conditions

(i) and (ii), and if

(iii) an = O(nc),

for some real number c, as n tends to ∞.

It is a direct consequence of (ii) that γ = 1 if f(i) 6= 0. If f(τ) 6≡ 0,

the convention (1.4) implies that γ2 = 1, since τ ∈ H. Thus, if there exists

f ∈ M(λ, k, γ), f 6≡ 0, then γ = ±1. At this point, this restriction upon

γ is to be expected in light of the special case an = bn(n ∈ Z, n ≥ 0) of
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Theorem 2.1, since (as we have seen) the same restriction follows from the

condition ϕ = ψ in Definition 2.1

The parameter k is usually called the weight of f , and we adopt this

standard terminology from the theory of automorphic/modular forms. Un-

der further suitable growth restrictions, f ∈ M(λ, k, γ) is called an auto-

morphic form of weight k with respect to the group G(λ). More specifically,

M0(λ, k, γ) is the vector space of entire automorphic forms of weight k and

multiplier γ with respect to G(λ). See the beginning of Chapter 3 for the

definition of G(λ), and Chapter 5 for more about entire automorphic forms

with respect to G(λ) and for a discussion of the important subspace of

“cusp forms.” Since G(1) = Γ(1) = SL(2,Z), the modular group, and G(2)

is a subgroup of index 3 in Γ(1), in these cases f is often called modular

rather than automorphic.

It is worth noting that for λ < 2, the assumption k > 0 is unnecessary in

these definitions, since k ≤ 0 implies that f is constant for f ∈ M(λ, k, γ).

(Actually, f ≡ 0, for k < 0 and for k = 0, γ = −1, as well.) The same holds

true when λ = 2, if we assume that f ∈ M0(λ, k, γ). See Corollary 5.3 and

Remark 6.3 for more details.

Our principal objective in Chapters 4–6 is to determine the dimension

of the space M0(λ, k, γ). By Theorem 2.1, this problem is equivalent to

finding the number of Dirichlet series with a given signature (λ, k, γ). If

λ > 2, both M0(λ, k, γ) and M(λ, k, γ) are infinite-dimensional. (See The-

orem 4.1.) However, M(λ, k, γ) is very much the larger of the two spaces.

In fact, M(λ, k, γ)/M0(λ, k, γ) itself has infinite dimension (Theorem 4.2).

On the other hand, if λ < 2, then M0(λ, k, γ) = M(λ, k, γ), and the space

is of finite dimension, as we prove in Chapter 5. If λ = 2, then again

M(λ, k, γ)/M0(λ, k, γ) has infinite dimension, but in contrast to the case

λ > 2, when λ = 2 there is a natural condition, analogous to (i), which is

equivalent to (iii) in the presence of (i) and (ii). See Definition 6.2 and The-

orem 6.3, in which we formulate the condition and prove the equivalence,

respectively.

In the sequel we restrict ourselves to the case an = bn (notation as in

Theorem 2.1), in which event γ occurring in (2.1) is necessarily ±1. If

this restriction is lifted, one might ask whether a similar theory can be

developed. For a discussion of this question, see Chapter 7.

Hamburger [39], [40] considered some functional equations very close

in form to that satisfied by ζ(s). For example, replacing Γ
(

1
2s
)

by

Γ
(

1
2 (s+ 1)

)
, he proved a result for Dirichlet L-functions analogous to the

uniqueness theorem for ζ(s) discussed in our introduction. We might also
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ask about the uniqueness of Dirichlet series satisfying a functional equation

with multiple gamma factors, such as the functional equation of a Dedekind

zeta function (other than ζ(s) itself or the zeta function of an imaginary

quadratic number field). The only result that we know is due to Maass [76,

p. 145, Satz 2]. Under certain conditions he showed that the solution to a

functional equation involving Γ2
(

1
2{s+ 1}

)
or Γ2

(
1
2s
)

is unique.
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Chapter 3

A fundamental region

In the sequel we let

T = T (τ) = −1/τ

and

Sλ = Sλ(τ) = τ + λ,

where λ > 0.

Definition 3.1. The Hecke group G(λ) is the group of linear fractional

transformations generated by T and Sλ. We say that f(τ), τ ∈ H, is an

automorphic form on G(λ) if f ∈ M(λ, k, γ). If λ = 1 or λ = 2, we may

refer to f(τ) as a modular form on G(λ).

With each transformation V (τ) = (aτ +b)/(cτ+d) ∈ G(λ) we associate

the matrix

V =

[
a b

c d

]
.

We identify V and −V . Thus, G(λ) is isomorphic to the matrix group

modulo −I , where I denotes the identity matrix.

Definition 3.2. We say that τ1 and τ2 are equivalent with respect to G(λ)

(or modulo G(λ)) if there exists a transformation V ∈ G(λ) such that

V (τ1) = τ2.

It is easily checked that Definition 3.2 does define an equivalence

relation.

Definition 3.3. A fundamental region for G(λ) is an open subset R of

H such that

15
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(i) no two points of R are equivalent with respect to G(λ);

(ii) every point in H is equivalent to some point in R, the closure of R

with respect to the extended complex plane.

Remark 3.1. It is an immediate consequence of the definition that if R

is a fundamental region for G(λ), then so is M(R), for M ∈ G(λ).

We now derive a fundamental region for G(λ). The proof we give here

is due to R. J. Evans [34].

Theorem 3.1. Let B(λ) = {τ ∈ H : |x| < λ/2, |τ | > 1}. Then if λ ≥ 2

or if λ = 2 cos(π/q), where q ≥ 3 is an integer, B(λ) is a fundamental

region for G(λ).

Definition 3.4. Let TA = {λ : λ = 2 cos(π/q), q ≥ 3, q ∈ Z}.
If λ = 1, i.e., q = 3, G(1) is called the modular group in the literature.

A derivation of the fundamental region in this case can also be found in

several other texts, e.g., [60], [73], [74], or [37]. The advantage of the proof

of Theorem 3.1 that we give here is that it is elementary, while the proofs

in [48] and [87] appeal to advanced concepts in complex analysis.

We shall establish Theorem 3.1 through a series of lemmas.

Lemma 3.1. Every point in H is equivalent with respect to G(λ) to a

point in B(λ).

Proof. Define the following transformations on C:

T1(τ) = τ/|τ |2 = 1/τ̄ (reflection in the unit circle),

T2(τ) = −τ̄ (reflection in the line x = 0),

and

T3(τ) = −(τ̄ + λ) (reflection in the line x = −λ/2).

Note that T1T2 = T , T2T3 = Sλ, T1T3 = −1/(τ + λ), T 2
j = I , j = 1,

2, 3, and (TiTj)
−1 = T−1

j T−1
i = TjTi. Thus, it is easily seen that G(λ)

consists of all those words of even length involving T1, T2, and T3. Hence,

given an arbitrary point τ0 ∈ H, it suffices to show that there exists a

transformation V ∈ 〈T1, T2, T3〉, the group of transformations generated by

T1, T2, and T3, such that V (τ0) ∈ B(λ), for if V /∈ G(λ), then T2V ∈ G(λ)

and T2V τ0 ∈ B(λ).

Define a sequence of points {τn} = {xn + iyn} inductively as follows.

Recalling that T2T3 = Sλ, apply T2 and T3, if necessary, to translate τ0 to
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a point τ1 in the strip E(λ) = {τ ∈ H : −λ/2 ≤ x ≤ 0}. Given τn(n ≥ 1),

apply T2 and T3 to translate T1τn to a point τn+1 ∈ E(λ). Assume that

|τn| < 1 for every n, for otherwise we are done. Let w be a cluster point

of {τn}. If |w| < 1, then {τn} has an infinite subsequence {τnk
} such that

|τnk
| ≤ c < 1 for some positive number c, e.g., c = (|w| + 1)/2. Since

yn+1 = yn/|τn|2, ynk
≥ yn1

/c2(k−1), which tends to ∞ as k tends to ∞.

Since this is a contradiction, we must have |w| = 1.

Since, with increasing n, τn approaches the unit circle, if λ > 2, T1τn ∈
B(λ), for some n sufficiently large. The lemma is also clear for the case

λ = 2. For since {yn} is increasing, w 6= (−1, 0). Hence, again T1τn ∈ B(2)

for some n sufficiently large.

We now assume that λ < 2. Let τλ denote the intersection in H of the

line x=−λ/2 and the unit circle |τ | = 1. If w 6= τλ, it is clear that, for some

n sufficiently large, T1τn ∈ B(λ). Thus, assume that w = τλ. If for some

n, arg(τn) ≤ arg(τλ), then since τλ and τn, n ≥ 1, are in the left half-plane,

Im(τn+1) =
Im(τn)

|τn|2
≥ sin(arg τλ)

|τn|
=

Im(τλ)

|τn|
> Im(τλ).

However, this is a contradiction, as Im(τn) is increasing monotonically to

Im(τλ). Hence, arg(τn) > arg(τλ) for every n. Now, there exists a positive

integer N such that for n ≥ N , τn+1 = T3T1τn, and so

xn+1 = −λ− xn/|τn|2.

Note that xn 6= 0, for otherwise xn+1 = −λ /∈ E(λ). Letting πθ = π −
arg(τλ) (so that λ = 2 cosπθ), we find that, for n ≥ N ,

xn+1 − xn = − 1

xn

(
λxn +

x2
n

x2
n + y2

n

+ x2
n

)

= − 1

xn
(λxn + cos2(arg τn) + x2

n)

> − 1

xn
(λxn + cos2(arg τλ) + x2

n)

= − 1

xn
(xn + cosπθ)2 ≥ 0.

Thus, xn+1 > xn for every n ≥ N . But this is a contradiction, as xn tends

to Re τλ and xn ≥ Re τλ. �

We must now show that for the values of λ given in Theorem 3.1 no two

points of B(λ) are equivalent.
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Lemma 3.2. For λ ≥ 2, no two distinct points of B(λ) are equivalent.

Proof. Let V ∈ G(λ), where V 6= I . We can write V in the form

V = Skr

λ TS
kr−1

λ · · ·Sk2

λ TSk1

λ ,

where r ≥ 1, ki ∈ Z, 1 ≤ i ≤ r, and ki 6= 0, 2 ≤ i ≤ r− 1. Let τ0 denote an

arbitrary point in B(λ) and define for 1 ≤ i ≤ r − 1,

τi = TSki

λ TS
ki−1

λ · · ·TSk1

λ τ0.

It is easily seen that |τi| < 1 for 1 ≤ i ≤ r−1. Thus, V τ0 = Skr

λ τr−1 /∈ B(λ),

and the proof is complete. �

We must still examine the case when λ ∈ TA; see Definition 3.4.

Lemma 3.3. If λ ∈ TA, no two points of B(λ) are equivalent under a

nonidentity transformation in 〈T1, T3〉.

Proof. If the lemma is false, then there exist points τ , τ ′ ∈ B(λ) and

a transformation V ∈ 〈T1, T3〉 such that V τ = τ ′. Note that V 6= T3, for

otherwise T3τ /∈ B(λ). Write, as before, λ = 2 cosπθ, where for the moment

λ < 2 is arbitrary. An easy exercise in induction on n shows that

(T1, T3)
n =

[
an bn
cn dn

]
=

1

sinπθ

[
sinπθ(1 − n) − sinπθn

sinπθn sinπθ(n+ 1)

]
. (3.1)

If λ ∈ TA, then θ = 1/q, and if n = q, we see that (T1T3)
q = I , the identity

transformation. Hence, we can write V in the form

V = Tα
3 (T1T3)

n,

where α = 0 or 1 and n ∈ Z with 1 ≤ |n| ≤ q − 1. (Note that if V =

(T1T3)
nT3, then V = T3(T1T3)

−n.) From (3.1) we see that for θ = 1/q,

cndn ≥ 0. Therefore,

|cnτ + dn|2 = c2n|τ |2 + d2
n + 2cndnx

> c2n + d2
n − λcndn = 1,

upon a tedious, but elementary, calculation. Thus,

Im(τ ′) = Im(Tα
3 (T1T3)

nτ)

= Im{(T1T3)
nτ} =

y

|cnτ + dn|2
< y = Im(τ).
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In summary, we have shown that if τ and τ ′ are two points in B(λ) such

that V τ = τ ′ for some V ∈ G(λ), V 6= I , then Im(τ ′) = Im(V τ) < Im(τ).

Now repeat the same argument with the roles of τ and τ ′ reversed and V

replaced by V −1. We conclude that Im(τ) = Im(V −1τ ′) < Im(τ ′). Hence,

we have a contradiction, and the lemma is proved. �

Lemma 3.4. Let λ ∈ TA, τ ∈ H, and W ∈ 〈T1, T3〉, where W 6= I and

W 6= T1. If either

(i) Re τ > 0

or

(ii) τ ∈ B(λ),

then Re(Wτ) < 0.

Proof. As before, since (T1T3)
q = I , we can write W in the form

W = Tα
1 (T1T3)

n,

where α = 0 or 1 and n ∈ Z with 1 ≤ |n| ≤ q−1. To show that Re(Wτ) < 0,

it suffices to show that Re(T1T3)
nτ < 0. Now, using the notation of (3.1),

we see that

Re(T1T3)
nτ =

(anx+ bn)(cnx+ dn) + ancny
2

|cnτ + dn|2
. (3.2)

From (3.1) we also note that an and bn share a sign opposite to that shared

by cn and dn. Hence, if (i) holds, ancny
2 ≤ 0 and (anx+bn)(cnx+dn) < 0,

and so from (3.2) we see that Re(T1T3)
nτ < 0. If (ii) holds, since ancn ≤ 0

and (andn + bncn) ≤ 0,

Re(T1T3)
nτ =

ancn|τ |2 + bndn + (andn + bncn)x

|cnτ + dn|2

≤ ancn + bndn + (andn + bncn)(−λ/2)

|cnτ + dn|2

= − cos(π/q)

|cnτ + dn|2
< 0,

by a straightforward calculation with the use of (3.1). This establishes the

lemma. �

Lemma 3.5. If λ ∈ TA, no two distinct points of B(λ) are equivalent.

Proof. It is sufficient to show that no two points are equivalent under a

transformation V ∈ 〈T1, T2, T3〉, where V 6= I and V 6= T2. Suppose that



November 17, 2007 11:23 WSPC/Book Trim Size for 9in x 6in bcb

20 Hecke’s Theory of Modular Forms and Dirichlet Series

the contrary is true. We shall then choose a transformation V ∈ 〈T1, T2, T3〉,
V 6= T2, I , of minimal length for which there exists a point τ ∈ B(λ)

such that V τ ∈ B(λ). By Lemma 3.3, the word V must contain T2. No

representation of V can begin or end with T2. For if V = T2Y , then Y 6= T2,

Y 6= I , and Y τ ∈ B(λ), which contradicts the minimality of V . Similarly,

if V = Y T2, then Y 6= T2, Y 6= I , and Y (T2τ) ∈ B(λ), which again

contradicts the minimality of V , since T2τ ∈ B(λ). Since T1T2 = T2T1, we

replace all pairs T1T2 occurring in V by T2T1. Note that V cannot end with

T2T1, for if V = Y T2T1, then V would have the representation V = Y T1T2,

and we have just shown that V cannot end in T2. Thus, V must have the

form,

V = W1T2W2T2 · · ·WkT2Wk+1,

where Wi ∈ 〈T1, T3〉, Wi 6= I , and Wi 6= T1, 1 ≤ i ≤ k+1. For 2 ≤ i ≤ k+1,

let

τi = T2WiT2Wi+1 · · ·WkT2Wk+1τ. (3.3)

We shall show by induction on i that Re(τi) < 0, for 2 ≤ i ≤ k + 1.

Since V τ ∈ B(λ), Re(τ2) = Re(W−1
1 V τ) < 0 by (3.3) and Lemma 3.4.

Assume that Re(τm) < 0 for some m, 2 ≤ m ≤ k. Then Re(T2τm) >

0. By (3.3) and Lemma 3.4, Re(τm+1) = Re(W−1
m T2τm) < 0, and the

induction is complete. Since τ ∈ B(λ), Re(Wk+1τ) < 0 by Lemma 3.4.

Thus, from (3.3), Re(τk+1) = Re(T2Wk+1τ) > 0. But we previously showed

that Re(τk+1) < 0, and so we have a contradiction. This completes the

proof of Lemma 3.5 and thus of Theorem 3.1 as well. �

Remark 3.2. We show that if 0 < λ < 2, λ /∈ TA, then there exist two

points in B(λ) that are equivalent under a transformation in G(λ). Thus,

B(λ) cannot be a fundamental region for G(λ). Actually, much more is

true: if 0 < λ < 2, but λ /∈ TA, then G(λ) is not discontinuous and so

not discrete. For a discussion of discontinuous and discrete groups, see

[73, Chapter 3] and [74, Chapter 1]. See also the discussion in Chapter 5,

immediately before the statement of Theorem 5.5, especially Theorem 5.3.

Because λ = 2 cosπθ /∈ TA, we can find an integer k such that 1/(k+1) <

θ < 1/k. Return again to (3.1). Letting τ = iy, y > 1, we find that

τ ′ = (T1T3)
kτ =

bkdk + akcky
2

c2ky
2 + d2

k

+ i
y

c2ky
2 + d2

k

.
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From a calculation in the proof of Lemma 3.3, c2k + d2
k −λckdk = 1. By our

choice of k, ck and dk have opposite signs. Thus, c2k + d2
k = 1 + λckdk < 1.

Also, choose y such that Re(τ ′) is not an integral multiple of λ/2. Then,

Im(τ ′) > y > 1, and an appropriate power of Sλ translates τ ′ to a point

τ ′′ ∈ B(λ). Thus, τ and τ ′′ are the desired equivalent points in B(λ).
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Chapter 4

The case λ > 2

Theorem 4.1. If λ > 2, then dimM0(λ, k, γ) = ∞ for every k > 0 and

γ = ±1.

Remark 4.1. Intuitively, the reason dimM0(λ, k, γ) = ∞ is as follows.

The conditions in Definition 2.2 that f must satisfy are restrictions on f

in the upper half-plane H. For λ > 2, the fundamental region for G(λ) in

Theorem 3.1 is bounded by the line segments (−λ/2,−1) and (1, λ/2) on

the real axis. This will enable us to continue f ∈ M0(λ, k, γ) analytically

from a fundamental region into the lower half-plane where singularities

may be given to f . For λ ≤ 2, a fundamental region is not bounded by

any line segment or segments on the real axis. Thus, such a continuation

is impossible for λ ≤ 2, and, in fact, the real axis is a natural boundary for

f .

Proof of Theorem 4.1. Let

B∗(λ) = {τ : −λ/2 < x < 0, |τ | > 1}.

Since B∗(λ) is simply connected and since the open unit disc and H are

conformally equivalent, by the Riemann mapping theorem there exists a

function z = g(τ) that maps B∗(λ) one-to-one and conformally onto H.

Now, a mapping from the open unit disc onto H can be effected by a lin-

ear fractional transformation. This linear fractional transformation can be

uniquely determined by specifying three values on the boundary. Specifying

the values of three points on the boundary of B∗(λ) uniquely determines

a conformal mapping h from B∗(λ) onto the open unit disc. This can be

seen from mapping the disc onto B∗(λ) and then from B∗(λ) onto the disc

again. For if h is not uniquely determined, then we can find in the manner

23
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just described a nonidentity conformal map from the disc onto the disc

that fixes three boundary points. But this is impossible. Thus, g(τ) may

be uniquely chosen so that

g(i∞) = lim
y→∞

g(x+ iy) = 1,

g(i) = 0,

and

g(−i) = ∞.

The function g maps the boundary of B∗(λ) onto the real axis. In fact, g

takes the line segment [i, i∞) onto [0, 1), the left half of the unit circle onto

the negative real axis, the line segment (−i∞,−i) onto (a0,∞) for some

a0, 1 < a0 <∞, and the line x = −λ/2 onto [1, a0].

We now continue g analytically into the entire complex plane except for

a set of points on the real axis. We define

g(Tiτ) = g(τ), i = 1, 2, 3, (4.1)

and by the Schwarz reflection principle obtain an analytic continuation of g

onto TiB
∗(λ), i = 1, 2, 3. (Recall that T1, T2, and T3 are the three reflections

defined at the beginning of the proof of Lemma 3.1.) The continuation to

the whole complex plane, except for a set of points on the real axis, is

obtained by iteration. The continuation is well defined because B(λ) is a

fundamental region for G(λ). In particular, if n is even, then

g

(
n∏

k=1

Tik
τ

)
= g(τ), (4.2)

where ik = 1, 2, or 3. Since G(λ) consists of all words of even length in

T1, T2, and T3, g is then invariant under transformations of G(λ). We note

that the analyticity of g in H follows directly from the definition of g and

the Schwarz reflection principle. Since g is analytic on (B∗(λ)) ∩ (H ∪ R),

and since g(i∞) = 1, g is bounded on B∗(λ) ∩ H. Hence, g is bounded on

H.

Remark 4.2. On the entire Riemann sphere, g is analytic except at:

(a) points equivalent to −i with respect to G(λ);

(b) exceptional points on R mentioned above (4.1);

(c) limit points of the set of all points described in (a) and (b).
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Note that the symbol i∞, as distinct from ∞, designates the point ∞
approached only in the positive vertical direction. The symbol −i∞ is

analogous.

We now continue the proof of Theorem 4.1 with a careful examination of

g at the “corners” ±i and ±i∞ of B∗(λ). The transformation Tτ = −1/τ

has the two fixed points ±i. The transformation Sλτ = τ+λ has ±i∞ as its

only fixed points. It then follows from (4.1) and (4.2) that g is one-to-one

in a neighborhood of every point except those equivalent to ±i or ±i∞.

Before proceeding further we give the following definition.

Definition 4.1. Suppose that τ0 ∈ C ∪ {i∞} and λ > 0. A function t =

t(τ) is called a local uniformizing variable at τ0 with respect to G(λ) if t(τ)

is analytic in a punctured neighborhood of τ0 and t(τ) has the additional

property:

There exists a subset N (τ0, λ) = N of some punctured neighborhood

U ′ of τ0 such that (i) t(τ) maps N one-to-one and onto a punctured disc

D′, 0 < |t| < ε, with ε > 0; (ii) distinct points of N are inequivalent

modulo G(λ); and (iii) N is maximal in U ′ with respect to property

(ii).

We note that ±i are fixed points of the group G(λ) since T ∈ G(λ);

consequently,

V (i), V (−i) = V (i), ∀ V ∈ G(λ), (4.3)

are fixed points as well. If H− denotes the lower half-plane, and if τ0 ∈
H ∪ H− is not of the form (4.3), it follows directly from the shape of the

fundamental region B(λ) (see Theorem 3.1) and the fact that, for any M

in G(λ), M(B(λ)) is again a fundamental region of G(λ), that there exists

a full neighborhood N of τ0 such that V (N ) ∩ N = φ for all V ∈ G(λ),

V 6= I . We conclude that:

(a) τ0 is not a fixed point of V ∈ G(λ), other than V = I ;

(b) t(τ) = τ − τ0 serves as a local uniformizing variable at τ0, since

distinct points of N are inequivalent modulo G(λ).

Remark 4.3. By way of contrast, if τ0 ∈ H ∪ H− is of the form (4.3),

then t(τ) = τ − τ0 is not a local uniformizing valuable at τ0, since in this

case any neighborhood of τ0 necessarily contains distinct points equivalent

with respect to G(λ). The appropriate choice at τ0 of the form (4.3) is, in

fact, t =
(

τ−τ0

τ−τ̄0

)2

. (See the discussion below for the case τ0 = i.)
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We return now to the proof of Theorem 4.1 and examine g in a neigh-

borhood of i. Let

t1(τ) =
τ − i

τ + i
.

Then,

t1(−1/τ) =
−1/τ − i

−1/τ + i
= − i(τ − i)

i(τ + i)
= −t1(τ). (4.4)

We claim that t(τ) = t1(τ)
2 is a local uniformizing variable for G(λ) at

τ0 = i. To verify this, let ρ ∈ R, 0 < ρ < 1, and let U be the open disc with

diameter the line segment joining i(1 + ρ) to i(1 + ρ)−1 on the imaginary

axis. Then t1(τ) maps U one-to-one onto the disc D : |t1| < ρ
2+ρ , with

the portion U+ of U above the unit circle mapping to the right half of D

and the portion U− below the unit circle mapping to the left half of D.

(Observe that the center of U is i
2{(1 + ρ) + (1 + ρ)−1}, a point above i on

the imaginary axis, and t1(τ) does not map the center of U to 0, the center

of D.)

Since λ > 2 and ρ < 1, it follows easily that U+ ⊂ B(λ), so that

U− ⊂ T (B(λ)), the latter being again a fundamental region for G(λ).

Thus, defining N = N (i, λ) to be U+ adjoined to the open arc of the unit

circle from i to the point of intersection of the unit circle with the right

side of U , we find that t(τ) = t1(τ)
2 =

(
τ−i
τ+i

)2

satisfies the Definition 4.1

of “local uniformizing variable at i.”

Now observe that g(τ) can be rewritten as a function of t1, since the

mapping τ → t1 is one-to-one on the Riemann sphere (thus, one-to-one in

a neighborhood of i); let g(τ) = ĝ(t1), say. On the other hand, by (4.4),

the invariance property g(−1/τ) = g(τ) is equivalent to: ĝ(t1) is an even

function of t1. Thus, in fact, g(τ) = ĝ(t1) = g1(t
2
1) = g1(t). If we write

g1(t) =

∞∑

n=0

ant
n,

then a0 = 0, since g(i) = 0, and a1 6= 0, as g1(t) is one-to-one in a neigh-

borhood of t = 0. We conclude that g1(t) has a simple zero at t = 0, i.e.,

g(τ) has a double zero at τ = i.

Remark 4.4. Note that while
(

τ−i
τ+i

)4

satisfies conditions (i) and (ii) of

the definition of a local variable at i with respect to G(λ), it fails to satisfy

the maximality condition (iii). The latter is designed to ensure that the
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invariant function g(τ) can, in fact, be expressed in terms of t near t = 0,

that is, near τ = i. We have observed above that the invariance property

g(−1/τ) = g(τ) is equivalent to the expressibility of g(τ) as a function of(
τ−i
τ+i

)2

. However, there is no basis for concluding that g(τ) can be written

as a function of
(

τ−i
τ+i

)4

.

To examine g in a neighborhood of τ = −i, put

t2(τ) =
τ + i

τ − i
.

Proceeding as above, we find that t = t22 is a local uniformizing variable

for g in a neighborhood of τ = −i with respect to G(λ). Since g(τ) is not

analytic at τ = −i, g(τ) = g2(t), say, is not analytic at t = 0. But since

g2(t) is one-to-one near t = 0, g2 must have a simple pole at t = 0, i.e.,

g(τ) has a double pole at τ = −i.
We turn to the behavior of g(τ) in a punctured neighborhood of i∞,

specifically in an open half-plane of the form Im τ > B, B > 0. Choose

B > 1, say, for convenience. With

N = N (i∞, λ) := {τ : Im τ > B,−λ/2 ≤ Re τ < λ/2},

we see that

t(τ) = e2πiτ/λ

satisfies the conditions (i)–(iii) for a local uniformizing variable at i∞ with

respect to G(λ). As one might expect, the periodicity of g, i.e., g(τ + λ) =

g(τ), guarantees that

g(τ) = g3(t) =

∞∑

n=0

ant
n, (4.5)

in a neighborhood of t = 0.

To verify (4.5), note that, ignoring the branching of the logarithm, we

have τ = λ
2πi log t. This implies that g(τ) = g

(
λ

2πi log t
)
, a (possibly

multiple-valued) function of t. Since the distinct branches of log t differ

by 2πin, n ∈ Z, it suffices to consider only

g

(
λ

2πi
(log t+ 2πin)

)
= g

(
λ

2πi
log t+ nλ

)
,
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together with g
(

λ
2πi log t

)
. But the periodicity of g shows that all of these

branches of g
(

λ
2πi log t

)
are equal, so that g is a single-valued function of

t holomorphic in a punctured neighborhood of t = 0. Since g is bounded

near t = 0 as well, (4.5) follows. In addition, a0 = 1, because g(i∞) = 1,

and a1 6= 0, since g is one-to-one on B∗(λ).
We now claim that to prove Theorem 4.1 it suffices to show that

dimM0(λ, k, γ) 6= 0. For if f ∈M0(λ, k, γ), the same is true of fgn, n = 0,

1, 2, . . . , provided that we can show that the requirements of Definition 2.2

are satisfied by fgn. First, (i) is clear from (4.5). Secondly, (ii) is clear

from the invariance property g(−1/τ) = g(τ). We have already seen that

g(τ) is bounded on H. Hence, g(τ) = O(1) as y tends to 0, uniformly for

τ ∈ H. From Lemma 2.2, (iii) of Definition 2.2 is seen to be satisfied by fgn.

Thus, fgn ∈M0(λ, k, γ), n = 0, 1, 2, . . . . Furthermore, these functions are

linearly independent since gn has a pole of order 2n at τ = −i.
Now, in a neighborhood of τ = i,

g(τ) = c1(τ − i)2 + · · · , c1 6= 0,

= (τ − i)2g∗(τ),

where g∗(τ) is analytic in a neighborhood of τ = i and g∗(i) 6= 0. Thus,

we can define a single-valued, analytic square root in a neighborhood of

τ = i. Of course, we can do the same at all points equivalent to i. Since g

is analytic and nonzero on the remainder of H, an analytic square root may

be defined in a neighborhood of each of these other points as well. Since

H is simply connected and g(τ)
1

2 is locally single-valued (hence locally

analytic) at each point of H, the monodromy theorem permits us to define

a single-valued square root G(τ) = {g(τ)} 1

2 on all of H.

As g has period λ, it follows that G(τ + λ) = ±G(τ). We claim that,

in fact, G(τ + λ) = G(τ). To prove this, assume, by way of contradiction,

that G(τ + λ) = −G(τ), and define

h(τ) = e−πiτ/λG(τ).

Then, h(τ + λ) = h(τ), and the argument used to derive (4.5) yields

h(τ) =
∞∑

n=−∞
bne

2πinτ/λ,
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that is,

G(τ) =
∞∑

n=−∞
bne

πi(2n+1)τ/λ. (4.6)

Since g(i∞) = 1, we deduce that G(i∞) = ±1. In any event, G is bounded

at i∞, so (4.6) reduces to

G(τ) =

∞∑

n=0

bne
πi(2n+1)τ/λ,

and we conclude that G(i∞) = 0. This contradiction implies that

G(τ + λ) = G(τ).

Since g(τ) = g(−1/τ), we find that

G(τ) = ±G(−1/τ). (4.7)

We must determine which sign is correct. In a neighborhood of τ = i, we

know from our discussion above that

G(τ) = t1(τ)G1(τ),

where G1(τ) is analytic and G1(i) 6= 0. Thus, from (4.4),

G(τ)

G(−1/τ)
=

t1(τ)G1(τ)

t1(−1/τ)G1(−1/τ)
= − G1(τ)

G1(−1/τ)
.

Letting τ tend to i above, we conclude that the minus sign in (4.7) is correct,

i.e.,

G(τ) = −G(−1/τ). (4.8)

Now define

H(τ) =
g′(τ)

G(τ){g(τ) − 1} .

Since g, g′, and G have period λ, then

H(τ) = H(τ + λ) . (4.9)

From (4.8) and the fact that

g′(τ) = g′(−1/τ)/τ2,
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we deduce that

H(−1/τ) =
τ2g′(τ)

−G(τ){g(τ) − 1} = (τ/i)2H(τ). (4.10)

Since g and G are analytic on H, H(τ) is analytic on H, save for possibly

those points where g(τ) = 1 or g(τ) = 0. Since g(i∞) = 1 and g(τ) is

one-to-one on B∗(λ), there are no points in H where g(τ) = 1. If

g(τ) = 1 + b1e
2πiτ/λ + · · · , b1 6= 0,

then

g′(τ) =
b12πi

λ
e2πiτ/λ + · · · .

Hence, since g(τ)−1 has a simple zero at i∞, H(i∞) exists and H(i∞) 6= 0.

Since g has a double zero at τ = i, G and g′ have simple zeros at τ = i.

Hence, H(τ) is analytic at τ = i and H(i) 6= 0. We conclude that H(τ) is

analytic on H and has no zeros on H ∪ {i∞}.
Now, (4.9), (4.10), and the fact that H(i∞) exists show that H(τ) ∈

M(λ, 2, 1). Also, since H(τ) 6= 0 on H and since H is simply connected, we

can define an analytic function

fk(τ) = {H(τ)}k/2

on H. Since H(τ) has period λ, clearly we see that for some constant ε1,

|ε1| = 1,

fk(τ + λ) = ε1fk(τ). (4.11)

It is also clear from (4.10) that

fk(−1/τ) = ε2(τ/i)
kfk(τ), (4.12)

for some constant ε2, |ε2| = 1. We now determine ε1 and ε2. In (4.11)

let τ approach i∞. Since fk(τ) and fk(τ + λ) approach the same nonzero

value, we conclude that ε1 = 1. Since H(i) 6= 0, we can determine ε2 by

letting τ = i in (4.12). Hence, ε2 = 1. We have therefore shown that

fk ∈M(λ, k, 1).

Consider

f(τ ;n) = fk(τ){g(τ) − 1}n, (4.13)
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where n ∈ Z, n > k/2. We claim that, for n > k/2, f(τ ;n) ∈ M0(λ, k, 1).

Since g(τ) = g(−1/τ) and g is bounded on H, we see that {g(τ)−1}n lies in

M0(λ, 0, 1). Now since fk ∈M(λ, k, 1), it follows that f(τ ;n) ∈M(λ, k, 1).

To prove that f(τ ;n) ∈ M0(λ, k, 1) for n > k/2, examine

f∗(τ) = |τ − τ̄ | |g′(τ)/G(τ)| = 2y|g′(τ)/G(τ)|.

Let V ∈ G(λ), where V τ = (aτ + b)/(cτ + d). Since g(V τ) = g(τ), we find

that

g′(τ) =
dg(V τ)

dτ
= g′(V τ)

{
a

cτ + d
− (aτ + b)c

(cτ + d)2

}

= g′(V τ)

{
acτ + ad− acτ − bc

(cτ + d)2

}

=
g′(V τ)

(cτ + d)2
.

Thus,

f∗(V τ) = |2 Im(V τ)| |g′(V τ)/G(V τ)| (4.14)

=
2y

|cτ + d|2 · |g
′(τ)| |cτ + d|2

|G(τ)|
= 2y|g′(τ)/G(τ)|
= f∗(τ).

Clearly, yg′(τ) tends to 0 as τ tends to i∞. Also, since g′ is analytic on

B∗(λ)∩(H∪R), it follows that g′(τ) is bounded on B∗(λ)∩H. Furthermore,

the only zero of G(τ), a simple one at τ = i, is cancelled by the simple zero

of g′(τ) at τ = i. Hence, f∗(τ) is bounded on B∗(λ) ∩ H. By (4.14), we

conclude that f∗(τ) is bounded on H.

As n > k/2, {g(τ)− 1}n−k/2 is bounded on H since g is bounded on H.

Using also the boundedness of f∗, we conclude that

|f(τ ;n)(2y)k/2| = |f∗(τ)|k/2|g(τ) − 1|n−k/2 = O(1),

or

f(τ ;n) = O(y−k/2),

uniformly in x as y > 0 tends to 0. Hence, by Lemma 2.2, f(τ ;n) ∈
M0(λ, k, 1). Since f(τ, n) 6≡ 0, it follows from our earlier observation that

M0(λ, k, 1) has infinite dimension.
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It is now easy to show that dimM0(λ, k,−1) = ∞. Consider

gk(τ) = fk(τ)G(τ).

Now from (4.8) and (4.12),

gk(−1/τ) = fk(−1/τ)G(−1/τ) = −(τ/i)kfk(τ)G(τ)

= −(τ/i)kgk(τ).

Clearly, gk(τ + λ) = gk(τ). Now proceed in the same manner with gk(τ)

as we did with fk(τ). We conclude that gk ∈ M0(λ, k,−1) and that

dimM0(λ, k,−1) = ∞. The proof of Theorem 4.1 is now complete.
�

Remark 4.5. A careful examination of the proof of Theorem 4.1 shows

that it does not depend upon the assumption k > 0 in an essential way, so

that this result holds for all real k, with γ = ±1, as long as λ > 2. For

k ≤ 0 we need to observe that 1/f ∗(τ) (in place of f∗(τ)) is bounded in

H. We then simply replace the function fk(τ) = {H(τ)}k/2 by f̂k(τ) =

{H(τ)}−k/2, with H(τ) as before, to conclude that, in this case, f̂(τ ;n) =

f̂k(τ){g(τ) − 1}n = O(yk/2). The remainder of the argument proceeds as

before. The situation in Theorem 4.2 is a bit different, as the proof below

is completely independent of the sign of k.

As a corollary to the proof of Theorem 4.1, we establish the following

theorem.

Theorem 4.2. For λ > 2, k real, and γ = ±1,

dimM(λ, k, γ)/M0(λ, k, γ) = ∞.

Remark 4.6. Since M(λ, k, γ) ⊃ M0(λ, k, γ), Theorem 4.1 implies that

dimM(λ, k, γ) = ∞. Of course, Theorem 4.2 is an even stronger statement

concerning the size of M(λ, k, γ).

Proof of Theorem 4.2. We are required to show that there exists an

infinite collection of functions ϕn(τ) in M(λ, k, γ) with the property:

if c1ϕn1
+ · · · + cpϕnp

∈ M0(λ, k, γ), (4.15)

with distinct nj , then c1 = · · · = cp = 0.
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We begin by defining a modified version g̃(τ) of the mapping function g(τ)

occurring in Theorem 4.1:

g̃(i∞) = α 6= 0; g̃(i) = 0; g̃(τ) has a

simple pole at τ = −1, with residue 1.

We let f̃k(τ) = {H̃(τ)}k/2, where H̃ (replacing H) is defined by

H̃(τ) =
g̃′(τ)

{g̃(τ)} 1

2 {g(τ) − α}
. (4.16)

As with the function H(τ) appearing in the proof of Theorem 4.1, H̃(τ)

is analytic on H and zero-free on H ∪ {i∞}; H̃(τ) ∈ M(λ, 2, 1) as well. It

follows that f̃k(τ) ∈ M(λ, k, 1) for arbitrary real k.

Define the sequence of functions

g̃n(τ) = exp{ni g̃(τ)}, n ∈ Z+. (4.17)

Then g̃n(τ) is in M(λ, 0, 1). Furthermore, for τ = −1 + iy and y → 0+,

|g̃n(τ)| ∼ en/y. Clearly then the functions gn(τ), n ∈ Z+, are linearly

independent. On the other hand, by (4.16) and the asymptotic behavior of

g̃(τ) near −1, H̃(τ) ∼ y−1 (again, for τ = −1 + iy and y → 0+), so that

f̃k(τ) ∼ y−k/2. If we now put

ϕn(τ) = f̃k(τ)g̃n(τ), n ∈ Z+,

it follows directly that ϕn(τ) ∈ M(λ, k, 1), and, by Lemma 2.2, that the

functions ϕn(τ) have property (4.15). This completes the proof of Theorem

4.2 for γ = 1.

The case γ = −1 can be treated exactly as in the proof of Theorem

4.1, with the role of f̃k(τ) now assumed by h̃k(τ) = f̃k(τ){g̃(τ)} 1

2 . This

completes the proof of Theorem 4.2. �
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Chapter 5

The case λ < 2

Recall from the proof of Lemma 3.1 that τλ denotes the lower left corner

of B(λ). Recall also that πθ = π − arg(τλ), so that cos(πθ) = λ/2.

Let f ∈ M(λ, k, γ), f 6≡ 0. Excluding the points τλ, τλ + λ, i, and i∞,

let N denote the number of zeros of f on B(λ) counting multiplicities and

with proper identification. That is to say, if f(τ0) = 0, where τ0 ∈ B(λ) and

Re(τ0) = −λ/2, then f(τ0+λ) = 0, and N counts only one of the two zeros.

Similarly, if f(τ0) = 0 with τ0 ∈ B(λ) and |τ0| = 1, then f(−1/τ0) = 0,

and N counts only one of these two zeros. Let nλ, ni, and n∞ denote the

orders of the zeros of f at τλ, i, and i∞, respectively. The order of the zero

of f at i∞ is measured in terms of exp(2πiτ/λ).

Lemma 5.1. We have

N + n∞ +
1

2
ni + nλθ =

1

2
k

(
1

2
− θ

)
.

Proof. Let C denote the closed contour described below. The path C1

is a horizontal segment from λ/2 + iT to −λ/2 + iT , with T > 0 chosen

large enough so that all of the zeros of f on B(λ), except for possibly i∞,

lie below C1. This can be done because f is analytic at i∞ in the local

uniformizing variable exp(2πiτ/λ). The path C2 consists of that part of

the line x = −λ/2, with indentations at the zeros of f (if any), from C1

down to an arc Cτλ
with center τλ and radius ε > 0 passing from the line

x = −λ/2 to |τ | = 1. At this point on |τ | = 1, C3 begins and extends

to Ci with semicircular indentations around zeros of f (if any). The arc

Ci is a semicircular indentation about τ = i. Lastly, −C4 is the image of

C3 under the transformation −1/τ , and C5 is the image of C2 under the

transformation τ + λ. If Cτλ+λ denotes the arc between C4 and C5, then,

35
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we define

C = C1 + C2 + Cτλ
+ C3 + Ci + C4 + Cτλ+λ + C5.

-Λ�2 Λ�2-1 1
0

i

C1

C2 C5
Ci

C3 C4

CΤΛ CΤΛ+ ΛΤΛ ΤΛ+Λ

In this definition we choose Ci, Cτλ
, and Cτλ+λ so that the portions of the

discs bounded by these arcs and the boundary of B(λ) contain no zeros of

f other than (possibly) the centers of the circular arcs about the points i,

τλ, and τλ + λ.

By the principle of the argument,

N =
1

2πi

∫

C

f ′(τ)

f(τ)
dτ. (5.1)

Since f ′(τ + λ)/f(τ + λ) = f ′(τ)/f(τ), it follows that

1

2πi

{∫

C2

+

∫

C5

}
f ′(τ)

f(τ)
dτ = 0.

Since f(−1/τ) = γ(τ/i)kf(τ), by logarithmic differentiation,

d

dτ
log f(−1/τ) =

k

τ
+
f ′(τ)

f(τ)
.
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Hence,

1

2πi

{∫

C3

+

∫

C4

}
f ′(τ)

f(τ)
dτ (5.2)

=
1

2πi

∫

C3

f ′(τ)

f(τ)
dτ +

1

2πi

∫

C4

d

dτ
log f(−1/τ)dτ − 1

2πi

∫

C4

k

τ
dτ

=
1

2πi

∫

C3

f ′(τ)

f(τ)
dτ +

1

2πi

∫

−C3

f ′(τ)

f(τ)
dτ − 1

2πi

∫

C4

k

τ
dτ

= − k

2πi

∫

C4

dτ

τ
,

where, in the second integral on the right-hand side of (5.2), we have

replaced τ by −1/τ . Now,

− k

2πi

∫

C4

dτ

τ
= − k

2π
∆C4

(arg), (5.3)

where ∆C4
(arg) denotes the change in argument along C4. Now as ε tends

to 0, and the radii of the indentations tend to 0, the right-hand side of (5.3)

tends to

k

2π

(π
2
− πθ

)
. (5.4)

We next examine the contribution of the integral about Ci to the integral

of (5.1). Write

f(τ) = (τ − i)nif1(τ).

Thus,

f ′(τ) = ni(τ − i)ni−1f1(τ) + (τ − i)nif ′
1(τ),

and

f ′(τ)

f(τ)
=

ni

τ − i
+
f ′
1(τ)

f1(τ)
.

Let δ denote the radius of the semicircular indentation Ci. Then,

1

2πi

∫

Ci

f ′(τ)

f(τ)
dτ =

ni

2π

∫ ρ2(δ)

π+ρ1(δ)

dϕ+
1

2πi

∫

Ci

f ′
1(τ)

f1(τ)
dτ , (5.5)

where ρ1(δ) and ρ2(δ) tend to 0 as δ tends to 0. Since f1(τ) is analytic and

nonzero in a neighborhood of τ = i, if we let δ tend to 0, the right-hand
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side of (5.5) becomes

ni

2π
(−π) = −1

2
ni . (5.6)

The contributions of Cτλ
and Cτλ+λ to (5.1) are calculated in the same

manner as above. Letting ε tend to 0, we find that the integrals

1

2πi

∫

Cτλ

f ′(τ)

f(τ)
dτ and

1

2πi

∫

Cτλ
+λ

f ′(τ)

f(τ)
dτ

each tend to

−1

2
nλθ, (5.7)

since nλ is also equal to the order of the zero of f at τλ + λ, for f(τ) =

f(τ + λ).

Lastly, we examine the contribution of C1 to (5.1) by letting C1 tend to

i∞. Recall that we chose C1 so that all finite zeros of f in B(λ) are below

C1. Put z = exp(2πiτ/λ) and f(τ) = f1(z). Thus, f ′(τ) = f ′
1(z)dz/dτ ,

and C1 is transformed into a circle C∗
1 , described negatively, of radius

exp(−2πy/λ) about z = 0. Hence,

1

2πi

∫

C1

f ′(τ)

f(τ)
dτ =

1

2πi

∫

C∗

1

f ′
1(z)

f1(z)
dz = −n∞ . (5.8)

We now combine (5.4), (5.6), (5.7), and (5.8) with (5.1) to conclude

that

N =
1

2
k

(
1

2
− θ

)
− 1

2
ni − nλθ − n∞ ,

and the proof is complete. �

Corollary 5.1. Let

m = 1 +

[
1

2
k

(
1

2
− θ

)]
.

Then,

dimM(λ, k, γ) ≤ m.

Proof. By Lemma 5.1, n∞ < m. Suppose that there exist m+ 1 linearly

independent functions in M(λ, k, γ). Then a suitable linear combination

has a zero of order m at i∞. (This suitable linear combination is achieved
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by solving a system of m linear homogeneous equations in m unknowns.)

However, this is a contradiction to the fact that n∞ < m. �

Thus, in contrast to Theorem 4.1, if λ < 2, dimM(λ, k, γ) is finite and

Corollary 5.1 provides an upper bound for dimM(λ, k, γ).

Example 5.1. Let λ =
√

3, so that cos(π/6) =
√

3/2 and θ = 1/6. Let

k = γ = 1. Then,

m = 1 +

[
1

2

(
1

2
− 1

6

)]
= 1.

Hence, there is at most one modular form in M(
√

3, 1, 1, ) or M0(
√

3, 1, 1),

i.e., there exists at most one Dirichlet series of signature (
√

3, 1, 1, ). How-

ever, there is known to exist such a series, namely the Dedekind zeta func-

tion ζK(s) for Q(
√
−3),

ζK(s) =
1

6

∞∑′

m,n=−∞
{Q(m,n)}−s =

1

6
Z(s,Q),

where Q(m,n) = m2 +mn+ n2.

Before proceeding further we must make some remarks about elliptic

linear fractional transformations.

Definition 5.1. Let a, b, c, and d be real with ad−bc = 1. Then we say

that V (τ) = (aτ + b)/(cτ + d) is elliptic if V has two nonreal fixed points

τ0 and τ̄0, where Im(τ0) > 0.

We note that V is elliptic if and only if

(d− a)2 + 4bc < 0,

or

(d− a)2 + 4(ad− 1) < 0,

or

(a+ d)2 < 4.

Thus, V is elliptic if and only if the roots of

x2 − (a+ d)x+ 1 = 0 (5.9)
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are nonreal. Since (5.9) is equivalent to

∣∣∣∣
a− x b

c d− x

∣∣∣∣ = 0,

the roots of (5.9) are the eigenvalues of V . Note that, by (5.9), the eigen-

values of an elliptic linear fractional transformation (or its corresponding

matrix) with real entries have absolute value 1.

Lemma 5.2. Let V be elliptic with a fixed point τ0 ∈ H. Suppose that

there exists a nonconstant function f , analytic on H, such that

f(τ) = f(τ + λ)

and

f(V τ) = ε

(
cτ + d

i

)k

f(τ),

for some constants λ, k > 0, and ε, |ε| = 1. Then, if ρ is an eigenvalue of

V , ρ is a root of unity. Consequently, V has finite order.

Proof. First, observe that ρ is a solution of the equations

xτ0 = aτ0 + b and x = cτ0 + d,

for if ρ is such a solution, then

∣∣∣∣
a− ρ b

c d− ρ

∣∣∣∣ = 0.

Set

t̂(τ) =
τ − τ0
τ − τ̄0

.

(Compare this with t1(τ), used to define the local uniformizing variable at

i. See Chapter 4, just before (4.4).) By a direct calculation,

V (τ) − V (τ0) =
τ − τ0

(cτ + d)(cτ0 + d)
.

Thus, as τ0 and τ̄0 are fixed points of V ,

t̂(V (τ)) =
V (τ) − τ0
V (τ) − τ̄0

=
V (τ) − V (τ0)

V (τ) − V (τ̄0)
=
cτ̄0 + d

cτ0 + d

τ − τ0
τ − τ̄0

= ρ̄2t̂(τ),
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since cτ̄0 + d = ρ̄ and |ρ| = 1. Hence, replacing ρ̄ by ρ, we have shown that

ρ is a root of

t̂(V (τ)) = ρ2 t̂(τ). (5.10)

Let

g(τ) = (τ − τ̄0)
k, τ ∈ H.

Then, since τ̄0 is fixed by V ,

g(V τ) = {V (τ) − V (τ̄0)}k

=

{
aτ + b

cτ + d
− aτ̄0 + b

cτ̄0 + d

}k

=

{
τ − τ̄0

(cτ + d)(cτ̄0 + d)

}k

=
ηg(τ)

{−i(cτ + d)}k
,

where η is a constant. If we let τ = τ0, then

g(τ0) = g(V τ0) =
ηg(τ0)

{−i(cτ0 + d)}k
, (5.11)

and so

η = {−i(cτ0 + d)}k , (5.12)

since g(τ0) 6= 0.

Next, let

h(t̂) = f(τ)g(τ) = f

(
τ̄0t̂− τ0

t̂− 1

)
g

(
τ̄0t̂− τ0

t̂− 1

)
.

Then, from the hypotheses, (5.11), and (5.12),

h(t̂(V τ)) = f(V τ)g(V τ) (5.13)

= ε

(
cτ + d

i

)k

f(τ)

(
i

cτ + d

)k

ηg(τ)

= εηh(t̂).
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Since both f and g are analytic on H, h(t̂) has a Maclaurin series expansion

h(t̂) =
∞∑

n=0

ant̂
n.

Now, from (5.10) and (5.13),

h(ρ2 t̂(τ)) = h(t̂(V τ)) = εηh(t̂),

or
∞∑

n=0

anρ
2n t̂n = εη

∞∑

n=0

ant̂
n. (5.14)

By hypothesis, f is periodic, so it is clear that h(t̂) cannot reduce to a

polynomial in t̂. Assume then that an1
, an2

6= 0, with n1 6= n2. Thus,

ρ2n1 = εη and ρ2n2 = εη,

or

ρ2(n1−n2) = 1,

and the result is proved. �

Remark 5.1. By Corollary 14 of [59, p. 520], the existence of a noncon-

stant function f satisfying the hypotheses of Lemma 5.2 implies that the

group 〈Sλ, V 〉 is discrete. From this, in turn, it follows that V has finite

order [73, p. 91], [74, p. 15]. On the other hand, our proof of Lemma 5.2

derives the same result more simply and directly, however without placing

it within its natural setting of discrete groups.

Corollary 5.2. Let f ∈ M(λ, k, γ) and let ni be the order of the zero of

f at τ = i. Then

γ = (−1)ni .

Proof. Let V τ = Tτ = −1/τ , an elliptic transformation with fixed points

±i. In the notation of Chapter 4, let

t1(τ) =
τ − i

τ + i
;

by the proof of Lemma 5.2,

t1(Tτ) =
−1/τ − i

−1/τ + i
= −τ − i

τ + i
.
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Thus, by comparison with (5.10), ρ is an eigenvalue, where ρ2 = −1. Since

f(−1/τ) = γ(τ/i)kf(τ),

γ = ε in the notation of the previous lemma. From (5.12), η = 1. Now,

in (5.14) ani
6= 0, for f has a zero at τ = i of order precisely ni. Thus,

equating coefficients of tni in (5.14), we find that

(−1)ni = ρ2ni = εη = γ,

and the proof is complete. �

Theorem 5.1. If dimM(λ, k, γ) 6= 0, then θ and k are rational.

Proof. Let

V (τ) = T1T3(τ) = −1/(τ + λ).

Then, writing τλ = − 1
2λ+ iy0, with y0 =

√
1 − λ2/4, we see that

V (τλ) = − 1
1
2λ+ iy0

=
− 1

2λ+ iy0

| 12λ+ iy0|2
= −1

2
λ+ iy0 = τλ ,

i.e., τλ is a fixed point of V , and V is elliptic. In the notation of Definition

5.1, a+ d = λ, and so, by (5.9), the eigenvalues of V are roots of

x2 − λx+ 1 = 0.

Thus, an eigenvalue is

ρ =
λ+

√
λ2 − 4

2
=

1

2
λ+

√
λ2/4− 1

= cosπθ + i sinπθ = eπiθ.

By Lemma 5.2, ρ is a root of unity, and hence θ is rational. Also, by Lemma

5.1,

N + n∞ +
1

2
ni + nλθ =

1

2
k

(
1

2
− θ

)
,

and it follows that k is rational. �

Remark 5.2. It has been noted in other contexts (see, e.g., [64, Theorem

7]) that k ∈ Q follows from the periodicity of f ∈ M(λ, k, γ). Were we to

assume that f(τ + λ) = εf(τ), with ε not a root of unity, then k would

in fact be irrational. Furthermore, if λ ≥ 2, then the rationality of k does
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not follow from f(τ + λ) = f(τ), since, in this case, there is no nontrivial

relation in G(λ) involving both Sλ and T . (For example, let f(τ) = θs(τ),

with irrational real s. Then the weight k = s/2 /∈ Q, but f(τ + 2) = f(τ).

Of course, since λ = 2 here, Theorem 5.1 does not apply to this case. See

Chapters 1 and 4.)

Example 5.2. We briefly indicate what our results so far yield for the

modular group G(1). Here, cosπθ = 1
2 , and so θ = 1

3 . If f ∈ M(1, k, γ),

by Lemma 5.1, we find that

ni/2 + n1/3 ≡ k/12 (mod 1),

which implies that

3ni/2 + n1 ≡ k/4 (mod 1),

or

ni/2 ≡ k/4 (mod 1).

Hence, k is an even positive integer. By Corollary 5.2, this last congruence

also shows that

γ = (−1)ni = (−1)k/2.

Furthermore, from Lemma 5.1,

N + n∞ + ni/2 + n1/3 = k/12,

so that

k/12 ≥ n1/3.

Hence, k ≥ 4 as well, since we have assumed that k > 0, and, furthermore,

n1 ≥ 1 when k = 2. The latter observation follows, since by definition of

M(1, k, γ),

γ(τ1/i)
2f(τ1) = f(−1/τ1) = f(τ1 + 1) = f(τ1)

(recall that τ1 = 1
2 (−1 + i

√
3)), while γ(τ1/i)

2 6= 1. Lastly, from Corollary

5.1,

dimM(1, k, (−1)k/2) ≤ 1 + [k/12].
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We have already shown that θ must be rational if dimM(λ, k, γ) 6= 0.

The next theorem shows more yet.

Theorem 5.2. If dimM(γ, k, γ) 6= 0, then θ = 1/q, where q ≥ 3 and

q ∈ Z.

Proof. Let θ = p/q, where (p, q) = 1 and p ≥ 2. The idea of the proof is

to construct a transformation V such that V is elliptic but also such that

its eigenvalues are not roots of unity. However, by Lemma 5.2 this is a

contradiction, and so the proof would be complete.

By (3.1), if θ = p/q,

(T1T3)
n =

[
0 −1

1 λ

]n

=
1

sin(πp/q)

[
sin{πp(1 − n)/q} − sin(πpn/q)

sin(πpn/q) sin{πp(1 + n)/q}

]
.

Let

V = Sλ(T1T3)
n,

for a certain choice of n ∈ Z to be given shortly. Note that

tr(V ) =
sin{πp(1 − n)/q}+ λ sin(πpn/q) + sin{πp(n+ 1)/q}

sin(πp/q)

=
2 sin(πp/q) cos(πpn/q) + 2 cos(πp/q) sin(πpn/q)

sin(πp/q)

=
2 sin{πp(n+ 1)/q}

sin(πp/q)
.

Since (p, q) = 1, we can choose n so that

(n+ 1)p ≡ 1 (mod q).

Hence,

|tr(V )| = 2

∣∣∣∣
sin(π/q)

sin(πp/q)

∣∣∣∣ < 2,

as p ≥ 2. (Note that since cosπθ > 0, θ < 1
2 , and so the case p = q − 1 is

impossible.) Now the eigenvalues of V are the roots of

ρ2 − (tr(V ))ρ+ 1 = 0,

and since |tr(V )| < 2, V is elliptic.
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Let r = tr(V ). We now replace r by an algebraic conjugate r′ given by

r′ =
2 sin{πp`(n+ 1)/q}

sin(πp`/q)
,

for a suitable integer `. Then the solutions ρ′1 and ρ′2 of

ρ′2 − r′ρ′ + 1 = 0

are algebraic conjugates of ρ. We choose ` so that p` ≡ 1 (mod q), which

is possible since (p, q) = 1. Hence,

|r′| = 2

∣∣∣∣
sin(π`/q)

sin(π/q)

∣∣∣∣ ≥ 2.

In fact, |r′| > 2, for if ` ≡ ±1 (mod q), then

|r′| = 2

∣∣∣∣
sin(π/q)

sin(πp/q)

∣∣∣∣ = |r| < 2,

which is a contradiction. Thus, ρ′ is real, and at least one of the two values

ρ′1, ρ
′
2 has modulus greater than 1 since |ρ′1 + ρ′2| = |r′| > 2. We are forced

to conclude that a root of unity ρ has a conjugate ρ′ with |ρ′| > 1, which

is impossible. �

Note that if p = 1 the proof fails, for then |r| = 2.

To summarize our work so far, if there exists a nontrivial function f ∈
M(λ, k, γ), then

γ = (−1)ni , (5.15)

N + n∞ +
1

2
ni +

nλ

q
=
k(q − 2)

4q
, q ≥ 3, q ∈ Z, (5.16)

and

λ = 2 cos(π/q), q ≥ 3, q ∈ Z, i.e., λ ∈ TA.

The derivation of Theorem 5.2 proves more than is claimed in the state-

ment. In fact, the essential feature of the proof is an application of Lemma

5.2, and in the proof of the latter we require only that f is a nonconstant,

periodic, meromorphic function in H satisfying the stated transformation

law for some elliptic V = ( ∗ ∗
c d ) ∈ G(λ). Thus we can reformulate Theorem

5.2 in a stronger fashion.
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Theorem 5.3. Suppose there exists a nonconstant function f , meromor-

phic in H and satisfying the transformation laws f(τ + λ) = f(τ) and

f(V τ) = ε

(
cτ + d

i

)k

f(τ),

for some elliptic V = ( ∗ ∗
c d ) ∈ G(λ), with constants λ > 0, k real, and ε 6= 0.

Then if λ < 2, it follows that λ = 2 cos(π/q), where q ∈ Z and q ≥ 3.

Note that in Lemma 5.2 the assumption on the multiplier ε is |ε| = 1,

whereas in Theorem 5.3 we assume only that ε 6= 0. But, if V ∈ G(λ)

is elliptic and ε = ε(V ) 6= 0, it follows from Lemma 5.2 that V has finite

order, and this, together with a calculation, implies |ε(V )| = 1. (Note that

the proof of Lemma 5.2 uses only ε 6= 0, rather than |ε| = 1.)

The significance of this slightly stronger version emerges when we com-

bine it with the final theorem in [59]: If Γ is a linear fractional group

preserving H and Γ contains Sλ = ( 1 λ
0 1 ) for some λ > 0, then Γ is discrete

if and only if Γ supports a nonconstant automorphic form (of some real

weight).

By Theorem 5.3 and Theorem 5.5 (below), when λ < 2, G(λ) supports

a nonconstant automorphic form if and only if λ = 2 cos(π/q), with q ∈ Z

and q ≥ 3. In summary, then, we can state the following theorem.

Theorem 5.4. Let λ < 2. Then G(λ) is discrete if and only if λ =

2 cos(π/q), with q ∈ Z and q ≥ 3.

Theorem 5.5. Let λ ∈ TA. Then there exist functions fλ, fi, and f∞ ∈
M(λ, k, γ) such that each has a simple zero at τλ, i, and i∞, respectively,

and no other zeros. Here, γ is given by (5.15), and k is determined in each

case from (5.16). Thus, fλ ∈M(λ, 4/(q− 2), 1), fi ∈ M(λ, 2q/(q− 2),−1),

and f∞ ∈ M(λ, 4q/(q − 2), 1).

Note that there exists at most one function in each case satisfying the

conditions of the theorem. For if there were two such functions, then a

suitable linear combination would have a zero at i∞ (or a double zero in

the third case of f∞). This however would be incompatible with (5.16).

When we say that, for example, fλ has only one zero, we mean, of course,

up to equivalence.

Proof of Theorem 5.5. We proceed as in the proof of Theorem 4.1. By

the Riemann mapping theorem there exists a function g(τ) that maps the

simply connected region B(λ) one-to-one and conformally onto H. As in

the proof of Theorem 4.1, the mapping is determined uniquely if we specify
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the values of g at three points on the boundary of B(λ). We shall require

that

g(τλ) = 0,

g(i) = 1,

and

g(i∞) = ∞.

We note that g maps the arc of the unit circle from τλ to i onto [0, 1]. The

arc of the unit circle from i to τλ + λ is mapped onto [1, a0] for some real

number a0 > 1. The right-hand edge of B(λ) is mapped onto [a0,∞), and

the left-hand edge of B(λ) is mapped onto (−∞, 0]. As before, we continue

g analytically to H by defining

g(Tiτ) = g(τ), i = 1, 2, 3,

employing repeated reflections, and using the Schwarz reflection principle.

Because B(λ) is a fundamental region for G(λ), g(τ) is well defined. Fur-

thermore, g(τ) is invariant under transformations of G(λ) and analytic on

H.

We now examine g in neighborhoods of τ = i, τλ, and i∞. We first

consider g in a neighborhood of i. Let

t1(τ) = (τ − i)/(τ + i).

From (4.4), t1(−1/τ) = −t1(τ). As before, t(τ) = {t1(τ)}2 is a local

uniformizing variable for g in a neighborhood of i. If we put g1(t) = g(τ),

then g1(t) is one-to-one in a neighborhood of t = 0, and

g1(t) = 1 +
∑

ant
n,

with a1 6= 0. In other words, g(τ) has a double value 1 at τ = i, in the

standard planar local variable at i, that is, τ − i. (As we have shown, of

course, in the local variable t = {(τ − i)/(τ + i)}2 with respect to G(λ),

g(τ) has a simple value 1.)

Near τ = τλ we put

t2(τ) = (τ − τλ)/(τ − τ̄λ).



November 17, 2007 11:23 WSPC/Book Trim Size for 9in x 6in bcb

The case λ < 2 49

Now,

t2(T1T3τ) =
−1/(τ + λ) − τλ
−1/(τ + λ) − τ̄λ

=
τλ(τ + τ−1

λ + λ)

τ̄λ(τ + τ−1
λ + λ)

.

Note that τλ = exp{iπ(1 − 1/q)}, and so τλ/τ̄λ = exp(−2πi/q). Also,

1

τλ
+ λ =

1

− 1
2λ+ iy

+ λ = −1

2
λ− iy + λ = −τλ .

Thus,

t2(T1T3τ) = t2(−1/(τ + λ)) = e−2πi/q τ − τλ
τ − τ̄λ

= e−2πi/qt2(τ).

Now, in analogy with our earlier argument (in a neighborhood of τ = i), we

observe that g(τ) can be rewritten as a function of t2, once again since τ →
t2(τ) is one-to-one on the Riemann sphere; write g(τ) = g̃(t2). Furthermore,

if we put τ ′ = −1/(τ + λ), then t2(τ
′) = e−2πi/qt2(τ) and g(τ ′) = g(τ)

together imply that g̃2(t2) is actually a function of t(τ) = {t2(τ)}q , that is,

g(τ) = g̃(t2) = g2(t
q
2) = g2(t), t = tq2.

Since g2(0) = g(τλ) = 0 and g2(t) is one-to-one in a neighborhood of t = 0,

we see that

g2(t) =
∑

bnt
n,

with b1 6= 0. Thus, g(τ) has a simple zero at τλ in the local variable

t = tq2 = {(τ − τλ)/(τ + τ̄λ)}q with respect to G(λ). (This means that g(τ)

has a zero of order q in the standard local variable τ − τλ.)

Next, put t = exp(2πiτ/λ). The argument used in Chapter 4 to derive

(4.5) shows that we can write g(τ) = g3(t), a single-valued function of

t. Since g is one-to-one on B(λ), it follows that g3(t) is one-to-one in a

neighborhood of t = 0. Since also g(i∞) = ∞, g3(t) has a simple pole at

t = 0, or g(τ) has a simple pole at i∞, where the pole is measured in terms

of t = exp(2πiτ/λ). Furthermore, if

g(τ) = a−1e
−2πiτ/λ + a0 + a1e

2πiτ/λ + · · · ,

then

g′(τ) = a−1(−2πi/λ)e−2πiτ/λ + a1(2πi/λ)e
2πiτ/λ + · · · ,

and since a−1 6= 0, g′(τ) also has a simple pole at i∞.
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We are now ready to construct the functions fλ, fi, and f∞. Define

fλ(τ) =

{ {g′(τ)}2

g(τ)(g(τ) − 1)

}1/(q−2)

,

fi(τ) =

{ {g′(τ)}q

{g(τ)}q−1(g(τ) − 1)

}1/(q−2)

,

and

f∞(τ) =

{ {g′(τ)}2q

{g(τ)}2q−2(g(τ) − 1)q

}1/(q−2)

.

We must show that these functions have the properties enunciated in the

theorem.

Since g has a zero of order q at τλ, (g′)2 has a zero of order 2(q − 1)

at τλ. Thus, (g′)2/g has a zero of order q − 2 at τλ. Also, g(τλ) − 1 6= 0,

since g is one-to-one on B(λ) and g(i) = 1. Hence, fλ has a simple zero at

τ = τλ. Now,

{g′(τ)}2

g(τ)(g(τ) − 1)
= (τ − τλ)q−2g1(τ), (5.17)

where g1 is analytic at τλ and g1(τλ) 6= 0. Thus, we can define an analytic

1/(q − 2)th root of (5.17) in a neighborhood of τλ. Since g(τ) − 1 has a

double zero at τ = i, and g′(τ) has a simple zero at i, fλ is analytic and

nonzero at τ = i. Lastly, note that (g′)2 has a double pole at i∞, and

g(τ)(g(τ) − 1) has a double pole at i∞. Hence, fλ is defined and not zero

at i∞. In conclusion, fλ has only one zero on H ∪ {i∞}, a simple zero at

τλ. We can define an analytic 1/(q − 2)th root in a neighborhood of every

point of H. Hence, since H is simply connected, fλ is analytic on H by the

monodromy theorem.

We consider next fi. Observe that (g′)q has a zero of order q at i, and

g(τ) − 1 has a zero of order 2 at i. Hence, fi has a simple zero at τ = i.

Also, (g′)q has a zero at τλ of order q(q − 1), and gq−1 has a zero at τλ
of order (q − 1)q. Since g(τλ) − 1 6= 0, we conclude that fi is analytic

and nonzero at τ = τλ. Lastly, (g′)q has a pole of order q at i∞. Also,

gq−1(g − 1) has a pole of order q at i∞. Hence, fi is defined and not zero

at i∞. We conclude that fi has but one zero on H ∪ {i∞}, a simple zero

at τ = i. Just as with fλ, we may define an analytic 1/(q − 2)th root in a

neighborhood of every point of H and conclude as before that fi is analytic

on H.
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Lastly, we consider f∞. Note that (g′)2q has a pole at i∞ of order 2q.

Also, g2q−2(g−1)q has a pole at i∞ of order 3q−2. Thus, f∞ has a simple

zero at i∞. Furthermore, (g′)2q has a zero of order 2q(q − 1) at τλ. Also,

g2q−2 has a zero at τλ of order (2q−2)q. Hence, f∞ is analytic and nonzero

at τλ. Now, (g′)2q has a zero of order 2q at i and (g − 1)q has a zero of

order 2q at i. Hence, f∞ is analytic and nonzero at i. Thus, f∞ has only

one zero on H∪{i∞}, a simple one at i∞. As above, f∞ is analytic on H.

To conclude the proof of the theorem we must check that (ii) of Defini-

tion 2.2 is satisfied with the proper value of k. Since g(−1/τ) = g(τ), we

have

d

dt
g(−1/τ) = τ2g′(τ).

First,

fλ(−1/τ) =

{ {g′(−1/τ)}2

g(−1/τ)(g(−1/τ)− 1)

}1/(q−2)

=

{
τ4{g′(τ)}2

g(τ)(g(τ) − 1)

}1/(q−2)

= ε(τ/i)4/(q−2)fλ(τ),

where |ε| = 1. Since fλ(i) 6= 0, by letting τ = i above, we find that ε = 1.

Hence, fλ ∈M(λ, 4/(q − 2), 1).

Secondly,

fi(−1/τ) =

{ {g′(−1/τ)}q

{g(−1/τ)}q−1(g(−1/τ) − 1)

}1/(q−2)

=

{
τ2q{g′(τ)}q

{g(τ)}q−1(g(τ) − 1)

}1/(q−2)

= ε(τ/i)2q/(q−2)fi(τ),

where |ε| = 1. Since fi has a simple zero at τ = i, write

fi(τ) = (τ − i)f1(τ).

Then,

fi(−1/τ) = (−1/τ − i)f1(−1/τ) = − i

τ
(τ − i)f1(−1/τ).
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Hence,

fi(−1/τ)

τ − i
= ε

(τ
i

)2q/(q−2) fi(τ)

τ − i
,

which implies that

− i

τ
f1(−1/τ) = ε

(τ
i

)2q/(q−2)

f1(τ).

Since f1(i) 6= 0, by putting τ = i above, we find that ε = −1. Hence,

fi ∈ M(λ, 2q/(q − 2),−1).

Thirdly,

f∞(−1/τ) =

{ {g′(−1/τ)}2q

{g(−1/τ)}2q−2(g(−1/τ) − 1)q

}1/(q−2)

=

{
τ4q{g′(τ)}2q

{g(τ)}2q−2(g(τ) − 1)q

}1/(q−2)

= ε(τ/i)4q/(q−2)f∞(τ),

where |ε| = 1. Since f∞(i) 6= 0, we can let τ = i above to conclude that

ε = 1. Hence, f∞ ∈M(λ, 4q/(q − 2), 1). �

We are now able, in the next theorem, to give more precise information

than that contained in Corollary 5.1, Theorem 5.1, and Theorem 5.2.

Theorem 5.6. If λ /∈ TA, then dimM(λ, k, γ) = 0. If λ = 2 cos(π/q) ∈
TA, then for nontrivial f ∈ M(λ, k, γ), the weight k has the form

k =
4m

q − 2
+ 1 − γ, (5.18)

where m ≥ 1 is an integer. Furthermore,

dimM(λ, k, γ) = 1 +

[
m+ (γ − 1)/2

q

]
. (5.19)

Remark 5.3. 1. Since m ≥ 1 in formula (5.18), the case m = 0 is not

included here in (5.19). Nevertheless, the formula (5.19) does hold when

m = 0 in (5.18).

To see this, note first that (5.18) with m = 0 implies that k = 1−γ = 0

or 2, according as γ = 1 or −1. We show that in either event the existence

of nonconstant f ∈M(λ, 1 − γ, γ) is ruled out by the relation (5.16).

Suppose that γ = 1 and k = 0. Assume f ∈ M(λ, 0, 1) and suppose

f(z0) = c for some z0 ∈ H. Then letting g(z) = f(z)− c, we conclude that
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g ∈M(λ, 0, 1) and g(z0) = 0. But an application of (5.16) to g implies that

g is zero-free in H ∪ {i∞}. This is a contradiction unless g(z) ≡ 0, and so

f(z) ≡ c. We conclude that dimM(λ, 0, 1) = 1.

Suppose next that γ = −1 and k = 2. Then assumption (ii) in the

definition of M(λ, 2,−1) implies that f(i) = −f(i), so f(i) = 0 and ni ≥ 1.

But, (5.16) in this case yields

1

2
ni ≤ N + n∞ + ni/2 + nλ/q =

q − 2

2q
<

1

2
.

This contradiction implies that f(z) ≡ 0, so that dimM(λ, 2,−1) = 0.

On the other hand, when m = 0 and γ = 1, the right-hand side of (5.19)

equals 1, while the right-hand side of (5.19) is 1 + [−1/q] = 0 when m = 0

and γ = −1. Thus (5.19) is valid when m = 0 in (5.18).

2. An application of (5.16) as in Remark 5.3. 1. (above) leads to the

observation that dimM(λ, k, γ) = 0 if k = 0, γ = −1, and if k < 0.

Proof of Theorem 5.6. First, suppose that f ∈M(λ, k, 1). From (5.15),

ni is even. From (5.16),

k(q − 2)

4
= m,

where m is a positive integer. Therefore,

k =
4m

q − 2
= mkλ,

where kλ = 4/(q−2), the minimum value of the parameter (i.e., the weight)

k of nontrivial f ∈M(λ, k, 1) and the value k for the invariant function fλ

of Theorem 5.5. This proves (5.18) for γ = 1.

Proceeding with the case γ = 1, we put

f1(τ) = f(τ) − αfm
λ (τ),

where α is chosen so that f1 has a zero at i∞. This is possible since

fλ(i∞) 6= 0. Note that, since k = mkλ, f1 ∈ M(λ, k, 1). If f1 6≡ 0, let

f2(τ) = f1(τ)/f∞(τ).

Both f1 and f∞ are analytic on H, and the only zero of f∞ on H ∪ {i∞},
i.e., i∞, is cancelled by the zero of f1 at i∞. Thus, f2 is analytic on H and
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well defined at i∞, that is, f2 has a finite vertical limit at i∞. Now,

f2(−1/τ) =
(τ/i)kf1(τ)

(τ/i)4q/(q−2)f∞(τ)
= (τ/i)k−4q/(q−2)f2(τ).

Hence, f2 ∈M(λ, k − k∞, 1), where k∞ = 4q/(q − 2). Thus,

f(τ) = f1(τ) + αfm
λ (τ) = f2(τ)f∞(τ) + αfm

λ (τ). (5.20)

Note that k − k∞ = mkλ − qkλ = (m − q)kλ. We now repeat with f2 the

argument that we made with f . We obtain a function f4, say, such that

f4 ∈M(λ, (m− 2q)kλ, 1). Furthermore,

f4(τ) = f3(τ)/f∞(τ),

where

f3(τ) = f2(τ) − βfm−q
λ (τ),

for a suitable constant β. Thus, we can write

f(τ) = {f4(τ)f∞(τ) + βfm−q
λ (τ)}f∞(τ) + αfm

λ (τ). (5.21)

We continue this process until we get a function f ∗ with weightm∗kλ ≤ qkλ,

that is, 0 < m∗ ≤ q. For with each application of the procedure we decrease

the weight by qkλ. Now consider

f∗∗ = f∗ − α∗fm∗

λ ,

where α∗ is chosen so that f∗∗(i∞) = 0. Clearly, f∗∗ ∈ M(λ,m∗kλ, 1).

From (5.16),

N + n∞ +
1

2
ni +

nλ

q
=
m∗kλ(q − 2)

4q
=
m∗kλ

kλq
=
m∗

q
.

Thus, f∗∗ has m∗/q zeros. Since f∗∗ has a zero at i∞, we have a contra-

diction if m∗ < q, unless f∗∗ ≡ 0, i.e.,

f∗ = α∗fm∗
λ .

Suppose that m∗ = q. Since f∗∗ has a zero at i∞, then f∗∗ can have no

other zeros. We also have both f ∗∗ and f∞ ∈ M(λ, qkλ, 1), for qkλ = k∞.

From our remarks after the statement of Theorem 5.5, f ∗∗ is a constant

multiple of f∞. In summary, either

f∗ = α∗fm∗

λ
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or

f∗ = α∗f q
λ + β∗f∞.

Hence, upon repeated substitution, we find eventually that f is of the form

f =
∑

0≤ν≤[m/q]

bνf
ν
∞f

m−qν
λ , (5.22)

for some constants bν , 0 ≤ ν ≤ [m/q]. We have shown that every f ∈
M(2 cosπ/q, k, 1) can be written as a linear combination of the [m/q] + 1

functions in the set

S := {fν
∞f

m−qν
λ : 0 ≤ ν ≤ [m/q]}.

On the other hand, it is clear that each of the functions in S lies in

M(2 cosπ/q, k, 1).

Thus to complete the proof in the case γ = 1, it suffices to prove that

the functions in S are linearly independent. Suppose, then, that there exist

complex constants aν such that
∑

0≤ν≤[m/q]

aνf
ν
∞f

m−qν
λ = 0,

or
∑

0≤ν≤[m/q]

aν(f∞/f
q
λ)ν = 0 (τ 6= τλ).

By noting that (f∞/f
q
λ)ν has a zero of order exactly ν at i∞, we find that

aν = 0 for 0 ≤ ν ≤ [m/q]. It follows that the functions in S are linearly

independent. Thus we have derived (5.19) in the case γ = 1.

Consider the case γ = −1. Let f ∈ M(λ, k,−1), with f 6≡ 0. Then ni

is odd and

f/fi ∈M(λ, k − 2q/(q − 2), 1). (5.23)

By the earlier part of the proof of the theorem (specifically (5.18) for the

case γ = 1), if k − 2q/(q − 2) > 0, then

k − 2q

q − 2
=

4m

q − 2
= mkλ, (5.24)

where m is a positive integer. It follows that

k =
4m

q − 2
+

2q

q − 2
=

4(m+ 1)

q − 2
+ 2,
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and so (5.18) holds in this case.

Observe further that since g ∈M(λ, k−2q/(q−2), 1), we conclude that

f = fig ∈ M(λ, k,−1). This, together with (5.23), implies that

dimM(λ, k,−1) = dimM(λ, k − 2q/(q − 2), 1),

which, in turn, equals

1 +

[
m

q

]
= 1 +

[
m+ 1− 2/2

q

]
,

by (5.19) for the case γ = 1. The theorem then follows for the case γ = −1,

provided that k > 2q/(q − 2).

Suppose now that k ≤ 2q/(q− 2), so that k − 2q/(q − 2) (the weight of

f/fi) is ≤ 0. If k − 2q/(q − 2) < 0, an application of (5.16) to f/fi leads

to a contradiction unless f/fi ≡ 0. It follows that f ≡ 0, and so there is

nothing to prove. If k−2q/(q−2) = 0, then k = 2q/(q−2) = 4/(q−2)+2,

and so (5.18) holds with m = 1. Furthermore, in Remark 5.3 immediately

preceding the proof of this theorem, we established that

dimM(λ, k − 2q/(q − 2), 1) = 1,

so that

dimM(λ, k,−1) = 1 = 1 +

[
2

q

]
= 1 +

[
1 + 2/2

q

]
.

This, then, proves (5.19) for the case k − 2q/(q − 2) = 0 and γ = −1 and,

with it, Theorem 5.6 in its entirety. �

Remark 5.4. Observe that f2
i ∈ M(λ, 4q/(q − 2), 1). In the notation of

(5.22) of Theorem 5.6, m = q. Since then [m/q] = 1, we see that, from

(5.22),

f2
i = αf q

λ + βf∞,

for some constants α and β. By comparing the zeros, we find that both α

and β are nonzero. In particular, f∞ is a polynomial in fi and fλ. Hence,

if f ∈ M(λ, k, γ), it follows from (5.22) and (5.23) that f may be written

as a polynomial in fi and fλ.

Theorem 5.6 gives us the precise dimension of M(λ, k, γ). However,

since we are interested in the number of Dirichlet series of signature (λ, k, γ),

we wish to calculate dimM0(λ, k, γ).
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Remark 5.5. 1. When λ = 1, that is, q = 3 (the case of the modular

group), Theorem 5.6 implies that k ∈ 2Z.

2. It is worth noting that the restriction (5.18) on admissible weights

k arises from condition (i) of Definition 2.2. Specifically, it is the pure

periodicity of f ∈ M(λ, k, γ) (f(τ + λ) = f(τ) follows from (i)) that is the

basis for (5.18).

For the remainder of this chapter we assume that λ ∈ TA, so λ =

2 cos(π/q), with q ∈ Z and q ≥ 3.

Definition 5.2. If f ∈ M(λ, k, γ) and f(i∞) = 0, then we call f a cusp

form of weight k and multiplier γ with respect to G(λ). We denote by

C(λ, k, γ) the vector space of all cusp forms of weight k and multiplier γ

with respect to G(λ).

Observe that

dimM(λ, k, γ) − dimC(λ, k, γ) ≤ 1. (5.25)

Indeed, for any two elements in M(λ, k, γ) not vanishing at i∞, we may

form a linear combination vanishing at i∞. Thus, in a basis for M(λ, k, γ)

we may replace the aforementioned two elements not vanishing at i∞ by

one of the two elements and the constructed cusp form.

Theorem 5.7. Let k be an arbitrary real number, and, as usual, let τ =

x+ iy ∈ H.

(a) For f ∈ C(λ, k, γ),

f(τ) = O(y−k/2),

uniformly in x, as y → 0+.

(b) For f ∈M(λ, k, γ),

f(τ) =

{
O(y−k), if k ≥ 0,

O(y−k/2), if k < 0,

uniformly in x, as y → 0+.

Proof of (a). Let

F (τ) = F (x+ iy) = |yk/2f(τ)|.
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Let V = (aτ + b)/(cτ + d) ∈ G(λ). Then, Im(V τ) = y/|cτ + d|2, and so

F (V τ) = |yk/2(cτ + d)−kf(V τ)|
= |yk/2(cτ + d)−k(cτ + d)kf(τ)|
= |yk/2f(τ)| = F (τ).

Hence, F is invariant under transformations inG(λ). Now, since f(i∞) = 0,

F (x+ iy) tends to 0 as y tends to +∞. Furthermore, f(τ) is continuous on

the closed set {τ : |x| ≤ λ/2, |τ | ≥ 1}. These two facts imply that F (τ) is

bounded on B(λ). Since B(λ) is a fundamental region and F is invariant

under transformations of G(λ), for all τ ∈ H,

F (τ) = |yk/2f(τ)| ≤ A,

from which the result follows. �

Proof of (b). The idea of the proof is the same as in (a), but the details

are somewhat more involved. Again let

F (τ) = F (x+ iy) = yk/2|f(τ)|;

as in the proof of (a), F (V τ) = F (τ) for all V ∈ G(λ). By Definition 2.2,

f(τ) has an expansion at i∞ of the form

f(τ) =

∞∑

n=0

ane
2πinτ/λ.

Thus since λ < 2 (so that B(λ) lies in the strip {τ = x + iy : |x| ≤ 1
2 , y ≥

1
2

√
4 − λ2}), it follows that

F (τ) ≤ Kyk/2, K > 0, τ ∈ B(λ) ∩ H. (5.26)

The next step is to apply (5.26) and the invariance of F under G(λ) to

derive an inequality for F (τ) valid in all of H. Toward this end, we prove

the following lemma.

Lemma 5.3. (i) If V = ( ∗ ∗
0 ∗ ) ∈ G(λ), then V = ±Sn

λ , with n ∈ Z.

(ii) Suppose V = ( ∗ ∗
c ∗ ) ∈ G(λ), with c 6= 0, then c2 ≥ (1 + λ2/4)−1.

Proof. We begin with the observation that, by the definition of B(λ) (see

Theorem 3.1), the set
⋃

n∈Z

Sn
λ{B(λ)} (5.27)
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contains the closed upper half-plane {z : Im z ≥ 1}.
(i) Suppose V =

(
a b
0 d

)
=
(

a b
0 1/a

)
∈ G(λ), so that V z = a2z + ab.

We claim that V = ±Sn
λ , n ∈ Z. Suppose not; then there exists n0 ∈

Z such that V (B(λ)) ∩ Sn0

λ (B(λ)) is a nonempty open set. Since V 6=
±Sn0

λ , this contradicts condition (i) of Definition 3.3, which B(λ) satisfies

by Theorem 3.1.

(ii) Let V = ( ∗ ∗
c d ) ∈ G(λ), with c 6= 0. Put

V ′ = V Sn
λ =

(∗ ∗
c d+ nλc

)
,

with n ∈ Z. We can choose n ∈ Z so that d′ = d + nλc satisfies the

inequality |d′| ≤ λ|c|/2. On the other hand, since c 6= 0, by (5.27) and

condition (i) of Definition 3.3, Im(V τ) ≤ 1 for τ ∈ B(λ). Thus,

Im τ

|cτ + d′|2 = Im(V ′τ) ≤ 1, or |cτ + d′|2 ≥ y,

for τ ∈ B(λ). Applying this inequality with τ = i ∈ B(λ), we find that

c2(1 + λ2/4) = c2 + (λ2/4)c2 ≥ c2 + d′2 = |ci+ d′|2 ≥ 1;

that is to say, c2 ≥ (1 + λ2/4)−1, as claimed. �

Remark 5.6. Since B(λ) is actually the same as the Ford Fundamental

Region

B∗(λ) =

{
τ ∈ H : |Re τ | < λ/2, |cτ + d| > 1 ∀V =

(∗ ∗
c ∗

)
∈ G(λ), c 6= 0

}

(see [73, p. 139] or [74, pp. 57–58]), the inequality
Im τ

|cτ + d′|2 ≤ 1 that we

derived in the proof of Lemma 5.3(ii) can be supplanted by the inequality
Im τ

|cτ + d′|2 ≤ Im τ , which is sometimes stronger. This supplemental inequal-

ity could be used to prove Lemma 5.3(ii), but the proof that B∗(λ) = B(λ)

would require an extensive digression.

We continue the proof of Theorem 5.7(b). Given τ = x+ iy in H, there

exist z ∈ B(λ) ∩ H and V =
(

a b
c d

)
∈ G(λ) such that τ = V z, by property
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(ii) of Definition 3.3. Then

|f(τ)| = y−k/2F (τ) = y−k/2F (V z) = y−k/2F (z)

≤ Ky−k/2(Im z)k/2,

by (5.26).

Suppose that k ≥ 0. We have

Im z = Im(V −1τ) =
Im τ

|−cτ + a|2 =
y

|−cτ + a|2 .

If c = 0, then by Lemma 5.3(i), it follows that Im z = Im τ . If c 6= 0, then

by Lemma 5.3(ii),

|−cτ + a|2 = c2y2 + (a− cx)2 ≥ c2y2 ≥
(

1 +
1

4
λ2

)−1

y2.

In this case it follows that Im z ≤
(
1 + 1

4λ
2
)
y−1. In either case, then,

Im z ≤ y +
(
1 + 1

4λ
2
)
y−1, and we conclude that

|f(τ)| ≤ Ky−k/2

{
y +

(
1 +

1

4
λ2

)
y−1

}k/2

≤ K1y
−k, (5.28)

for all y ≥ 1, say. This completes the proof for the case k ≥ 0.

Suppose that k < 0. We return to the inequality

|f(τ)| = y−k/2F (τ) = y−k/2F (V z) = y−k/2F (z) ≤ Ky−k/2(Im z)k/2.

Since k < 0, we require a lower bound for Im z. But, since z ∈ B(λ), it

follows that Im z ≥
√

1 − 1
4λ

2, so that |f(τ)| ≤ K2y
−k/2. This completes

the proof of Theorem 5.7. �

Corollary 5.3. (a) For arbitrary real k,

M(λ, k, γ) = M0(λ, k, γ).

In particular, C(λ, k, γ) ⊂M0(λ, k, γ).

(b) If k < 0, then

M(λ, k, γ) = M0(λ, k, γ) = {0}.

In particular, C(λ, k, γ) = {0}.
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Proof. (a) Since M0(λ, k, γ) ⊂M(λ, k, γ) by definition, it suffices to prove

the reverse inequality. But this follows from Theorem 5.7(b) and Lemma

2.2.

(b) Let f(τ) ∈ M(λ, k, γ), and consider the expansion at i∞ given in

Definition 2.2, namely,

f(τ) =
∞∑

n=0

ane
2πinτ/λ, τ ∈ H.

By interchanging the order of summation and integration, we find that

an =
1

λ

∫ τ0+λ

τ0

f(ζ)e−2πinζ/λdζ,

where the integration is along a horizontal path, and where τ0 is an arbitrary

point in H. Then, Theorem 5.7(b) implies that

|an| ≤ Ky
−k/2
0 e2πny0/λ, y0 = Im τ0 > 0.

Since −k/2 > 0, we let y0 → 0+ to deduce that an = 0 for all n ≥ 0. This

implies that f(τ) ≡ 0. �

Remark 5.7. 1. If we invoke the method of proof of Corollary 5.3(b) in

the case k = 0, we obtain |an| ≤ K, a result insufficient to prove that f is,

in fact, constant. The latter result does hold, however (see [63]).

2. Hecke [46, p. 222] applied the method of proof of Corollary 5.3(b) and

the estimate in Theorem 5.7(a) to obtain an = O(nk/2) for the coefficients

an of cusp forms. The same method, together with Theorem 5.7(b), yields

an = O(nk) for the coefficients of entire forms (k ≥ 0).

3. Note that Corollary 5.3(b) follows directly from Lemma 5.1.

Theorem 5.8. We have

dimC(λ, k, γ) =

[
m+ (γ − 1)/2

q

]
,

where k = 4m/(q − 2) + 1 − γ.

Proof. By Theorem 5.6,

dimM(γ, k, γ) = 1 +

[
m+ (γ − 1)/2

q

]
.

On the other hand, in the proof of Theorem 5.5 we constructed automorphic

forms fλ, fi with the properties fλ ∈ M(λ, 4/(q − 2), 1), fλ(i∞) 6= 0; fi ∈
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M(λ, 2q/(q − 2),−1), fi(i∞) 6= 0. Furthermore, by Theorem 5.6,

the only admissible values for k have the form (5.18). But fm
λ ∈

M(λ, 4m/(q − 2), 1) with fm
λ (i∞) 6= 0 and fif

m−1
λ ∈ M(λ, 4m/(q − 2) +

2,−1) with fi(i∞)fm−1
λ (i∞) 6= 0. Thus, by (5.25), dimM(λ, k, γ) =

dimM0(λ, k, γ) = dimC(λ, k, γ) + 1, and so Theorem 5.8 follows from

(5.19). �

Corollary 5.4. The dimension of the space of entire Dirichlet series of

signature (λ, k, γ) is
[
m+ (γ − 1)/2

q

]
.

We now give some examples of functions belonging to M0(1, k, γ). First

we prove a lemma.

Lemma 5.4. Let k > 2. Then

∞∑′

m,n=−∞
|mτ + n|−k

converges for every τ ∈ H. Furthermore, the convergence is uniform on

compact subsets of H. Here, the dash ′ indicates that the term with m =

n = 0 is omitted from the summation.

Proof. Fix τ ∈ H and let

Sr = {±rτ + n;nτ ± r : −r ≤ n ≤ r},

where r ≥ 1 is an integer. Note that the set Sr contains 8r points. Let

h = h(τ) denote the distance of S1 from the origin. Then hr is the distance

of Sr from the origin. Thus, if mτ + n ∈ Sr, then |mτ + n| ≥ hr. Hence,
∑

mτ+n∈Sr

|mτ + n|−k ≤ 8r(rh)−k

and

∞∑′

m,n=−∞
|mτ + n|−k =

∞∑

r=1

∑

mτ+n∈Sr

|mτ + n|−k ≤ 8h−k
∑

r−k+1 <∞,

if k > 2. If τ belongs to some compact set S in H, then {h(τ)}−k ≤ A.

By Weierstrass’s M -test the convergence is uniform on compact subsets

of H. �



November 17, 2007 11:23 WSPC/Book Trim Size for 9in x 6in bcb

The case λ < 2 63

Definition 5.3. For k > 2 and τ ∈ H, define the Eisenstein series Gk(τ)

by

Gk(τ) =

∞∑′

m,n=−∞
(mτ + n)−k.

Theorem 5.9. If k > 2 is an even integer, Gk(τ) ∈ M0(1, k, (−1)k/2).

Furthermore, for τ ∈ H,

Gk(τ) = 2ζ(k) +
2(2πi)k

Γ(k)

∑
σk−1(n)e2πiτn, (5.29)

where

σa(n) =
∑

d|n
d>0

da.

Proof. Since k > 2, Gk(τ) is analytic on H by Lemma 5.4. Now,

Gk(−1/τ) = τk

∞∑′

m,n=−∞
(−m+ nτ)−k

= τkGk(τ) = (−1)k/2(τ/i)kGk(τ).

Thus, property (ii) of Definition 2.2 is valid. If we prove (5.29), (i) and

(iii) of Definition 2.2 will follow since it is well known that σk−1(n) satisfies

(iii).

Since k is even, we have, upon separating the terms with m = 0,

Gk(τ) = 2ζ(k) + 2

∞∑

m=1

∞∑

n=−∞
(mτ + n)−k. (5.30)

It is well known [1, p. 187] that for τ ∈ H,

π2

sin2 πτ
=

∞∑

n=−∞
(n+ τ)−2.

Thus,

∞∑

n=−∞
(n+ τ)−2 =

(2πi)2

(eπiτ − e−πiτ )2
=

(2πi)2e2πiτ

(1 − e2πiτ )2

= (2πi)2
∑

ne2πinτ .
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Differentiate both sides, above, k − 2 times with respect to τ to obtain

(k − 1)!
∞∑

n=−∞
(n+ τ)−k = (2πi)k

∑
nk−1e2πinτ . (5.31)

Replacing τ by mτ and summing on m, we arrive at

∞∑

m=1

∞∑

n=−∞
(mτ + n)−k =

(2πi)k

Γ(k)

∑∑
nk−1e2πimnτ

=
(2πi)k

Γ(k)

∑
σk−1(n)e2πinτ . (5.32)

Combining (5.32) with (5.30), we arrive at (5.29), and so the proof is com-

plete. �

Remark 5.8. The formula (5.31) is a special case of the Lipschitz sum-

mation formula. (See [60, p. 65].)

Corollary 5.5. If k > 2 is even, ζ(s)ζ(s − k + 1) has signature

(1, k, (−1)k/2).

Proof. Since

ζ(s)ζ(s − k + 1) =
∑

σk−1(n)n−s,

the result follows from Theorem 5.9. �

Note that f1 ∈ M0(1, 4, 1) and fi ∈ M0(1, 6,−1). Here, f1 = fλ (in the

notation of Theorem 5.5) when λ = 1, and is not to be confused with either

of the functions with the same designation in the proofs of Theorems 5.5

and 5.6. Since dimM0(1, 4, 1) = dimM0(1, 6,−1) = 1, it follows that G4 is

a multiple of f1 and G6 is a multiple of fi. In particular, the only zero of

G4(τ) on B(1) (up to equivalence) is a simple zero at exp(2πi/3).

Definition 5.4. For even k > 2, the normalized Eisenstein series Ek(τ)

is defined by

Ek(τ) =
Gk(τ)

2ζ(k)
= 1 + (−1)k/2Ak

∑
σk−1(n)e2πinτ ,

where

Ak :=
(2π)k

Γ(k)ζ(k)
.

Theorem 5.10. The numbers Ak are rational, when k ≥ 2 is even.
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Proof. We begin with the familiar formula [105, p. 114]

sin z = z

∞∏

n=1

(
1 − z2

n2π2

)
.

It follows that for |z| < π,

z cot z = z
d

dz
log(sin z)

= 1 − 2z2
∑ 1

n2π2(1 − z2/n2π2)

= 1 − 2

∞∑

n=1

∞∑

m=0

(z2/n2π2)m+1

= 1 − 2
∞∑

m=1

(z/π)2m
∞∑

n=1

n−2m

= 1 − 2
∑

(z/π)2mζ(2m). (5.33)

On the other hand, it is clear that the Maclaurin series coefficients of z cot z

are rational. Hence, ζ(2m)/π2m is rational, m = 1, 2, . . . , and the result

follows. �

Definition 5.5. If k ≥ 2 is even, Bk = 2k/Ak is the kth Bernoulli

number.

We now construct some cusp forms for the full modular group. First,

note that, by Theorem 5.8,

dimC(1, k, γ) =

{[
1
12k
]
, if γ = 1,

[
1
12k − 1

6

]
, if γ = −1,

or, if k ≥ 4,

dimC(1, k, γ) =

{[
1
12k
]
, if k 6≡ 2 (mod 12),

[
1
12k
]
− 1, if k ≡ 2 (mod 12).

Definition 5.6. For τ ∈ H, the classical discriminant function ∆(τ) is

defined by

∆(τ) =
E4(τ)

3 −E6(τ)
2

1728
.
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Since the Fourier expansions of E4 and E6 both begin with 1, it is clear

that ∆(τ) ∈ C(1, 12, 1). Note that 12 is the least value of k for which there

exists a nontrivial cusp form. Now, A4 = 240 and A6 = 504. This can be

seen, for example, by a direct calculation of the Maclaurin series for z cot z

and the use of (5.33). Thus,

∆(τ) =
1

1728

{(
1 + 240

∑
σ3(n)e2πinτ

)3

−
(
1 − 504

∑
σ5(n)e2πinτ

)2
}

=
∑

ane
2πinτ , (5.34)

say. Since σ3(1) = σ5(1) = 1,

a1 =
3 · 240 + 2 · 504

1728
= 1.

In fact, as we shall see below, an is integral for all n.

Definition 5.7. The classical Dedekind eta function η(τ) is defined for

τ ∈ H by

η(τ) = eπiτ/12
∞∏

n=1

(1 − e2πinτ ). (5.35)

It is well known [60, p. 43] that η(τ) is a modular form (in a more

general sense than we have defined here) of weight 1
2 on the full modular

group. Indeed, the behavior of η(τ) under Γ(1) = G(1) is analogous to

that of θ(τ) under the subgroup (of index 3) Γθ = G(2). (For example,

(1.1) holds with θ(τ) replaced by η(τ).) Since the translation property

η(τ + 1) = eπi/12η(τ) follows directly from the definition (5.35) and since

G(1) = Γ(1) =< S, T >, it follows that η(τ) transforms into itself under

transformations in G(1). (See [60, pp. 43–45, proof of Theorem 10] and the

argument in Chapter 7 here, immediately preceding Remark 7.7.) Thus,

η(τ)24 = e2πiτ
∞∏

n=1

(1 − e2πinτ )24 ∈ C(1, 12, 1).

Since dimC(1, 12, 1) = 1 and both η(τ)24 and ∆(τ) have leading coeffi-

cient 1, η(τ)24 = ∆(τ). It is also clear that an is integral for every n.

The coefficients an are usually denoted by τ(n), Ramanujan’s arithmetical

function. For an excellent introduction to the properties of τ(n) see [43,

Chapter 10]. Further informative expository papers have been written by

F. van der Bliji [108], M. R. Murty [84], V. K. Murty [85], R. A. Rankin

[93], and H. P. F. Swinnerton-Dyer [102], with the papers by van der Bliji,
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M. R. Murty, and Rankin containing lengthy lists of references. In 1916

Ramanujan conjectured that τ(n) is multiplicative, and this was proved by

L. J. Mordell [80] in 1917. (It is of historical interest that in [80] Mordell

invented the “Hecke operators” in order to prove the multiplicativity of

τ(n).) Mordell also showed that for σ = Re s sufficiently large,

∑
τ(n)n−s =

∏

p

(1 − τ(p)p−s + p11−2s)−1,

where the product is taken over all primes. The product actually converges

absolutely for σ > 13/2. A second deep conjecture of Ramanujan,

|τ(p)| ≤ 2p11/2,

where p is any prime, resisted all efforts to prove it for nearly sixty years,

until finally P. Deligne succeeded in 1974 [28]. A third well-known problem

concerning τ(n) is Lehmer’s question whether τ(n) is ever 0 [72]. There is

a good deal of numerical evidence to support the proposition that τ(n) 6= 0

for all n ∈ Z+, but the problem appears very difficult. (The nonvanishing

of τ(n) is often referred to as “Lehmer’s conjecture,” even though he never

conjectured it.)

We close this chapter by indicating how one can construct Dirichlet

series of signature (λ, k, γ) from those of signature (1, k, γ) for certain λ.

First, if λ is a positive integer the problem is trivial, for in the notation of

Theorem 2.1,

Φ(s) = (2π)−sΓ(s)ϕ(s), ϕ(s) =
∑

ann
−s,

may be rewritten as

Φ∗(s) =

(
2π

λ

)−s

Γ(s)ϕ∗(s), ϕ∗(s) =
∑

an(λn)−s,

and ϕ∗(s) is again a Dirichlet series, since λ ∈ Z+. On the other hand,

ϕ(s) has signature (1, k, γ) and Φ∗(s) = Φ(s), and so Φ∗(k − s) = γΦ∗(s).
It follows that ϕ∗(s) has signature (λ, k, γ).

We now construct functions in the space M0(λ
1

2 , k, γ) from those in

M0(1, k, γ), where λ is a positive integer. Let f ∈ M0(1, k, γ) and put

g(z) = f(z/λ), z ∈ H. Then,

f(−λ/z) = γ(z/iλ)kf(z/λ) = γ(z/iλ)kg(z)



November 17, 2007 11:23 WSPC/Book Trim Size for 9in x 6in bcb

68 Hecke’s Theory of Modular Forms and Dirichlet Series

and

g(−λ/z) = f(−1/z) = γ(z/i)kf(z).

If we put

H(z) = f(z) + λ−k/2g(z),

it follows that

H(−λ/z) = γ(z/iλ)kg(z) + γ(z/i)kλ−k/2f(z)

= γ(z/i)kλ−k/2H(z).

Note also that H(z + λ) = H(z).

Now put z =
√
λ τ , τ ∈ H. Define

F (τ) = H(z) = H
(√

λ τ
)
.

Then,

F
(
τ +

√
λ
)

= H
(√

λ τ + λ
)

= H
(√

λ τ
)

= F (τ),

and

F (−1/τ) = H
(
−
√
λ/τ

)
= H(−λ/z) = γ(z/i)kλ−k/2H(z)

= γ(τ/i)kF (τ).

Hence, F ∈M0

(√
λ, k, γ

)
.
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The case λ = 2

The group G(2) is, in fact, a subgroup of index 3 of the modular group

G(1). (See [60, p. 9].) Recall that, for λ < 2 and λ ∈ TA, we showed that

the function g(τ) in Theorem 5.5 has a zero of order q at τλ in the standard

planar local variable τ − τλ. From g(τ) we were able to construct a basis

for M(λ, k, γ). The behavior of a modular form with respect to G(2) in

a neighborhood of τλ = τ2 = −1 will be more difficult to determine as

−1 /∈ H. We would first like to establish a lemma analogous to Lemma

5.1. However, to do this, a study of functions in M(2, k, γ) near τ = −1 is

necessary.

Our initial task is to find a local uniformizing variable near τ = −1 for

f ∈ M(2, k, γ). It will be convenient to transform τ = −1 to i∞ by the

modular transformation

z = z(τ) = −1/(τ + 1). (6.1)

Note that −1 is fixed under the transformation

V (τ) = −1/(τ + 2) (6.2)

in G(2). Now,

z(V τ) =
−1

−1/(τ + 2) + 1
= −τ + 2

τ + 1
= z(τ) − 1. (6.3)

Inverting (6.1), we find that τ = τ(z) = −(z + 1)/z. Another elementary

calculation like that in (6.3) gives τ(z−1) = −1/(τ+2) = V (τ). That is to

say, the map τ → V (τ) is equivalent to the map z → z−1. This observation

can be applied to show that t(τ) = exp{2πiV (τ)} = exp{−2πi/(τ + 1)} is

a local variable at the cusp −1 with respect to G(2).

69
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In order to establish this, it suffices to show that there exists a subset

N (−1, 2) = N in a punctured neighborhood U of −1 such that t(τ) has

properties (i), (ii), and (iii) of Definition 4.1. Since our functions are de-

fined only on H ∪ Q+ = H ∪ Q ∪ {i∞}, we must first define “punctured

neighborhoods” of −1 in such a way that they lie inside H.

The idea for doing this is motivated by the definition we gave in Chapter

4 of a “punctured neighborhood” of i∞. This is defined as any open half-

plane of the form Im τ > B, with B > 0. Observe that τ → z(τ) maps

−1 to i∞ and the circle of radius 1/(2y0), y0 > 0, centered at −1+ i/(2y0)

(thus tangent to the real line at τ = −1) onto the horizontal line at height

y0. Furthermore, let D be the open disc bounded by the circle above; then

z(τ) maps D onto the open half-plane Im τ > y0 in a one-to-one fashion.

This suggests the requisite definition.

Definition 6.1. A punctured neighborhood of −1 is any open disc U =

U(y0) of the form

(x+ 1)2 +

(
y − 1

2y0

)2

=
1

2y0
, (6.4)

with τ = x+ iy and y0 > 0.

We now define the required subset N = N (−1, 2) = N (−1, 2; y0) to be

the “triangle” in H bounded by the three circular arcs:

(a) the circle defined by (6.4),

(b) the unit circle x2 + y2 = 1,

(c) the circle (x+ 2)2 + y2 = 1.

Note that one of the vertices of the triangle lies at the point −1. A simple

calculation shows that τ → z(τ) maps this triangle onto the open half-strip

{
z ∈ H : |Re z| < 1

2
, Im z > y0

}
(6.5)

in a one-to-one manner.

We have previously observed that τ → V (τ) is equivalent to z → z− 1.

Also, distinct points of the half-strip (6.5) are inequivalent with respect to

the map z → z−1. Thus, since by Theorem 3.1B(2) is a fundamental region

for G(2), it follows readily that for y0 > 0 sufficiently large (y0 > 1 will do),

distinct points of N (−1, 2; y0) are inequivalent modulo G(2). Furthermore

t = exp{2πiz(τ)} = exp{−2πi/(τ + 1)}
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maps N (−1, 2; y0) one-to-one onto the punctured disc D′ : 0 < |t| < e−2πy0 ,

since this is the image of the half-strip (6.5) under z → exp(2πiz). Thus,

t(τ) = exp{−2πi/(τ+1)} is indeed a local uniformizing variable at −1 with

respect to G(2). We show that a modular form with respect to G(2), of any

weight, has an expansion at −1 in the variable t(τ). This is the content of

the following result.

Theorem 6.1. (a) Let f ∈ M(2, k, γ). Then there exists a real number

ρ, 0 ≤ ρ < 1, such that for τ ∈ H,

f(τ) =

(
τ + 1

i

)−k ∞∑

n=−∞
ane

2πi(n+ρ)z(τ)

=

(
τ + 1

i

)−k ∞∑

n=−∞
ane

−2πi(n+ρ)/(τ+1), (6.6)

where {an} is a sequence of complex numbers.

(b) If f ∈ M0(2, k, γ), then the expansion (6.6) has no terms with

n+ ρ < 0; that is, (6.6) takes the form

f(τ) =

(
τ + 1

i

)−k ∑

n+ρ≥0

ane
−2πi(n+ρ)/(τ+1). (6.7)

Proof. (a) From (i) and (ii) of Definition 2.2 and (6.2),

f(V τ) = γ

(
τ + 2

i

)k

f(τ + 2) = γ

(
τ + 2

i

)k

f(τ). (6.8)

From (6.8) and the fact that

z(τ)(τ + 2) = −(τ + 2)/(τ + 1) = z(τ) − 1,

we find that

f(τ)

(
z(τ)

i

)−k

= γ

(
τ + 2

i

)−k

f(V τ)

(
z(τ)

i

)−k

= ε

(
z(τ) − 1

i

)−k

f(V τ), (6.9)

for some number ε with |ε| = 1. Write ε = exp(2πiρ), 0 ≤ ρ < 1. Thus,

from (6.9), we find that

f(τ)

(
z(τ)

i

)−k

= e2πiρ

(
z(τ) − 1

i

)−k

f(V τ). (6.10)
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But, as we have seen, the map τ → V τ is equivalent to the map z → z− 1.

Thus, by (6.10), the function

H(z) = e−2πiρz(z/i)−kf(τ) = e−2πiρz(z/i)−kf

(
−1

z
− 1

)

is periodic in z, with period −1. Since f(τ) is holomorphic for τ in H, H(z)

is holomorphic in z for Im z > 0. Thus, H(z) has a Laurent expansion in

the local variable t = exp{2πiz} = exp{2πiz(τ)}, namely,

H(z) =

∞∑

n=−∞
ane

2πinz,

or

f(τ) = (z/i)k
∞∑

n=−∞
ane

2πi(n+ρ)z

=

(
τ + 1

i

)−k ∞∑

n=−∞
ane

−2πi(n+ρ)/(τ+1),

for τ in H.

(b) Now we assume that f ∈ M0(2, k, γ) and show that an = 0 if

n+ ρ < 0.

From the standard formula for Fourier coefficients,

an =

∫ z0+1

z0

f(τ)

(
τ + 1

i

)k

e−2πi(n+ρ)z dz.

Let z0 = u0 + iv0 and z = u+ iv0 with u0 ≤ u ≤ u0 + 1 and v0 very large.

Since, by Lemma 2.2,

f(x+ iy) = O(y−c)

as y > 0 tends to 0, for some c > 0,

f(τ) = f

(
−1− 1

z

)
= f

(
−1− u− iv0

(u2 + v2
0)

)
= O(vc

0),

as v0 tends to ∞. Hence,

an = O(vc−k
0 e2πv0(n+ρ)),

as v0 tends to ∞. Hence, if n + ρ < 0, we must necessarily have an = 0,

and this proves (b). �
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Definition 6.2. Let M1(2, k, γ) denote the subspace of M(2, k, γ) sat-

isfying condition (6.7).

Theorem 6.1 shows that M0(2, k, γ) ⊆M1(2, k, γ) ⊆M(2, k, γ).

Definition 6.3. In (6.7), suppose that an = 0, 0 ≤ n ≤ m − 1, but

am 6= 0. Then, we say that f(τ) has a zero of order n−1 = m + ρ at

τ = −1.

Remark 6.1. In general, the order of the zero of f at τ = −1 will be

irrational. However, suppose that f ∈ M(1, k, (−1)k/2); a fortiori, then,

f ∈M0(2, k, (−1)k/2). Since, in this case,

f

(
− 1

τ + 1

)
= γ

(
τ + 1

i

)k

f(τ + 1) = γ

(
τ + 1

i

)k

f(τ),

a straightforward calculation shows that n−1 = n∞. Hence, since n∞ is an

integer, n−1 is an integer as well. (Recall that n∞, the order of the zero of

f at i∞, is defined to be the smallest exponent occurring in the expansion

(i) of Definition 2.2.)

Lemma 6.1. Let N , ni, and n∞ be defined as in the beginning of Chapter

5. Let n−1 be given as above. Then if f ∈M1(2, k, γ) and f 6≡ 0,

N + n∞ +
1

2
ni + n−1 =

k

4
(6.11)

and

γ = (−1)ni .

Proof. First, from (6.7),

e−2πiρzf(τ)

(
τ + 1

i

)k

=
∑

n+ρ≥0

ant
n,

where t = exp(2πiz). It follows that f(τ) has only a finite number of zeros

in the intersection of B(2) with any neighborhood of τ = −1. For if there

were an infinite number of zeros, then
∑

n+ρ≥0

ant
n (6.12)

would have an infinite number of zeros in a neighborhood of t = 0. This

would imply that (6.12) is identically zero, and so f(τ) ≡ 0, contrary to

our assumption.
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We can then proceed as in the proof of Lemma 5.1 to derive (6.11). The

contour of integration is the same as in the proof of Lemma 5.1, except that

now λ = 2, and so the vertical lines C2 and C5 intersect the real axis at −1

and 1, respectively. The only change in the proof occurs in the calculation

of the integral along the arc Cτλ
= Cτ2

and then letting ε tend to 0. A

simple calculation shows that

∫

Cτ2

f ′(τ)

f(τ)
dτ =

∫

Cτ2

d
dτ {f(τ)(τ + 1)k}
f(τ)(τ + 1)k

dτ −
∫

Cτ2

d
dτ {(τ + 1)k}

(τ + 1)k
dτ.

Now,

∫

Cτ2

d
dτ {(τ + 1)k}

(τ + 1)k
dτ = ik∆Cτ2

(arg),

which clearly tends to 0 as ε tends to 0, since the line x = −1 and the circle

|τ | = 1 are tangent at τ = −1.

We now make the change of variable t = exp(2πiz), where z = z(τ) is

given by (6.1). Then,

f(τ)(τ + 1)k =
∑

n+ρ≥0

cne
2πi(n+ρ)z = tn−1

∞∑

n=0

cm+nt
n = tn−1g(t),

where m is defined as in Definition 6.3. Next, we examine what happens

to Cτ2
under the transformation t. We have

t = e−2πi/(τ+1) = e−2πi(x+1−iy)/{(x+1)2+y2}.

If τ = −1 + iy,

t = e−2π/y.

As τ ∈ Cτ2
tends from −1+iy to the unit circle, the argument of t decreases.

When τ reaches the unit circle, then x2 + y2 = 1 and

t = e−2πi(x+1−iy)/(2x+2) = −e−πy/(x+1).

Thus, as τ traverses Cτ2
, t traverses a simple path Γ in the lower half-plane

beginning on the positive real axis and terminating on the negative real
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axis. Thus,

∫

Cτ2

d
dτ {f(τ)(τ + 1)k}
f(τ)(τ + 1)k

dτ =

∫

Γ

d
dt (t

n−1g(t))

tn−1g(t)
dt

=

∫

Γ

{
n−1

t
+
g′(t)

g(t)

}
dt.

Since g(t) is analytic and g(0) 6= 0, we deduce that, by the argument

principle,

lim
ε→0

1

2πi

∫

Γ

{
n−1

t
+
g′(t)

g(t)

}
dt =

n−1

2π
∆Γ(arg)

=
n−1

2π
(−π) = −1

2
n−1.

We obtain the same result for the arc Cτ2+2, so combining the calculations

as in the proof of Lemma 5.1, we arrive at (6.11).

The second part of the lemma follows as in the proof of Corollary 5.2.

�

Remark 6.2. An analogue of Corollary 5.3(b) for λ = 2 follows directly

from Lemma 6.1: If k < 0, then

M0(2, k, γ) = M1(2, k, γ) = {0}.

This can also be proved by a modification of the argument given in Chapter

5 to derive Corollary 5.3(b).

Corollary 6.1. Let

m = 1 + [k/4]

and

m′ = 1 + [(k − 2)/4].

Then,

dimM1(2, k, 1) ≤ m (6.13)

and

dimM1(2, k,−1) ≤ m′. (6.14)
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Proof. From Lemma 6.1, n∞ < m. Recalling that, since λ = 2, the angle

θ = 0 in this case, we proceed exactly as in the proof of Corollary 5.1 to

arrive at (6.13).

If γ = −1, then from Lemma 6.1, ni ≥ 1. Hence,

n∞ ≤ k

4
− 1

2
< m′ .

Proceed as in the proof of Corollary 5.1 to arrive at (6.14). �

Example 6.1. From Corollary 6.1,

dimM1

(
2,

1

2
, 1

)
≤ 1.

Since M0

(
2, 1

2 , 1
)
⊆ M1

(
2, 1

2 , 1
)
, there is at most one Dirichlet series of

signature
(
2, 1

2 , 1
)
. But from (1.2), ζ(2s) has signature

(
2, 1

2 , 1
)
. Thus,

we have proved Hecke’s version of Hamburger’s result to which we referred

in the Introduction, namely, that there is exactly one linearly independent

solution to the functional equation satisfied by ζ(s).

We note here that the uniqueness of the solution to this functional

equation is radically disturbed by (apparently innocent) modifications to

the auxiliary conditions [62, Theorem 1]. See the application of Theorem 7.1

following Remark 7.4.

Example 6.2. It is known that the Dedekind zeta function forK = Q(i),

ζK(s) =
1

4
ζ(s,Q),

where Q(m,n) = m2 + n2, has signature (2, 1, 1). (See the example in

Chapter 2, following Definition 2.1.) But by Corollary 6.1, there exists at

most one Dirichlet series of signature (2, 1, 1). Thus ζK(s) is the unique

solution to its functional equation.

We could now proceed as in Chapter 5. From the Riemann mapping

theorem there exists a function g(τ) which maps B(2) conformally onto H
such that g(−1) = 0, g(i) = 1, and g(i∞) = ∞. We would then construct

functions f−1, fi, and f∞ from which we could find a basis for M1(2, k, γ).

This is, in fact, the method used by Hecke [48, pp. 24–28]. However, we

follow a slightly shorter, more constructive method given by A. Ogg [87].

Lemma 6.2. [105, p. 406] Let f be of bounded variation on [0, 1]. Then,

1

2
{f(x+ 0) + f(x− 0)} =

1

2
a0 +

∑
(an cos(2πnx) + bn sin(2πnx)),
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where

1

2
an =

∫ 1

0

f(x) cos(2πnx)dx and
1

2
bn =

∫ 1

0

f(x) sin(2πnx)dx.

Lemma 6.3. (Poisson summation formula) Let f be of bounded varia-

tion on [A,B], where A, B ∈ Z. Then,

1

2

B∑′

n=A

{f(n+ 0) + f(n− 0)} = lim
N→∞

N∑

ν=−N

∫ B

A

f(x)e2πiνx dx ,

where the ′ indicates that for n = A only the term 1
2f(A + 0) is counted

and for n = B only the term 1
2f(B − 0) is counted.

The form and proof of Poisson’s summation formula that we give here

can be found in [27, p. 16]. See [60, pp. 39–40] for another proof.

In the sequel we write
∞∑

ν=−∞
for lim

ν→∞

N∑
ν=−N

.

Proof of Lemma 6.3. Let f1(x) = f(x), 0 ≤ x < 1, and extend the

definition of f1 to (−∞,∞) by periodicity. Apply Lemma 6.2 to f1 and

choose x = 0. Then,

1

2
{f(0 + 0) + f(1 − 0)} =

1

2
{f1(0 + 0) + f1(0 − 0)}

=
1

2
a0 +

∑
aν

=

∞∑

ν=−∞

∫ 1

0

f(x) cos(2πνx)dx.

Replacing f(x) by f(x+ n), where n ∈ Z, we find that

1

2
{f(n+ 0) + f(n+ 1 − 0)} =

∞∑

ν=−∞

∫ 1

0

f(x+ n) cos(2πνx)dx

=

∞∑

ν=−∞

∫ n+1

n

f(x) cos(2πνx)dx.
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Now sum on n, A ≤ n ≤ B − 1, to deduce that

1

2

B∑′

n=A

{f(n+ 0) + f(n− 0)} =

∞∑

ν=−∞

∫ B

A

f(x) cos(2πνx)dx

=

∞∑

ν=−∞

∫ B

A

f(x)e2πiνxdx,

as the terms involving sin(2πνx) and sin(−2πνx) cancel. �

Theorem 6.2. The classical theta function θ(τ) ∈M0

(
2, 1

2 , 1
)
. Further-

more, the only zero of θ(τ) on B(2) (up to equivalence under G(2)) is at

τ = −1, and the order of the zero is 1/8.

Proof. Recall that θ(τ) is defined at the beginning of Chapter 1. Since (i)

and (iii) of Definition 2.2 are clearly satisfied, to prove the first part of the

theorem we need only establish (1.1). It is sufficient to prove (1.1) for τ =

iy, y > 0, for then the general result will follow by analytic continuation.

By Lemma 6.3,

N∑′

n=−N

e−πn2/y =

∞∑

ν=−∞

∫ N

−N

e−πx2/y+2πiνx dx (6.15)

=

∞∑

ν=−∞

{∫ ∞

−∞
−
∫

|x|≥N

}
e−πx2/y+2πiνx dx.

We now want to show that as N tends to ∞,

∞∑

ν=−∞

∫

|x|≥N

e−πx2/y+2πiνxdx

tends to 0. Upon integrating by parts twice, we find that

∫ ∞

N

e−πx2/y cos(2πνx)dx = − 1

2πν

∫ ∞

N

d

dx
{e−πx2/y} sin(2πνx)dx

=
N

2πyν2
e−πN2/y − 1

4π2ν2

∫ ∞

N

d2

dx2
{e−πx2/y} cos(2πνx)dx.
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Hence,

∣∣∣∣∣∣∣

∞∑

ν=−∞
ν 6=0

∫

|x|≥N

e−πx2/y+2πiνxdx

∣∣∣∣∣∣∣

≤ N

πy
e−πN2/y

∑
ν−2 +

1

2π2

∫ ∞

N

d2

dx2
{e−πx2/y}dx

∑
ν−2

= o(1),

as N tends to ∞. Thus, from our calculations above and (6.15), upon

letting N tend to ∞, we deduce that

∞∑

n=−∞
e−πn2/y =

∞∑

ν=−∞

∫ ∞

−∞
e−πx2/y+2πiνxdx (6.16)

= y
∞∑

ν=−∞

∫ ∞

−∞
e−πu2y+2πiνyudu,

where we have replaced x by uy. Apply Cauchy’s theorem by integrating

exp(−πz2y) with respect to z around the rectangle with vertices ±R and

±R− iν and then letting R tend to ∞. We immediately find that

∫ ∞

−∞
e−π(u−iν)2ydu =

∫ ∞

−∞
e−πu2ydu. (6.17)

Now,

∫ ∞

−∞
e−πu2ydu = y−

1

2

∫ ∞

−∞
e−πv2

dv = y−
1

2B, (6.18)

say. Since −πu2y + 2πiνyu = −π(u − iν)2y − πν2y, we find that (6.16)–

(6.18) yield

∞∑

n=−∞
e−πn2/y = By

1

2

∞∑

ν=−∞
e−πν2y,

or

θ(i/y) = By
1

2 θ(iy).

Put y = 1. Since, clearly, θ(i) 6= 0, we find that B = 1. This concludes the

proof of (1.1) and the first part of the theorem.



November 17, 2007 11:23 WSPC/Book Trim Size for 9in x 6in bcb

80 Hecke’s Theory of Modular Forms and Dirichlet Series

To prove the second part of the theorem, we have from (6.11), since

M0

(
2, 1

2 , 1
)
⊆M1

(
2, 1

2 , 1
)
,

N + n∞ +
1

2
ni + n−1 =

1

8
.

Since N , n∞, and ni are integers, the only possible way this can be satisfied

is if N = n∞ = ni = 0 and n−1 = 1/8, and the proof is complete �

Remark 6.3. The important functional equation (1.2) for ζ(s), which

has motivated much of the material in this volume, (finally) follows directly

from Theorem 6.2 and the Main Correspondence Theorem, Theorem 2.1.

For the derivation, see Example 6.4 following the proof of Theorem 6.3.

Theorem 6.3. We have M0(2, k, γ) = M1(2, k, γ). Furthermore,

dimM0(2, k, γ) = 1 + [(k + γ − 1)/4].

Note that in contrast to the case λ < 2 (see Theorem 5.6), there are no

restrictions on k > 0 when λ = 2. The underlying reason for this difference

is that T1T3 =
(

0 −1
1 λ

)
is elliptic for λ < 2 and parabolic for λ = 2. (See

Chapter 3.) Thus, with λ < 2, the fixed point τλ of T1T3 is in H, while

τ2 = −1, a rational point on the real line. Consequently, T1T3 has finite

order when λ < 2, but not when λ = 2. Indeed, the expression for (T1T3)
n

given at the beginning of the proof of Theorem 5.2 shows that with p = 1,

(T1T3)
q = −I.

This, together with T 2 = −I , gives two independent relations in G(λ),

λ = 2 cosπ/q, while G(2) has only the single relation T 2 = −I . The extra

relation in the former cases imposes the additional restrictions on k by

forcing conditions upon the multiplier system of an automorphic form with

respect to G(λ), when λ < 2.

Proof of Theorem 6.3. We show that

dimM0(2, k, 1) ≥ 1 + [k/4].

Since M0

(
2, 1

2 , 1
)
⊆M1

(
2, 1

2 , 1
)
, it follows immediately from Corollary 6.1

that M0(2, k, 1) = M1(2, k, 1) and that

dimM0(2, k, 1) = 1 + [k/4].

A similar argument will establish the result in the case γ = −1.
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The proof of the aforementioned lower bound on dimM0(2, k, 1) entails

consideration of arbitrary positive real powers of θ(τ). Since θ(τ) 6= 0 and

analytic on H, and since H is simply connected, we can define an analytic

function log θ(τ) on H. Since θ(τ) can be represented as a power series in

z = exp(πiτ) with nonzero constant term, log θ(τ) can be represented as a

power series in z. For any k > 0, define

θ2k(τ) = e2k log θ(τ),

where the logarithm is, as usual, defined by the assumption log x ∈ R for

x > 0. In this case, the assumption amounts to log θ(iy) ∈ R for y > 0.

This definition gives rise naturally to a power series representation of θ2k(τ)

in the variable z = exp(πiτ). Thus, (i) of Definition 2.2 is satisfied. Because

of Lemma 2.2 and the fact that θ(τ) satisfies condition (iii) of Definition

2.2, it follows that θ2k(τ) obeys condition (iii) as well. We also have

θ2k(−1/τ) = ε(τ/i)kθ2k(τ)

for some complex number ε, where |ε| = 1. Letting τ = i and using the

fact that θ(i) 6= 0, we conclude immediately that ε = 1. Hence θ2k(τ) ∈
M0(2, k, 1), and, by Theorem 6.2, the only zero (up to G(2)-equivalence) of

θ2k(τ) on B(2) is at τ = −1 with order k/4.

Recall that in Theorem 5.9 we showed that the Eisenstein series E4(τ) ∈
M0(1, 4, 1). Since M0(1, 4, 1) ⊆ M0(2, 4, 1) ⊆ M1(2, 4, 1), E4(τ) is in

M1(2, 4, 1) as well. In the lines immediately preceding Definition 5.4, we

observed further that the only zero (up to G(1)-equivalence) of E4(τ) on

B(1) is a simple one at τ1 = exp(2πi/3). Now, from Lemma 6.1,

N + n∞ +
1

2
ni + n−1 = 1.

It follows that τ1 is the only zero (up to G(2)-equivalence) of E4(τ) on B(2)

as well. To see this, we observe the potentially elusive distinction between

the order of the zero of E4(τ) at τ1 with respect to G(1) and the order of

the same zero with respect to G(2). The former is measured in the local

variable {(τ − τ1)/(τ − τ̄1)}3 with respect to G(1), since τ1 is a fixed point

of S−1T , an element in G(1) of order 3. The latter is measured in the

standard planar variable, since τ1 is not a fixed point of G(2). Thus the

latter order is three times the former.

Consider the functions Eν
4 θ

2k−8ν , with ν ∈ Z, ν ≥ 0, and 2k − 8ν ≥ 0.

By the properties of θ2k and E4 that we have already established, these

functions lie in M0(2, k, 1). By the inequality imposed upon ν, 0 ≤ ν ≤ k/4,
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so there are precisely 1+[k/4] such functions. On the other hand, Eν
4 θ

2k−8ν

has a zero of order exactly ν at τ1 = exp(2πi/3) with respect to G(2),

so that the elements of the set {Eν
4 θ

2k−8ν : 0 ≤ ν ≤ [k/4]} are linearly

independent. Thus, dimM0(2, k, 1) ≥ 1 + [k/4], and the proof of Theorem

6.3 is complete in the case γ = 1.

Let γ = −1. We have already observed that the only zero of E4 on B(2)

is at τ1. Thus, since E4(i) 6= 0, we can choose α such that

g := θ8 − αE4

has a zero at τ = i. As θ(i) 6= 0, α 6= 0. Since E4(−1) 6= 0 and θ(−1) = 0,

g(−1) 6= 0. Now θ ∈ M0

(
2, 1

2 , 1
)

and E4 ∈ M0(2, 4, 1), so by Lemma 2.2,

g ∈ M0(2, 4, 1). It follows that we may apply Lemma 6.1 to g, with the

result

N + n∞ +
1

2
ni =

4

4
= 1.

Since g(i) = 0 by construction, ni > 0. This last equation then yields the

values ni = 2, N = n∞ = 0. That is, in the standard planar variable τ − i,

g has a double zero at τ = i and no other zeros in B(2).

Since g has a double zero at τ = i, we may define an analytic square

root h = g
1

2 in a neighborhood of τ = i and all its equivalent points on H.

Since g has no other zeros on H, we may define an analytic square root in

a neighborhood of any other point in H as well. As H is simply connected,

by the monodromy theorem, h is analytic on H.

We claim that h ∈ M0(2, 2,−1). We apply Lemma 2.2 to find that h

satisfies condition (iii) of Definition 2.2. To check that (i) holds, recall that

θ and E4 both satisfy (i), so that, in particular, g(τ + 2) = g(τ). From this

it follows directly that h(τ + 2) = ±h(τ). We show that h(τ + 2) = h(τ).

We have observed above that g(i∞) 6= 0 (i.e., n∞ = 0) so that h(i∞) 6= 0.

Furthermore h(i∞) = lim
y→∞

h(iy) is finite. Thus, if h(τ + 2) = −h(τ), then

a simple argument, which we have invoked earlier, shows that

h(τ) =

∞∑

n=0

ane
πi(n+ 1

2 )τ ,

for τ ∈ H. But this implies that h(i∞) = 0, a contradiction. In fact, then,

h(τ) =

∞∑

n=0

ane
πinτ , τ ∈ H,
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so h satisfies condition (i) of Definition 2.2 for membership in M0(2, 2,−1).

It remains to verify condition (ii). Now, since g ∈ M0(2, 4, 1), we have

g(−1/τ) = (τ/i)4g(τ), so that

h(−1/τ) = ±(τ/i)2h(τ). (6.19)

Since h(τ) has a simple zero at τ = i, we may write

h(τ) = (τ − i)h1(τ),

where h1(i) 6= 0. Then

h(−1/τ) = − i

τ
(τ − i)h1(−1/τ).

Thus, (6.19) may be written as

− i

τ
h1(−1/τ) = ε(τ/i)2h1(τ).

Letting τ = i, we find that ε = −1. Hence, h ∈M0(2, 2,−1).

Suppose now that f1 ∈ M0(2, k − 2, 1). Then, using Lemma 2.2 once

more to verify condition (iii), we find that f = f1h ∈ M0(2, k,−1). Clearly,

then, the map f1 → f = f1h is one-to-one from M0(2, k − 2, 1) into

M0(2, k,−1), so that

dimM0(2, k,−1) ≥ dimM0(2, k − 2, 1) = 1 + [(k − 2)/4],

by the first part of the theorem. But by Corollary 6.1, it follows that

dimM0(2, k,−1) ≤ dimM1(2, k,−1) ≤ 1 + [(k − 2)/4],

so that dimM0(2, k,−1) = 1 + [(k − 2)/4] = dimM1(2, k,−1). This com-

pletes the proof of Theorem 6.3. �

From the definition of h in the proof of Theorem 6.3, it follows that

h2 = θ8 −αE4, with α 6= 0. Thus E4 is a polynomial in θ and h. The proof

of Theorem 6.3 then shows that any element of M0(2, k, γ) is a polynomial

in θ and h. This has great significance for Dirichlet series of signature

(2, k, γ), for each such series can be obtained from those corresponding to

the signatures
(
2, 1

2 , 1
)

and (2, 2,−1).

We conclude this chapter with two number-theoretic examples.
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Example 6.3. If k is a positive integer, then for τ ∈ H,

θk(τ) =

∞∑

n1,...,nk=−∞
eπi(n2

1
+···+n2

k)τ

= 1 +
∑

rk(n)eπinτ ,

where rk(n) denotes the number of representations of n as the sum of

k squares. If k < 8, there is only one Dirichlet series,
∑
rk(n)n−s, with

signature (2, k
2 , 1), as follows rather directly from the proof of Theorem 3

of Chapter 5 of [60]. (See page 81 of [60].) Of course, this is likewise an

immediate consequence of Theorem 6.3. This is a very important fact, for

if we can find another series
∑
ak(n)n−s with the same signature, then

rk(n) is a multiple of ak(n). Thus, one might obtain formulas for rk(n).

For an early historical account of formulas that have been found for rk(n),

see [4], and for recent extremely comprehensive surveys, see the two papers

[78] and [79] by S. C. Milne.

Example 6.4. We begin by deriving the functional equation (1.2) from

Theorem 6.2. The latter shows that condition (i) of Theorem 2.1 is satisfied

with λ = 2, k = 1
2 , γ = 1, and f(τ) = g(τ) = θ(τ). Furthermore, in the

notation of Theorem 2.1, a0 = b0 = 1 and an = bn = 2, if n = m2, m ∈ Z+;

an = bn = 0, otherwise. Thus

ϕ(s) = ψ(s) = 2

∞∑

m=1

1

(m2)s
= 2ζ(2s)

satisfies (2.1). That is to say,

π−sΓ(s)ζ(2s) = πs−1/2Γ
(

1
2 − s

)
ζ(1 − 2s);

replacing s by s/2, we obtain

π−s/2Γ (s/2) ζ(s) = π(s−1)/2Γ ({1− s}/2) ζ(1 − s),

the functional equation (1.2).

Let k be an even positive integer. From the foregoing functional equa-

tion of ζ(s),

π−s+(k−1)/2Γ(s/2)Γ({s− k + 1}/2)ζ(s)ζ(s− k + 1) (6.20)

= πs−(k+1)/2Γ({1 − s}/2)Γ({k− s}/2)ζ(1 − s)ζ(k − s).
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From Legendre’s duplication formula,

Γ(s) = π−1/22s−1Γ(s/2)Γ({1 + s}/2),

we find that

Γ(s/2)Γ({s− k + 1}/2) =
π21−2s+kΓ(s)Γ(s− k + 1)

Γ({s+ 1}/2)Γ({s− k + 2}/2)
. (6.21)

After three applications of the reflection formula,

Γ(s)Γ(1 − s) =
π

sin(πs)
,

(6.21) becomes

Γ(s/2)Γ({s−k+1}/2)

=
21−2s+kΓ(s)Γ({1−s}/2)Γ({k−s}/2) sin{π(s+1)/2} sin{π(s−k+2)/2}

Γ(k−s) sin{π(k−s)}

=
2−2s+k(−1)k/2Γ(s)Γ({1−s}/2)Γ({k−s}/2)

Γ(k−s) . (6.22)

Substituting (6.22) into (6.20), we find that

(2π)−sΓ(s)ζ(s)ζ(s − k + 1) = (−1)k/2(2π)s−kΓ(k − s)ζ(1 − s)ζ(k − s).

Thus, we have shown that ζ(s)ζ(s − k + 1) has signature (1, k, (−1)k/2),

provided that we show that ζ(s)ζ(s− k+ 1) is analytic except for a simple

pole at s = k. Since ζ(s) has a simple pole at s = 1, it is clear that

ζ(s)ζ(s − k + 1) has a simple pole at s = k. Now, from the functional

equation for ζ(s) it is easy to see that ζ(−n) = 0 for every even positive

integer n. Thus, if k > 2, ζ(2 − k) = 0. Hence ζ(s)ζ(s − k + 1) is analytic

at s = 1 if k > 2. Thus, we have proved Corollary 5.5 once again.

For several examples of Dirichlet series of signature (2, k, γ) when k > 0

is integral, see [48, pp. 29–31].
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Chapter 7

Bochner’s generalization of the main

correspondence theorem of Hecke,

and related results

Bochner’s generalization [17], [20, pp. 665–696] has previously been men-

tioned in passing in Chapter 2, following the proof of Theorem 2.1, the

Hecke correspondence theorem. We take up the generalization in some

detail here, both for its intrinsic interest and because it has proved very

useful in applications to the theory of Dirichlet series. (See [7], [61], [62],

[66], and the remarks following the proof of Theorem 7.1 below.) After he

published [17], [20, pp. 665–696], in the next few years Bochner returned

to his ideas from [17], reformulated his main correspondence theorem, and

derived further consequences. In particular, see his papers [18], [21], [19],

[20, pp. 697–700, 715–739, 763–775 ]; the paper [21] was coauthored with

K. Chandrasekharan.

In formulating the generalized correspondence theorem it is useful to

introduce a special class of functions, the “log-polynomial sums.”

Definition 7.1. A log-polynomial sum (LPS) q(τ) is a finite sum of the

form

q(τ) =
∑

1≤j≤L

(τ/i)αj

∑

0≤t≤M(j)

β(j, t) logt(τ/i), (7.1)

with L, M(j) ∈ Z and αj , β(j, t) complex constants.

Note that q(τ) is holomorphic in the slit plane C − {it : t ≤ 0}. In

particular, q(τ) is holomorphic in H. It is worth noting that LPS’s are

“residual functions” in the sense of Bochner [17], [20, pp. 665–696].

Bochner’s generalization follows.

Theorem 7.1. Let λ1, λ2 > 0, k ∈ R, and γ ∈ C. Let

f(τ) =

∞∑

n=0

ane
2πinτ/λ1 , g(τ) =

∞∑

n=0

bne
2πinτ/λ2 (7.2)

87
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be nonconstant exponential series, such that the sequences {an}, {bn} sat-

isfy the growth condition

an, bn = O(nρ), n→ ∞, ρ > 0.

As in Theorem 2.1, put

Φ(s) =

(
2π

λ1

)−s

Γ(s)
∑

ann
−s =

∫ ∞

0

{f(iu)− a0}us−1du, (7.3)

Ψ(s) =

(
2π

λ2

)−s

Γ(s)
∑

bnn
−s =

∫ ∞

0

{g(iu) − b0}us−1du.

Then the following two conditions are equivalent.

(A) f(τ) and g(τ) satisfy the (generalized) modular transformation

equation

(τ/i)−kf(−1/τ) = γg(τ) + q(τ), (7.4)

where q(τ) is an LPS.

(B) Φ(s) and Ψ(s) have meromorphic continuations to the entire s-

plane, each with at most a finite number of poles in C. Furthermore, Φ(s)

and Ψ(s) satisfy the functional equation

Φ(k − s) = γΨ(s). (7.5)

Finally, there exists T0 > 0 such that Φ(s) remains bounded in each “la-

cunary” vertical strip (LVS ) of the form σ1 ≤ σ ≤ σ2, |t| ≥ T0. (Here,

s = σ + it.)

Remark 7.1. 1. To compare Theorem 7.1 with Theorem 2.1, note that

we have here interchanged the roles of f and g, and consequently the roles

of Φ and Ψ, as well. In this generalization λ1, λ2 may be distinct positive

numbers whereas in Theorem 2.1 λ = λ1 = λ2, even when f 6= g.

2. The most important feature of the generalization is the presence of

the LPS q(τ) in (7.4). (Recall that q = 0 in Theorem 2.1). It is striking

that the presence of q in (7.4) makes no change in the functional equation

connecting Φ and Ψ. The influence of q makes itself felt rather in the polar

singularities of Φ and Ψ. The details will emerge in the proof that (A)

implies (B). The structure of the proof is the same as that of Theorem 2.1.

In the proof of Theorem 7.1 we require two preliminary results.
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Lemma 7.1. Let α ∈ C, with Reα < −1, and let j ∈ Z, j ≥ 0. Then,

∫ ∞

1

uα(log u)jdu = (−1)j+1j!(α+ 1)−j−1. (7.6)

Proof. Integrate by parts j times or apply induction. �

Proposition 7.1. Assume f(τ) is nonconstant and has the form

f(τ) =

∞∑

n=0

ane
2πinτ/λ, τ ∈ H, λ > 0.

Assume as well that f satisfies the transformation law (7.4), with g = f

and q(τ) of the form (7.1). Then γ2 = 1 and

q(−1/τ) = −e−πik/2γτkq(τ), τ ∈ H. (7.7)

Proof. Applying (7.4) twice yields

f(τ) = γ2f(τ) + γq(τ) + (i/τ)kq(−1/τ),

so that

f(τ)(1 − γ2) = γq(τ) + (i/τ)kq(−1/τ).

But the left-hand side is periodic with period λ, while (as is easily checked)

the right-hand side is a LPS and thus not periodic unless it is constant.

Since f(τ) is nonconstant, the left-hand side is constant only when γ2 = 1,

and (7.7) follows. �

In order to emphasize the role of the LPS in the generalization, we

begin our treatment of Theorem 7.1 with a proof that (A) implies (B) in

the special case f = g (hence λ1 = λ2 and Φ = Ψ), thus suppressing the

less important generalization to distinct f and g.

Proof that (A) implies (B) (assuming f = g). Since λ1 = λ2, we set

λ = λ1 = λ2. As in the proof of Theorem 2.1, we find that

Φ(s) =

∫ ∞

1

{f(iu) − a0}us−1du+

∫ ∞

1

{f(i/u)− a0}u−s−1du.
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Apply (7.4) with τ = iu, u > 0, and rearrange slightly to obtain

∫ ∞

1

{f(i/u)− a0}u−s−1du = γ

∫ ∞

1

{f(iu) − a0}uk−s−1du

+ γ

∫ ∞

1

a0u
k−s−1du−

∫ ∞

1

a0u
−s−1du+

∫ ∞

1

q(iu)uk−s−1du.

Thus, for σ > max(0, k),

Φ(s) =

∫ ∞

1

{f(iu)− a0}us−1du+ γ

∫ ∞

1

{f(iu)− a0}uk−s−1du

+ a0

(
γ

s− k
− 1

s

)
+

∫ ∞

1

q(iu)uk−s−1du

= E(s) + r(s) +

∫ ∞

1

q(iu)uk−s−1du,

with E(s) equal to the sum of the first two integrals above and

r(s) = a0

(
γ

s− k
− 1

s

)
. (7.8)

By the exponential decay of f(iu)−a0 as u→ +∞, it follows that E(s)

is entire. Also, by Proposition 7.1, γ = ±1, so that

E(k − s) = γE(s), r(k − s) = γr(s). (7.9)

To continue the proof, we examine the remaining term

L(s) :=

∫ ∞

1

q(iu)uk−s−1du. (7.10)

By (7.7), we have the alternative representation

L(s) = −γ
∫ ∞

1

q(i/u)u−s−1du. (7.11)

Note that both integrals (7.10) and (7.11) converge and are holomorphic

for σ = Re s sufficiently large.

To apply Lemma 7.1 to (7.10), we single out a term in q(iu) and suppress

the indices j, t; by (7.1), such a term has the form βuα(logu)t, with α,

β ∈ C, β 6= 0, and t ∈ Z, with t ≥ 0. In (7.10) this gives rise to the term

β

∫ ∞

1

uα+k−s−1(log u)tdu,
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which by Lemma 7.1 equals β(−1)t+1t!(α+ k − s)−t−1, provided that σ >

Reα+ k. It follows that, for σ > k + max
1≤j≤L

{Reαj},

L(s) =
∑

1≤j≤L

∑

0≤t≤M(j)

β(j, t)(−1)t+1t!(αj + k − s)−t−1, (7.12)

and the right-hand side of this equation provides the meromorphic contin-

uation of L(s) to all of C.

To derive the functional equation (7.5), it suffices, by the decomposition

Φ(s) = E(s) + r(s) + L(s)

and (7.9), to show that

L(k − s) = γL(s), s ∈ C. (7.13)

From (7.12) it follows that

L(k − s) =
∑

1≤j≤L

∑

0≤t≤M(j)

β(j, t)(−1)t+1t!(αj + s)−t−1. (7.14)

Next, recalculate L(s), this time employing the representation (7.11) in

place of (7.10); the same method applied in deriving (7.12) shows that γL(s)

is the same as the right-hand side of (7.14), as long as σ > max
1≤j≤L

{−Reαj},
and so (7.13) follows.

To complete the proof that (A) implies (B) we need only show that

Φ(s) is bounded in a LVS. If we choose T0 = 1 + max{|Imαj | : 1 ≤ j ≤ L}
(say), then (7.8) and (7.12) imply that r(s) and L(s) are bounded in the

LVS, while the boundedness of E(s) in the strip follows just as in the proof

of Theorem 2.1, that is, by taking absolute values inside the two integrals

whose sum is E(s). This completes the proof that (A) implies (B). �

Remark 7.2. The proof yields information about the poles of Φ(s): since

E(s) = Φ(s) − r(s) −L(s) is an entire function of s, (7.8) and (7.12) show

that Φ(s) has poles at the points αj + k, and at 0 and k if a0 6= 0. On the

other hand, the functional equation (7.13) implies that the poles of Φ(s)

are located at the points −αj , and at 0 and k if a0 6= 0. Thus, if a0 6= 0,

we have the set equality

{0, k, αj + k : 1 ≤ j ≤ L} = {0, k,−αj : 1 ≤ j ≤ L}.
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If a0 = 0, the equality is

{αj + k : 1 ≤ j ≤ L} = {−αj : 1 ≤ j ≤ L}.

Rather than proceeding with a proof of the converse direction in Theo-

rem 7.1 for the special case f = g, we continue by proving Theorem 7.1 in

its full generality, in both directions.

Proof that (A) implies (B) (in general). Since we have removed the

restriction f = g, Proposition 7.1 no longer applies. Thus the proof must

be modified, but surprisingly little.

Assuming (A) and arguing as we did before, we obtain, for σ = Re s

sufficiently large,

Φ(s) =

∫ ∞

1

{f(iu)− a0}us−1du+ γ

∫ ∞

1

{g(iu)− b0}uk−s−1

+

(
γb0
s− k

− a0

s

)
+

∫ ∞

1

q(iu)uk−s−1du. (7.15)

We require an analogous expression for Ψ(s); in order to obtain this, we

rewrite the transformation law (7.4) as

(τ/i)−kg(−1/τ) = γ−1f(τ) − γ−1(τ/i)−kq(−1/τ). (7.16)

Just as (7.15) follows from (7.4), (7.16) implies that

Ψ(s) =

∫ ∞

1

{g(iu)− b0}us−1du+ γ−1

∫ ∞

1

{f(iu)− a0}uk−s−1du

+

(
γ−1a0

s− k
− b0

s

)
− γ−1

∫ ∞

1

q(i/u)u−s−1du, (7.17)

for σ sufficiently large.

With the possible exception of the integrals involving the period func-

tion q(τ), the right-hand sides of (7.15) and (7.17) are meromorphic in the

entire s-plane. We apply Lemma 7.1 to carry out the meromorphic contin-

uation into C of these two integrals as well. A single term q(τ) in the LPS

has the form β(τ/i)α logt(τ/i), and so by Lemma 7.1 the corresponding

term in
∫∞
1
q(iu)uk−s−1du is

β

∫ ∞

1

uα(logu)tuk−s−1du = β(−1)t+1t!(α+ k − s)−t−1 ,
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for σ sufficiently large. In the same way, the corresponding term in

−γ−1

∫ ∞

1

q(i/u)u−s−1 du

is

βγ−1(−1)t+1t!(α+ s)−t−1.

It follows that (7.15) and (7.17) can be written, respectively, as

Φ(s) =

∫ ∞

1

{f(iu) − a0}us−1 du+ γ

∫ ∞

1

{g(iu)− b0}uk−s−1du

+

(
γb0
s− k

− a0

s

)
+ L1(s) (7.18)

and

Ψ(s) =

∫ ∞

1

{g(iu)− b0}us−1du+ γ−1

∫ ∞

1

{f(iu)− a0}uk−s−1du

+

(
γ−1a0

s− k
− b0

s

)
+ L2(s), (7.19)

where

L1(s) =
∑

1≤j≤L

∑

0≤t≤M(j)

β(j, t)(−1)t+1t!(αj + k − s)−t−1 (7.20)

and

L2(s) = γ−1
∑

1≤j≤L

∑

0≤t≤M(j)

β(j, t)(−1)t+1t!(α+ s)−t−1. (7.21)

From (7.18) and (7.20) we conclude that Φ(s) is meromorphic in C; sim-

ilarly, (7.19) and (7.21) imply that Ψ(s) is meromorphic in C. It follows

further from the pairs of expressions (7.18), (7.20) and (7.19), (7.21) that

Φ(s) and Ψ(s) are bounded in each LVS of the form given in (B), for suitably

large T0 > 0.

Since both Φ(s) and Ψ(s) are meromorphic in all of C, the functional

equation (7.5) is meaningful. To prove (7.5), we compare (7.18) and (7.19),

obtaining

Φ(k − s) − γΨ(s) = L1(k − s) − γL2(s).

Thus, (7.5) will follow from

L1(k − s) = γL2(s). (7.22)
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But, (7.22) is immediate from (7.20) and (7.21). This concludes the proof

that (A) implies (B). �

Remark 7.3. By (7.18) and (7.20), the poles of Φ(s) are restricted to

the set {0, k, αj + k; 1 ≤ j ≤ L}. In the same way, (7.19) and (7.21) imply

that the poles of Ψ(s) lie in the set {0, k,−αj : 1 ≤ j ≤ L}.

Proof that (B) implies (A). We turn to the proof of Theorem 7.1 in the

converse direction, (B) implies (A). In (B) we assume that the functions

Φ(s), Ψ(s), defined by (7.3), have meromorphic continuations to the whole

s-plane, each of them with at most a finite number of poles in C. Further,

assume that they are bounded in LVS’s sufficiently removed from the real

line and, finally, that they satisfy the functional equation (7.5).

As in the proof of Theorem 2.1, we begin by observing that for y > 0

and sufficiently large d > 0, we have both

g(iy) − b0 =
1

2πi

∫

(d)

Ψ(s)y−sds (7.23)

and

f(iy) − a0 =
1

2πi

∫

(d)

Φ(s)y−sds. (7.24)

(Note that (7.3) defines Φ and Ψ as the Mellin transforms of f − a0 and

g − b0, respectively, while the equations (7.24) and (7.23) express f − a0

and g − b0 as the inverse Mellin transforms of Φ and Ψ, respectively.) By

assumption, there exist

P1(s) =
∑

1≤j≤L

∑

1≤t≤N(j)

b(j, t)

(s− δj)t
,

P2(s) =
∑

1≤j≤L′

∑

1≤t≤N ′(j)

b′(j, t)

(s− ηj)t
,

with δj , ηj ∈ C, such that Φ(s) − P1(s) and Ψ(s) − P2(s) are entire.

Applying the procedure in the proof of Theorem 2.1, we move the line
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of integration to σ = −d; (7.23) then implies that

g(iy) − b0 =
1

2πi

∫

(−d)

Ψ(s)y−sds

+
∑

1≤j≤L′

y−ηj

∑

1≤t≤N ′(j)

b′(j, t)
(− log y)t−1

(t− 1)!
, (7.25)

whereas from (7.24) it follows that

f(iy) − a0 =
1

2πi

∫

(−d)

Φ(s)y−sds

+
∑

1≤j≤L

y−δj

∑

1≤t≤N(j)

b(j, t)
(− log y)t−1

(t− 1)!
. (7.26)

We should mention an additional restriction that we have imposed implic-

itly upon d : d > 0 is sufficiently large so that all poles of Φ(s) and Ψ(s)

lie in the vertical strip |Re s| < d. It is also important to note that in the

derivation of (7.25) and (7.26) we require both Stirling’s formula and the

Phragmén-Lindelöf Theorem for a vertical strip. (See the proof of Theorem

2.1 for more details.)

At this juncture we invoke the functional equation (7.5) in (7.25) to

obtain

g(iy) − b0 =
γ−1

2πi

∫

(−d)

Φ(k − s)y−sdy + p̂(y),

where p̂(y) is the finite sum on the right-hand side of (7.25). With a change

of variables in the integral, we find that

g(iy) − b0 =
γ−1y−k

2πi

∫

(k+d)

Φ(s)ysds+ p̂(y)

=
γ−1y−k

2πi

∫

(k+d)

Φ(s)

(
1

y

)−s

ds+ p̂(y)

= γ−1y−k{f(i/y)− a0} + p̂(y),

by (7.24). This can be rewritten as

(τ/i)−kf(−1/τ) = γg(τ) + a0(τ/i)
−k − γb0 − p̂(τ/i), (7.27)

valid for τ = iy, y > 0. By analytic continuation, (7.27) holds for all τ in
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H. Thus we have proved (7.4) with

q(τ) = a0(τ/i)
−k − γb0 − p̂(τ/i),

an LPS. This completes the proof of Theorem 7.1. �

Information beyond what is contained in the statement of Theorem 7.1

can be extracted easily from the proof. This is contained in the following.

Remark 7.4. 1. The proof that (B) implies (A) shows immediately that

the “period function” q(τ) in (7.4) can be written as

q(τ) = a0(τ/i)
−k − γb0 − q̂(τ),

where

q̂(τ) =
∑

1≤j≤L′

(τ/i)−ηj

∑

1≤t≤N ′(j)

b′(j, t)
(−1)t−1

(t− 1)!
logt−1(τ/i).

Note that q̂(τ) is simply the finite sum in (7.25), with y replaced by τ/i.

2. The proof that (B) implies (A) can be modified by applying the

functional equation (7.5) in (7.26) instead of (7.25). This leads to

f(τ) = γ(i/τ)kg(−1/τ) + a0 − γb0(i/τ)
k + p(τ/i),

for τ = iy, y > 0, where p(y) is the finite sum on the right-hand side of

(7.26). Replacing τ by −1/τ and invoking the identity theorem for analytic

functions leads to

(τ/i)−kf(−1/τ) = γg(τ) + a0(τ/i)
−k − γb0 + (τ/i)−kp(i/τ), (7.28)

for τ ∈ H. A comparison of (7.28) with (7.27) yields

(τ/i)−kp(i/τ) = −p̂(τ/i),

and so from the explicit expressions for p, p̂ given in (7.25) and (7.26), we

conclude that

∑

1≤j≤L

(τ/i)δj−k
∑

1≤t≤N(j)

b(j, t)
1

(t− 1)!
logt−1(τ/i)

= −
∑

1≤j≤L′

(τ/i)−ηj

∑

1≤t≤N ′(j)

b′(j, t)
(−1)t−1

(t− 1)!
logt−1(τ/i).
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At this point we turn to a description, without detailed proofs, of an

application of Theorem 7.1.

Application. This application relates to our Theorem 4.1 (λ > 2)

and Theorem 6.3 (λ = 2), and especially to Hamburger’s Theorem [38], an

important result mentioned in Chapter 1 and proved in Chapter 6. (See the

Example following Corollary 6.1.) Note that Theorem 4.1 demonstrates the

existence of many Dirichlet series of signature (λ, k, γ), as long as λ > 2,

while Theorem 6.3 and Hamburger’s Theorem
(
signature

(
2, 1

2 , 1
))

both

express the paucity of such Dirichlet series for λ = 2. The application of

Theorem 7.1 at hand treats the cases λ = 2 and λ > 2.

Hamburger’s Theorem [38], [49], [99], [100, pp. 154–156] can be formu-

lated as follows. Put Φ(s) = π−sΓ(s)ϕ(s) and assume that Φ(s) satisfies

the three conditions:

1. There exists a polynomial P (s) such that P (s)ϕ(s) is an entire func-

tion of finite genus.

2. Φ
(

1
2 − s

)
= Φ(s), for s in C.

3. Not only ϕ(s), but ϕ(s/2) as well, can be expanded in a Dirichlet

series convergent somewhere: ϕ(s) =
∑
b(n)n−2s. Then, ϕ(s) = αζ(2s),

where α is a complex constant.

Some fifteen years later, in 1936, Hecke [47], [49] proved an alternative

version of Hamburger’s Theorem. In the Hecke formulation, the polynomial

is specified as P (s) = s − 1
2 in Condition 1, but Hecke assumes only the

expressibility of ϕ(s) itself as a Dirichlet series ϕ(s) =
∑
b(n)n−s in Condi-

tion 3, not that of ϕ(s/2). Hecke’s conclusion is the same: ϕ(s) = αζ(2s).

Of course, the two proofs differ to some extent. It is important to note here

that the Hamburger Theorem we proved in Chapter 6 is the later (that is,

the Hecke) formulation.

With these contrasting versions of Hamburger’s Theorem at hand, it

appears natural to relax both the expressibility of ϕ(s/2) as a Dirichlet

series in (3) and the restriction upon the poles of ϕ(s) in Hecke’s version,

to conjecture that ϕ(s) is uniquely determined by Conditions 1, 2 and the

following modification of Condition 3.

3′. Suppose only that ϕ(s) (not ϕ(s/2)) can be expanded in a Dirichlet

series convergent somewhere: ϕ(s) =
∑
b(n)n−s.

This conjectured “strong Hamburger’s Theorem” has the appealing fea-

ture of containing both versions, but unfortunately it fails spectacularly.

Indeed [61, Theorem 1] presents the following result.

Abundance principle for Dirichlet series with functional equation. There

exist infinitely many linearly independent Dirichlet series ϕ(s) satisfying
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Conditions 1, 2, and 3′.
The proofs of the abundance principle and its several generalizations

(see [61], [62], [66]) fall into two steps.

Step 1. We translate the question of the existence of the desired Diri-

chlet series into a question of the existence of many linearly independent

exponential series f(τ) =
∞∑

n=0

ane
πinτ satisfying

(τ/i)−
1

2 f (−1/τ) = f(τ) + q(τ),

with q(τ) a LPS. Clearly, this translation is accomplished by Theorem 7.1

with f = g, λ1 = λ2 = 2, and γ = 1.

Step 2. We construct, by means of Eichler’s generalized Poincaré series

[31], infinitely many linearly independent exponential series of the kind

described in Step 1.

As stated, the abundance principle stands in sharp contrast to Ham-

burger’s Theorem. The generalizations (there are three) to which we refer

above should be compared with Theorem 4.1 and Theorem 6.3. The proof

in each case follows the two-step procedure we have already described. The

three generalizations are as follows.

1. With λ = 2, we generalize the principle to arbitrary real k and

γ = ±1. This can be contrasted with Theorem 6.3.

2. Again with λ = 2 and γ = ±1, we restrict k to k ≥ 2. In this case,

we construct Φ(s) = π−sΓ(s)ϕ(s) meromorphic in C, with at most a finite

number of poles, at preassigned points and with preassigned principal parts

at these points. This, of course, strengthens the first generalization above

considerably in the range k ≥ 2. One can think of this as a “Mittag-Leffler

Theorem” for Dirichlet series with functional equations.

3. This is a generalization to arbitrary λ > 2, arbitrary real k, and

γ = ±1. With λ > 2 we obtain the stronger Mittag-Leffler version of the

abundance principle for all real k. The comparison here is with Theorem

4.1, which gives infinitely many linearly independent solutions of the req-

uisite functional equation, but yields nothing like the Mittag-Leffler result

of the generalization.

We now turn our attention to questions of how the sequences {an},
{bn} in Theorem 2.1 may be related. That is to say: suppose ϕ(s), ψ(s)

are the Dirichlet series given in Theorem 2.1, and assume that these series

are related by the functional equation (2.1). We then wish to determine the

extent to which these sequences of coefficients and other relevant parameters
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can differ. Equivalently, of course, we may formulate this problem instead

in terms of the corresponding exponential series f(τ), g(τ) satisfying the

modular transformation law (i).

We broaden the context of the investigation somewhat by considering

the generalization of Theorem 2.1 obtained as a corollary of Theorem 7.1

simply by assuming that q(τ) = 0, where q(τ) is the log-polynomial sum

occurring in (7.4). This leads to a modification of Theorem 2.1 in which

the periods λ1, λ2 of the exponential series f(τ), g(τ) are not necessarily

the same. Note that, in light of the proof of Theorem 7.1, the assumption

q(τ) = 0 is equivalent to the restriction of the poles of Φ and Ψ to the set

{0, k}.
Below, we state several results that address the issues we have raised

here. In proving these, we deviate somewhat from the practice adopted else-

where in the book, the practice, that is, of presenting self-contained proofs,

quoting results that we leave unproved only when these are widely regarded

as standard. (Examples are the Cahen-Mellin formula, the Phragmén-

Lindelöf theorem, and Stirling’s formula, all quoted in the proof of Theorem

2.1.) For, strict adherence to this practice in the proofs to be given in the

remainder of the chapter would lead us far afield and create imbalance in

the exposition. We trust that the effects of this change in practice will be

mitigated in part by the specific references to the literature we supply for

the theorems quoted without proof.

The theorems we present address the three questions:

(i) Which parameters λ1, λ2 can occur in nontrivial pairs Φ, Ψ, defined

as in (7.3), satisfying the functional equation (7.5), and with poles restricted

to the set {0, k}? (Recall that the latter condition is equivalent to our

assumption that q(τ) = 0 in (7.4).)

(ii) With λ1, λ2 fixed, consistent with the answer to (i), to what extent

can Φ and Ψ differ?

(iii) How is the weight parameter k in (7.5) related to λ1, λ2?

In partial answer, we present Theorems 7.2, 7.3, and 7.4, below. Before

we state these, we alter slightly the notation of Theorem 7.1, incorporating

the factor γ into the function g (effectively putting γ = 1). Thus, for

example, (7.5) becomes Φ(k − s) = Ψ(s). Henceforth, the factor γ will

be reserved for the special case in which g = γf (that is, Ψ = γΦ). Of

necessity, then, γ = ±1.

Theorem 7.2. Suppose Φ, Ψ are defined as in (7.3) with coefficient se-

quences of polynomial growth. Assume further that Φ and Ψ are noncon-
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stant, related by (7.5) (i.e., Φ(k−s) = Ψ(s)) and with poles (if any) confined

to the set {0, k}. Then, either λ1λ2 = 4 cos2 π/q, with q ∈ Z, q ≥ 3, or

λ1λ2 ≥ 4.

Theorem 7.3. Assume that λ1, λ2 > 0, with λ1λ2 = 4 cos2 π/q, where

q is an odd integer ≥ 3. Further, assume that Φ and Ψ are as in Theorem

7.2. Then,

(i) k(1 − q/2) ∈ Z;

(ii) Ψ(s) = eπik(1−q/2)(λ1/λ2)
k/2−sΦ(s).

Theorem 7.4. Assume that λ1, λ2 are as in Theorem 7.3, except that

now q is even. Let Φ, Ψ be as in Theorems 7.2 and 7.3. Then, k(1−q/2) ∈
2Z.

Remark 7.5. 1. There are results that address the question to what

extent Theorems 7.2, 7.3, and 7.4 are best possible. These will be stated,

and their proofs sketched, after we have completed the proof of Theorem

7.4.

2. Note that the expression eπik(1−q/2) = +1 or −1, according as

k(1 − q/2) is even or odd.

The proofs of these theorems require a modest amount of information

concerning “multiplier systems” on G(λ) and on a certain subgroup of index

2 in G(λ). Thus we now present a formal definition and a brief discussion of

how multiplier systems arise within the context of the Hecke correspondence

and Bochner’s generalization. (Multiplier systems have been mentioned

earlier in the book, but only in passing and indirectly. They are, of course,

related closely to the “multipliers” of Definition 5.2.)

Definition 7.2. Suppose that k is a real number and Γ is a discrete

subgroup of SL(2,R). A multiplier system (MS) v of weight k on Γ is a

function from Γ onto C, such that

(a) |v(M)| = 1, for all M ∈ Γ;

(b) v(M1M2)(−i(c3τ + d3))
k

= v(M1)v(M2)(−i(c1M2τ + d1))
k(−i(c2τ + d2))

k ,

for all M1, M2 ∈ Γ. (7.29)

In (b), M1M2 = M3 and Mj =
( ∗ ∗

cj dj

)
, 1 ≤ j ≤ 3. The stipulation (7.29)

is usually called the consistency condition for multiplier systems for MS’s

with respect to (Γ, k).
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Remark 7.6. 1. In (b), as throughout, we adhere to the argument con-

vention (1.4).

2. If k ∈ Z, (b) reduces to v(M1M2) = e−πik/2v(M1)v(M2). Thus, if

k ≡ 0 (mod 4), v is a multiplicative character on the matrix group Γ.

3. As an immediate consequence of (b) (and v(M) 6= 0), we find that

v(I) = eπik/2 and v(−I) = ±e−πik/2.

The motivation for the condition (7.29) is the characteristic transfor-

mation law of an automorphic form F of weight k and MS v, with respect

to Γ:

F (Mτ) = v(M)(−i(cτ + d))kF (τ), τ ∈ H, (7.30)

with k ∈ R, v(M) ∈ C, and |v(M)| = 1, for all M = ( ∗ ∗
c d ) ∈ Γ. Indeed, the

existence of F 6= 0 satisfying (7.30) implies directly that v satisfies (7.29).

Note that if F is meromorphic in H, it follows from (7.30) and the fact

|v(M)| = 1 that v(M) is independent of τ . It is customary to call F an

automorphic form of weight k and MS v on Γ, provided that F satisfies

(7.30) and certain growth conditions at the real points of the boundary

of a fundamental region for Γ. (Compare this with the more restrictive

definition of M(λ, k, γ) at the end of Chapter 2.)

The existence of F 6= 0 satisfying (7.2) implies that

v(−I) = +e−πik/2. (7.31)

For obvious reasons, (7.31) is usually called the nontriviality condition for

multiplier systems for MS’s in weight k. Here we consider only those MS’s

satisfying (7.31).

Before starting the proofs of our theorems, we elucidate the connection

of MS’s with our previous work—in particular, with the Hecke correspon-

dence theorem and the Bochner generalization. In the former, Theorem

2.1, we are given two exponential series

f(τ) =

∞∑

n=0

ane
2πinτ/λ, g(τ) =

∞∑

n=0

bne
2πinτ/λ,

both convergent for τ ∈ H. We further assume that the pair f , g satisfies

condition (i):

f(τ) = (τ/i)−kg(−1/τ), k ∈ R, τ ∈ H. (7.32)

We make the simplifying assumption that g = γf , so that f ∈ M(λ, k, γ)

and γ = ±1. (See Definition 2.2 of Chapter 2.) Then we have the two
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transformation laws for f :

f(τ + λ) = f(τ), f(−1/τ) = γ(τ/i)kf(τ). (7.33)

Recall the notation Sλτ = τ + λ, Tτ = −1/τ , and G(λ) = 〈Sλ, T 〉. We

show that (7.33) can be invoked to generate a MS v on G(λ) of weight

k, at the same time proving that f(τ) satisfies (7.30) with MS v for all

M ∈ G(λ). We proceed by expressing M ∈ G(λ) as a word in Sλ and T :

M = T ε1S`1
λ TS

`2
λ · · ·S`n

λ T ε2 , (7.34)

with `j ∈ Z, `j 6= 0, ε1 = 0, 1, 2, or 3 and ε2 = 0 or 1. This representation

of M as a word in Sλ, T is not unique since there are nontrivial relations

in G(λ), for example, T 2 = −I . However, as we shall observe, this has no

bearing upon the proof we are about to give, since v(M), as we generate

it, is uniquely determined by f(τ) and M , in light of (7.30), with F = f .

The procedure is iterative. Define v(Sλ) = 1, v(T ) = γ, as dictated

by (7.33). For general M ∈ G(λ), apply the expression (7.34) and make

repeated use of the consistency condition (7.29) in the form

v(M1M2) = v(M1)v(M2)
(−i(c1M2τ + d1))

k(−i(c2τ + d2))
k

(−i(c3τ + d3))k
. (7.35)

Note that, since |v(Sλ)| = |v(T )| = 1 and the ratio on the right-hand side

of (7.30) has absolute value 1 as well, it follows that |v(M1M2)| = 1, as

required. This approach yields (7.30) with F = f , MS v, and Γ = G(λ).

Notwithstanding the nonuniqueness of the expression (7.34), the uniqueness

of v(M) follows directly from (7.30), since

v(M) =
f(Mτ)

f(τ)
(−i(cτ + d))−k .

Note that (7.29) and (7.31) also follow immediately from (7.30).

Of course, this procedure is applicable to discrete groups other than

G(λ) as well. Indeed, in the proofs of Theorems 7.2, 7.3, and 7.4 we shall

have occasion to apply the method to the group K(λ) = 〈Sλ, TSλT 〉, a

subgroup of G(λ), and to a generalized version of K(λ). In the end, the

proofs of all three theorems come down to establishing the existence of a

nontrivial function on H, satisfying (7.30) with an appropriateMS on some

group related to G(λ).

Remark 7.7. It is useful to know that the procedure outlined above

works equally well if f(τ), g(τ) are related by a transformation law of the
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form (7.4) with a log-polynomial sum q(τ) 6= 0. However, the proof is of

necessity more complicated. We do not give it here.

Proof of Theorem 7.2. Under the assumptions of Theorem 7.2, Theorem

7.1 implies that the pair f(τ), g(τ) satisfies (7.4) (with γ = 1), where f(τ),

g(τ) are given by (7.2) and are related to Φ(s), Ψ(s), respectively, by (7.3).

Furthermore, an examination of the proof of Theorem 7.1 shows that, under

restriction of the poles of Φ(s) and Ψ(s) to the set {0, k}, q(τ) = 0 in (7.4).

Thus, in this case we have the stricter form of (7.4),

(τ/i)−kf(−1/τ) = g(τ), τ ∈ H. (7.36)

Since g(τ + λ2) = g(τ), it follows that

(
τ + λ2

i

)−k

f

( −1

τ + λ2

)
= g(τ).

Replacing τ by −1/τ and applying (7.36) once again, we find that

(
λ2τ − 1

iτ

)−k

f

( −τ
λ2τ − 1

)
=

(−1

iτ

)−k

f(τ),

that is to say,

f

( −τ
λ2τ − 1

)
=

(
λ2τ − 1

iτ

)k (−1

iτ

)−k

f(τ).

Since
∣∣∣∣∣

(
λ2τ − 1

iτ

)−k (−1

iτ

)k
∣∣∣∣∣ = |λ2τ − 1|k,

it follows that

f

( −τ
λ2τ − 1

)
= ε

(
λ2τ − 1

i

)k

f(τ), (7.37)

with |ε| = 1. As before, the condition |ε| = 1 implies that

ε =

(
λ2τ − 1

i

)−k f
(

−τ
λ2τ−1

)

f(τ)

is independent of τ ∈ H. From the definition of f(τ), f(τ + λ1) = f(τ),

and so by the procedure outlined above (for the group G(λ) = 〈Sλ, T 〉), we
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find that f(τ) satisfies (7.30) for the group Γ = K(λ1, λ2) = 〈Sλ1
, TSλ2

T 〉,
with v = vλ1,λ2,k, a MS of weight k on K(λ1, λ2).

By assumption, Φ(s) 6≡ 0, so f(τ) is not constant. Since K(λ1, λ2)

contains translations, Corollary 14 of [59] implies that K(λ1, λ2) is discrete.

Thus, by [65, Theorem 1], we conclude that either λ1λ2 = 4 cos2 π/q, with

q ∈ Z, q ≥ 3, or λ1λ2 ≥ 4. This competes the proof of Theorem 7.2. �

In Theorems 7.3 and 7.4 we deal only with the first of the two al-

ternatives in the conclusion of Theorem 7.2. That is, we treat the case

λ1λ2 = 4 cos2 π/q, with q ∈ Z, q ≥ 3. In Theorem 7.3 we assume in ad-

dition that q is odd. In the proof of the latter, we require a preliminary

result.

Proposition 7.2. For λ = 2 cosπ/q, q ∈ Z, q ≥ 3, we have the following

relations in G(λ):

T 2 = (TSλ)q = −I, (7.38)

with T =
(

0 −1
1 0

)
and Sλ = ( 1 λ

0 1 ).

Proof. The first relation, T 2 = −I , is clear. The second was proved in

Chapter 5, but stated in a slightly different form. Recall that

T1τ =
τ

|τ |2 , T3τ = −(τ̄ + λ),

as defined in the proof of Lemma 3.1; by a simple calculation, then, T1T3 =

TSλ. In the proof of Theorem 5.2, we observed that

(T1T3)
n =

1

sin(πp/q)

[
sin{πp(1 − n)/q} − sin(πpn/q)

sin(πpn/q) sin{πp(1 + n)/q}

]
,

with λ = 2 cos(πp/q), (p, q) = 1, q ≥ 3, p ≥ 2, and n ∈ Z+. By (3.1), this

holds for p = 1 as well. Putting p = 1 and n = q, we deduce that

(T1T3)
n =

1

sin(π/q)

[
sin{π(1 − q)/q} − sinπ

sinπ − sin(π/q)

]

=
1

sin(π/q)

[− sin(π/q) 0

0 − sin(π/q)

]
= −I,

as asserted. �

Proof of Theorem 7.3. We begin with the proof of Theorem 7.3 for the

special case λ1 = λ2. Thus, we may write λ = λ1 = λ2 = 2 cosπ/q, with

q odd and q ≥ 3. Just as in the proof of Theorem 7.2, we note that f(τ)
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and g(τ) are related by the transformation law (7.36), so we obtain a MS

vλ,k of weight k on K(λ). (Note the abbreviated notations vλ,k = vλ,λ,k

and K(λ) = K(λ, λ).) Again, f(τ) satisfies (7.30) for the group K(λ) with

v = vλ,k. Since, by assumption, f(τ) is nonconstant, vλ,k satisfies the

nontriviality condition (7.31).

Since q is odd, the second relation in (7.38) can be used to express the

inversion T in G(λ) as a word in Sλ and TSλT of length q, namely,

(TSλT )Sλ(TSλT )Sλ · · · (TSλT ) = −T. (7.39)

(In (7.39) there are (q + 1)/2 factors TSλT separated by (q − 1)/2 factors

Sλ.) In particular, this shows that G(λ) = K(λ) = 〈Sλ, TSλT 〉. Hence,

f(τ) satisfies (7.30) for all M in G(λ), including M = T , i.e.,

f(−1/τ) = vλ,k(T )(−iτ)kf(τ),

or

(τ/i)−kf(−1/τ) = vλ,k(T )f(τ). (7.40)

A comparison with (7.36) implies that g(τ) = vλ,k(T )f(τ), so that Ψ(s) =

vλ,k(T )Φ(s). Except for the specific determination of the factor vλ,k(T ) on

the right-hand side in terms of k and q, this proves part (ii) of the theorem

in the special case λ1 = λ2.

We invoke (5.18) from Theorem 5.6, which yields k = 4m/(q − 2) +

1 − vλ,k(T ), with m ∈ Z+, since vλ,k(T ) = γ, in the notation of Definition

2.2 and Theorem 5.6. Furthermore, it is easy to show that vλ,k(T ) = ±1,

either directly from

Ψ(k − s) = Φ(s) = vλ,k(T )−1Ψ(s)

or by applying (7.29). This implies that

k
(
1 − q

2

)
= −2m+

(
γ − 1

2

)
(q − 2) ∈ Z,

and so we have proved part (i) of the theorem. Since q is odd here, note

that k(1− q/2) ∈ 2Z if and only if γ = 1. From this it follows directly that

eπik(1−q/2) = eπi(q−2)(γ−1)/2 = γ = vλ,k(T ), since γ = ±1. This completes

the proof of Theorem 7.3 in the case λ1 = λ2.

Extension of the proof to the general case. At this point we lift the

restriction λ1 = λ2, assuming only that λ1, λ2 > 0 and λ1λ2 = 4 cos2 π/q,

with q ∈ Z, q ≥ 3, and q odd. The assumptions, once again, are that Φ(s),
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Ψ(s) are nonconstant, defined as in Theorem 7.1, related by the functional

equation Ψ(k − s) = Φ(s) ((7.5) with γ = 1), and meromorphic in C, with

poles confined to the set {0, k}.
Let λ =

√
λ1λ2 = 2 cosπ/q and define

Φ̂(s) = λ
k/2
1

(√
λ2

λ1

)s

Φ(s),

Ψ̂(s) = λ
k/2
2

(√
λ1

λ2

)s

Ψ(s).

We note that

Φ̂(s) =

(
2π

λ

)−s ∞∑

n=1

ânn
−s,

Ψ̂(s) =

(
2π

λ

)−s ∞∑

n=1

b̂nn
−s,

with ân = λ
k/2
1 an, b̂n = λ

k/2
2 bn, for all n. A simple calculation employing

the functional equation Ψ(k − s) = Φ(s) shows that Ψ̂(k − s) = Φ̂(s). The

theorem for the special case λ1 = λ2 now implies that k(1 − q/2) ∈ Z and

Ψ̂(s) = vλ,k(T )−1Φ̂(s), that is,

Ψ(s) = vλ,k(T )−1

(
λ1

λ2

)k/2−s

Φ(s).

As before, vλ,k(T ) = eπi−k(1−q/2). This completes the proof of Theorem

7.3. �

Proof of Theorem 7.4. The simple considerations of the previous para-

graph permit us to assume at the outset that λ1 = λ2 = λ. As in the proof

of Theorem 7.3, the hypotheses of Theorem 7.4 imply that f(τ) and g(τ)

are related by the transformation formula (7.36) with the consequence that

once again f(τ) satisfies (7.30) for the group Γ = K(λ) = 〈Sλ, TSλT 〉, with

a MS v = ṽλ,k of weight k on K(λ). Since q is even in this case, it is not

true that K(λ) = G(λ), but, in fact, [G(λ) : K(λ)] = 2. Thus, the relations

(7.38) do not imply that f(τ) satisfies (7.30) for M = T , and we cannot

prove anything like Theorem 7.3 (b).

Nevertheless, the MS ṽλ,k does extend to G(λ), and this will suffice to

obtain the restriction upon the weight k that we claim. To show this, we
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revisit the transformation formula (7.36), i.e.,

(τ/i)−kf(−1/τ) = g(τ), τ ∈ H.

Replacing τ by −1/τ and rearranging yields

(τ/i)−kg(−1/τ) = f(τ), τ ∈ H.

Letting h1(τ) = f(τ) + g(τ) and h2(τ) = f(τ) − g(τ), we find that

(τ/i)−kh1(−1/τ) = g(τ) + f(τ) = h1(τ)

and

(τ/i)−kh2(−1/τ) = g(τ) − f(τ) = −h2(τ).

Since f(τ), g(τ) are nonconstant, it follows that h1(τ) = h2(τ) = 0 cannot

occur, so there is a MS vλ,k of weight k on all of G(λ), satisfying the

nontriviality condition, which restricts to ṽλ,k on the subgroup K(λ). (If

h1(τ) 6= 0, we have vλ,k(T ) = +1; if h2(τ) 6= 0, we have vλ,k(T ) = −1; if

both are 6= 0, we have two distinct MS’s on G(λ) that restrict to ṽλ,k on

K(λ).)

As in the proof of Theorem 7.3, we may now apply (5.18) of Theorem

5.6 to conclude that k = 4m/(q − 2) + 1 − vλ,k(T ). Thus,

k
(
1 − q

2

)
= −2m+

{
vλ,k(T ) − 1

2

}
(q − 2)

is an even integer, since q is even and vλ,k(T ) = ±1. This completes the

proof of Theorem 7.4. �

Theorems 7.2, 7.3, and 7.4 may be regarded as nonexistence results,

since they impose restrictions upon the complex constants that occur in

Theorem 7.1, subject to the restriction q(τ) = 0 in (7.4). The article

[65] describes the values of λ1, λ2 > 0 that yield discrete K(λ1, λ2) =

〈Sλ1
, TSλ2

T 〉. They are:

(a) λ1λ2 = 4 cos2(π/q), q ∈ Z, q ≥ 3, with q odd;

(b) λ1λ2 = 4 cos2(π/q), q ∈ Z, q ≥ 3, with q even;

(c) λ1λ2 = 4;

(d) λ1λ2 > 4.

A glance at Theorems 7.3 and 7.4 shows that in case (a) the results are

far stronger than in (b). In cases (c) and (d) there are no results at all

relating the functions and parameters that occur, explicitly or implicitly,
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in the functional equation (7.5) (with γ = 1). In Theorem 7.5 we formu-

late existence results showing that, in fact, the nonexistence statements of

Theorems 7.3 and 7.4 cannot be extended further. Furthermore, it follows

directly from Theorem 7.5 that Theorem 7.2 is best possible as well.

Theorem 7.5. Assume λ1, λ2 > 0.

(a) Let λ1λ2 = 4 cos2(π/q), where q is an odd integer ≥ 3. Suppose that

k(1−q/2) ∈ Z, and put γ = 1 if k(1−q/2) is even and γ = −1 if k(1−q/2)

is odd. Assume that

1 +

[
k

(
1

4
− 1

2
q

)
+
γ − 1

4

]
> 0.

(k ≥ 0 suffices to ensure this when γ = 1; when γ = −1, k ≥ 2q/(q − 2) is

sufficient.) Then there exists nontrivial

Φ(s) =

(
2π

λ1

)−s

Γ(s)ϕ(s), ϕ(s) =
∑

ann
−s,

with an = O(nρ), n→ ∞, ρ > 0, such that:

(i) Φ(s) has a meromorphic continuation to the entire s-plane, with poles

restricted to the set {0, k};
(ii) Φ(s) is bounded in lacunary vertical strips (see (B) of Theorem 7.1

for the definition);

(iii) Φ(k − s) = eπik(1/q/2)(λ1/λ2)
k/2−sΦ(s).

If we assume that k satisfies the stronger inequality k ≥ 4q/(q − 2) in the

case γ = 1, and k ≥ 6q/(q−2) in the case γ = −1, then Φ(s) can be chosen

so that (i) is strengthened to:

(iv) Φ(s) is an entire function of s.

(b) Suppose λ1λ2 = 4 cos2(π/q), where q is an even integer ≥ 3. Let

k(1 − q/2) ∈ 2Z and γ = ±1. As in (a), assume that

1 +

[
k

(
1

4
− 1

2q

)
+
γ − 1

4

]
> 0,

but now for γ = ±1 simultaneously. (These two inequalities reduce to the

single one k ≥ 2q/(q − 2).) Then there exist nontrivial

Φ(s) =

(
2π

λ1

)−s

Γ(s)
∑

ann
−s,

Ψ(s) =

(
2π

λ2

)−s

Γ(s)
∑

bnn
−s,
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with both {an} and {bn} of polynomial growth: an = O(nρ), bn = O(nρ),

n→ ∞, ρ > 0, and such that Φ(s), Ψ(s) both satisfy conditions (i) and (ii)

above, and

(v) Ψ(k − s) = Φ(s).

Furthermore, {an} and {bn} can be chosen so that λ−s
1 Φ(s) and λ−s

2 Ψ(s)

are linearly independent over C. If we assume that k ≥ 6q/(q − 2), then

(i) can be strengthened, as in (a), to the assertion (iv) for Φ(s) and Ψ(s)

suitably chosen.

(c) Suppose λ1λ2 = 4 and γ = ±1. Assume that 1+[(k+γ−1)/4] > 0 for

both γ = +1 and γ = −1, but nothing further about k. (The two inequalities

taken together are equivalent to k ≥ 2.) The conclusion is the same as in

(b), provided the last sentence in case (b) is omitted.

(d) Let λ1λ2 > 4 and k ∈ R, with k arbitrary. The conclusion here is

the same as in (c), but with the additional feature that for each k there are

infinitely many linearly independent choices for each of Φ(s) and Ψ(s).

Remark 7.8. 1. Note that the right-hand side of (iii) has the form

γ

(
2π

λ2

)−s

Γ(s)

(
λ1

λ2

)k/2

ϕ(s) = ±
(

2π

λ2

)−s

Γ(s)

(
λ1

λ2

)k/2

ϕ(s).

2. In part (a), Φ(s) can be replaced by

Ψ(s) =

(
2π

λ2

)−s

Γ(s)
∑

bnn
−s,

with λ1 and λ2 reversing roles in (iii).

3. In case (c) there is a further result analogous to the final statements in

(a) and (b), but the proof of this depends on knowing that dimC0(2, k, γ) >

0 for k “large.” This is, of course, well known, but we have not discussed it

here. (It can be proved from Theorem 6.3 and the introduction of Eisenstein

series more general than those of Definitions 5.3 and 5.4.) What can be

shown is this: if k > 2, then both Φ(s) and Ψ(s) can be chosen continuable

to entire functions of s. The same addition can be made to (d), for k ≥ 2.

Proof of Theorem 7.5. The proofs of the results included here are based

upon the dimensionality results, Theorems 5.6 and 5.8 (λ < 2), Theorem

6.3 (λ = 2), and Theorem 4.1 (λ > 2). They also involve Theorem 2.1 and

Corollary 5.3(a) in an essential way.

(a) λ1λ2 = 4 cos2(π/q), where q is an odd integer ≥ 3. The existence

proof in this case, and the following cases as well, begins with the special
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situation in which both λ1 and λ2 are replaced by λ =
√
λ1λ2. In this case,

then, λ = 2 cos(π/q). Suppose k ∈ R and k(1 − q/2) ∈ Z. By Theorem 5.6

and the restrictions on k,

dimM(λ, k, eπik(1−q/2)) > 0.

(Since k(1 − q/2) ∈ Z, it follows that γ = eπik(1−q/2) = ±1.) But, by

Corollary 5.3(a), M0(λ, k, γ) = M(λ, k, γ), so

dimM0(λ, k, e
πik(1−q/2)) > 0.

Theorem 2.1 then implies the existence of a nontrivial Dirichlet series

ϕ̂(s), convergent in some right half-plane, such that Φ̂(s) =
(

2π
λ

)−s
Γ(s)ϕ̂(s)

satisfies (i), (ii) and the simplified version of (iii) obtained by putting λ1 =

λ2 (see (2.1)):

Φ̂(k − s) = eπik(1−q/2)Φ̂(s).

The extension to general λ1, λ2 (still subject to the condition imposed at

the outset, of course) can be carried out by reference to the extension of

the proof of Theorem 7.3 to the general case. Simply let

Φ(s) = λ
−k/2
1

(
λ2

λ1

)s/2

Φ̂(s);

this fulfills the required conditions.

Next, by Theorem 5.8, dimC0(λ, k, γ) > 0, provided k ≥ 4q/(q − 2),

for γ = 1, and k ≥ 6q/(q − 2), for γ = −1. (Thus, for example, k ≥ 12

suffices in the first case and k ≥ 18 suffices in the second.) By Theorem 2.1,

then, these stricter inequalities (k still subject to the condition k(1−q/2) ∈
Z) guarantee the existence of entire Φ(s) satisfying the conditions in the

conclusion of Theorem 7.5(a). This completes the proof of part (a).

(b) λ1λ2 = 4 cos2(π/q), where q is an even integer ≥ 3. As in (a), we may

assume from the outset that both λ1 and λ2 are replaced by λ = 2 cos(π/q).

Suppose k ∈ R is such that k(1 − q/2) ∈ 2Z and γ = ±1. Under

the further assumption k ≥ 2q/(q − 2), Theorem 5.6 and Corollary 5.3(a)

together imply that dimM0(λ, k, γ) > 0 for both γ = +1 and γ = −1.

Theorem 2.1 then implies the existence of nontrivial Dirichlet series ϕ̂(s),

ϕ̃(s), convergent in some right half-plane, such that both

Φ̂(s) =

(
2π

λ

)−s

Γ(s)ϕ̂(s) and Φ̃(s) =

(
2π

λ

)−s

Γ(s)ϕ̃(s)
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satisfy (i) and (ii), and also

Φ̂(k − s) = Φ̂(s) and Φ̃(k − s) = −Φ̃(s). (7.41)

Let

Φ+(s) = λ
−k/2
1

(√
λ1/λ2

)s

Φ̂(s) and Ψ+(s) = λ
−k/2
2

(√
λ2/λ1

)s

Φ̂(s).

It follows that

Φ+(s) =

(
2π

λ1

)−s

Γ(s)λ
−k/2
1 ϕ̂(s) and Ψ+(s) =

(
2π

λ2

)−s

Γ(s)λ
−k/2
2 ϕ̂(s),

and from (7.41) we infer that Ψ+(k − s) = Φ+(s). Similarly, defining

Φ−(s) = λ
−k/2
1

(√
λ1/λ2

)s

Φ̃(s) and Ψ−(s) = −λ−k/2
2

(√
λ2/λ1

)s

Φ̃(s),

we find that

Φ−(s) =

(
2π

λ1

)−s

Γ(s)λ
−k/2
1 ϕ̃(s), andΨ−(s) =

(
2π

λ2

)−s

Γ(s)(−λ−k/2
2 )ϕ̃(s),

and that Ψ−(k − s) = Φ−(s).

Now, the pair Φ+(s), Ψ+(s), satisfies (i), (ii), and (v), as does the

pair Φ−(s), Ψ−(s). However, neither pair satisfies the linear independence

condition described in the statement of (b) (penultimate sentence), since

λ
k/2
1 (λ−s

1 Φ+(s)) = λ
k/2
2 (λ−s

2 Ψ+(s)) = (
√
λ1λ2)

−sΦ̂(s),

and

λ
k/2
1 (λ−s

1 Φ−(s)) = −λk/2
2 (λ−s

2 Ψ−(s)) = (
√
λ1λ2)

−sΦ̃(s).

In order to achieve the desired linear independence, we define

Φ(s) = Φ+(s) + Φ−(s), Ψ(s) = Ψ+(s) + Ψ−(s).

The pair Φ(s), Ψ(s) inherits the required properties (i), (ii), and (v). Fur-

thermore,

λ−s
1 Φ(s) = λ

−k/2
1 (

√
λ1λ2)

−s{Φ̂(s) + Φ̃(s)}

and

λ−s
2 Ψ(s) = λ

−k/2
2 (

√
λ1λ2)

−s{Φ̂(s) − Φ̃(s)}.

These expressions show easily that λ−s
1 Φ(s) and λ−s

2 Ψ(s) are linearly inde-

pendent, by (7.41) and the nontriviality of Φ̂(s) and Φ̃(s).
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The derivation of (iv) from the stricter assumption k ≥ 6q/(q − 2) is

identical with that in (a). This completes the proof of (b).

(c) The proof in this case is the same as in case (b), except that here

we apply Theorem 6.3 instead of Theorem 5.6 and Corollary 5.3(a).

(d) Apart from the final statement, the proof is the same as that in case

(c), except that Theorem 4.1 replaces Theorem 6.3 in the argument. To

prove the assertion made in the last sentence, we invoke Theorem 4.1.

Theorem 4.1 implies the existence of infinitely many linearly indepen-

dent Φ̂(s) satisfying the first equality in (7.41) (γ = 1) and infinitely many

linearly independent Φ̃(s) satisfying the second equality (γ = −1). Recall

that

Φ(s) = Φ+(s) + Φ−(s) = λ
−k/2
1

(√
λ1

λ2

)s

{Φ̂(s) + Φ̃(s)}.

(See the proof of part (b) for this.)

Let t ∈ Z+ and consider

Φj(s) = λ
−k/2
1

(√
λ1

λ2

)s

{Φ̂j(s) + Φ̃j(s)},

1 ≤ j ≤ t, with the Φ̂j(s) linearly independent, and the Φ̃j(s) as well.

Suppose that

t∑

j=1

αjΦj(s) ≡ 0,

with complex αj ; that is,

t∑

j=1

αjΦ̂(s) ≡ −
t∑

j=1

αjΦ̃(s).

By (7.41), this implies that

t∑

j=1

αjΦ̃j(s) ≡ 0, so α1 = · · · = αt = 0,

and Φ1(s), . . . ,Φt(s) are linearly independent over C. Since t ∈ Z+ is

arbitrary, there are infinitely many linearly independent choices for Φ(s).

One can apply the same argument to show the existence of infinitely

many linearly independent Ψ(s). Alternatively, this follows from the linear
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independence of the Φ(s), together with the functional equation (v) relating

Ψ(s) with Φ(s). This concludes the proof. �
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Chapter 8

Identities equivalent to the functional

equation and to the modular relation

In Chapter 7, we focused our attention on a generalization of Hecke’s func-

tional equation due to Bochner. In fact, Bochner [17], [20, pp. 665–696]

considered a further more general functional equation than that of Hecke.

We begin this chapter by describing the setting for this considerably more

general functional equation, although we shall concentrate mainly in the

sequel on Hecke’s functional equation. Identities arising from other special

cases of our general functional equation can be found in [9]. In Chapter

2, we briefly and implicitly alluded to an identity for
∑

λn≤x an(x − λn)ρ

that is equivalent to Hecke’s functional equation. We give not only that

identity in this chapter, but offer further identities equivalent to Hecke’s

functional equation. In Chapters 2 and 7, the Mellin transform of the ex-

ponential function and the inverse Mellin transform of the Gamma function

play key roles in demonstrating the equivalence of the modular relation and

the functional equation. In proving the identities in this chapter, Mellin

transforms also play central roles. For example, in establishing an identity

for the Riesz sum
∑

λn≤x a(n)(x− λn)ρ in Theorem 8.1, the inverse Mellin

transform for the ordinary Bessel function Jν(x) of order ν [106, p. 196,

Eq. (7.9.1)],

Jν(x) =
1

2πi

∫ c+i∞

c−i∞

Γ(s)

Γ(ν + 1 − s)

(x
2

)ν−2s

ds, 0 < c <
1

2
ν +

3

4
,

is of prime importance. Versions of Perron’s formula are needed to prove

Theorem 8.1 as well as the identities for logarithmic sums that are discussed

after Riesz sums. Another useful Mellin transform is (8.15) below.

For all of the theorems that we present, specific examples and less gen-

eral theorems historically preceded the more general theorems. In Defi-

nition 5.7 and Example 6.3, we considered, respectively, the Ramanujan

115
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tau-function τ(n) and rk(n), the number of representations of the posi-

tive integer n as a sum of k squares. We focus on these two arithmetical

functions to illustrate the theorems that follow. No proofs are given, but

sources where proofs may be found are indicated.

In our theorems and examples throughout this section, s = σ+ it, with

σ and t both real. Also, C denotes a simple closed curve, or union of simple

closed curves, oriented in the positive direction.

Definition 8.1. Let λn and µn, 1 ≤ n <∞, be two sequences of positive

numbers strictly increasing to ∞, and let a(n) and b(n), 1 ≤ n <∞, be two

sequences of complex numbers not identically zero. Consider the functions

ϕ(s) and ψ(s) representable as Dirichlet series

ϕ(s) =

∞∑

n=1

a(n)λ−s
n and ψ(s) =

∞∑

n=1

b(n)µ−s
n ,

with finite abscissas of absolute convergence σa and σ∗
a, respectively. If N

is a positive integer, let

∆(s) =

N∏

k=1

Γ(αks+ βk),

where αk > 0 and βk is complex, 1 ≤ k ≤ N . With r real, we say that ϕ

and ψ satisfy the functional equation

∆(s)ϕ(s) = ∆(r − s)ψ(r − s) (8.1)

if there exists in the s-plane a domain D, which is the exterior of a compact

set S, such that in D a holomorphic function χ exists with the properties:

χ(s) = ∆(s)ϕ(s), for σ > σa,(i)

χ(s) = ∆(r − s)ψ(r − s), for σ < r − σa∗;
lim

|t|→∞
χ(σ + it) = 0, uniformly in every interval(ii)

−∞ < σ1 ≤ σ ≤ σ2 <∞;

χ(s) is meromorphic on S.(iii)

In particular, if ∆(s) = Γ(s) and if we replace ϕ(s) and ψ(s) by

(2π)−sϕ(s) and (2π)−sψ(s), respectively, so that λn and µn are replaced

by 2πλn and 2πµn, respectively, then (8.1) reduces to Hecke’s functional

equation

(2π)−sΓ(s)ϕ(s) = (2π)−(r−s)Γ(r − s)ψ(r − s). (8.2)
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We begin with Chandrasekharan and Narasimhan’s theorem on the

Riesz sums
∑

λn≤x a(n)(x − λn)ρ [23]. A different proof of their theorem

was later given by Berndt [14]. We state the theorem in a “weak” form

in which the identity holds for ρ > 2σ∗
a − r − 1

2 . Under fairly complicated

additional hypotheses, the identity is valid for ρ > 2σ∗
a − r − 3

2 . For the

examples that we give, these additional hypotheses are indeed satisfied,

and so we state the examples in a “strong” form. Identities for Riesz sums

are important in proving theorems on the average order of arithmetical

functions. Even though the identity for
∑

λn≤x a(n)(x − λn)ρ may not be

valid for ρ = 0, a method using successive differences can be employed to

obtain results on the average order of
∑

λn≤x a(n). See, for example, [24],

[13], and the several references given in these papers.

Theorem 8.1. Let Jν(x) denote the ordinary Bessel function of order

ν, and let x > 0 and ρ > 2σ∗
a − r − 1

2 . Then the functional equation (8.2)

implies the identity

1

Γ(ρ+ 1)

∑

λn≤x

′
a(n)(x − λn)ρ

=

(
1

2π

)ρ ∞∑

n=1

b(n)

(
x

µn

)(r+ρ)/2

Jr+ρ(4π
√
µnx) +Qρ(x). (8.3)

Here

Qρ(x) =
1

2πi

∫

C

(2π)sχ(s)xs+ρ

Γ(ρ+ 1 + s)
ds,

where C denotes a closed curve or union of closed curves encircling all of

S, and the prime ′ on the summation sign on the left-hand side of (8.3)

indicates that if ρ = 0 and x = λn, for some n ≥ 1, then only 1
2a(n) is

counted. Conversely, the identity (8.3) implies that (8.2) holds.

As indicated above, in many cases Theorem 8.1 can be strengthened by

replacing the condition ρ > 2σ∗
a − r − 1

2 by ρ > 2σ∗
a − r − 3

2 ; see [23, p. 14,

Theorem III] and [14].

A generalization of Theorem 8.1 to the case when ∆(s) = Γm(s), where

m is a positive integer, has been given by Berndt [7]. To illustrate Theorem

8.1 and the aforementioned extension, we give two examples, both of which

are also found in [23].

Example 8.1. Let rk(n) denote the number of representations of n as

a sum of k squares. In the notation of Theorem 8.1 and Definition 8.1,
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a(n) = b(n) = rk(n), λn = µn = 1
2n, and r = 1

2k. Then, if x is replaced by
1
2x, we find that, for ρ > 1

2 (k − 3),

1

Γ(ρ+ 1)

∑

0≤n≤x

′
rk(n)(x − n)ρ =

πk/2xk/2+ρ

Γ(ρ+ 1 + 1
2k)

+

(
1

π

)ρ ∞∑

n=1

rk(n)
(x
n

)k/4+ρ/2

Jk/2+ρ(2π
√
nx).

Example 8.2. Let τ(n) denote Ramanujan’s tau-function. Then λn =

µn = n and a(n) = b(n) = τ(n), n ≥ 1. Thus, by Theorem 8.1, for x > 0

and ρ > − 1
2 , since χ(s) is entire in this instance,

1

Γ(ρ+ 1)

∑

n≤x

′
τ(n)(x − n)ρ =

(
1

2π

)ρ ∞∑

n=1

τ(n)
(x
n

)6+ρ/2

J12+ρ(4π
√
nx).

Certain identities for the logarithmic sums
∑

λn≤x a(n) logρ(x/n), where

ρ is a nonnegative integer, are also equivalent to the functional equation for

Dirichlet series involving ∆(s) = Γm(s) [8]. The first general theorems for

such sums were proved by Berndt [8], and because these general theorems

[8, Theorems 1, 3], even in the case of the simple gamma factor Γ(s),

are somewhat complicated–in particular, the identities involve integrals of

Bessel functions–we content ourselves here with offering three examples for

ρ = 1. The first examples of this type were derived by A. Oppenheim [89].

Example 8.3. If d(n) denotes the number of positive divisors of the

positive integer n and γ denotes Euler’s constant, then [8, p. 371], [89]

∑

n≤x

d(n) log(x/n) = x(log x− 2 + 2γ) +
1

4
log(4π2x)

+
1

2π

∞∑

n=1

d(n)

n

(
Y0(4π

√
nx) +

2

π
K0(4π

√
nx)

)
,

where Yν(x) denotes the second solution of Bessel’s differential equation of

order ν, and Kν(x) denotes the modified Bessel function of order ν, both

usually so denoted.

In his paper [89], Oppenheim alludes to an identity involving r2(n)

but does not explicitly state it. C. Müller [83], L. Carlitz [22], Berndt [8],

and R. Ayoub and S. Chowla [3], [25, pp. 1189–1191] each proved such
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an identity, and each used an entirely different method. The identity in

question is given by

∑

n≤x

r2(n) log(x/n) = πx− logx+ c− 1

π

∞∑

n=1

r2(n)

n
J0(2π

√
nx). (8.4)

The constant c was given in various forms by the authors cited above and

is equal to

c = − log
Γ4(1/4)

16π
, (8.5)

with the best proof probably that of Ayoub and Chowla.

Example 8.4. If τ(n) denotes Ramanujan’s tau-function, then [8, p. 372]

∑

n≤x

τ(n) log(x/n) = 2

(
1

4π

)12 ∞∑

n=1

τ(n)

n12

∫ 4π
√

nx

0

u11J12(u)du.

The next two theorems offer identities for modified zeta functions or

Hurwitz-type zeta functions, i.e., identities for Dirichlet series in which the

variable n of summation, or more generally λn or µn, is replaced by n+ a

(or λn +a or µn +a). The first is due to Chandrasekharan and Narasimhan

[23, p. 8, Lemma 6], and the second is due to Berndt [6], [9, p. 342, Theorem

8.1]. In fact, prior to the publication of [23], Bochner and Chandrasekharan

[21], [20, 715–739] had established a general identity similar to (8.6) below.

Theorem 8.2. Let a(n) and b(n), n ≥ 1, be coefficients of Dirichlet series

satisfying the functional equation (8.2). Suppose that ρ is a nonnegative

integer. Then if Re s > 0, σ∗
a > 0, and ρ > 2σ∗

a − r − 1
2 ,

(
−1

s

d

ds

)ρ
{

1

s

∞∑

n=1

a(n)e−s
√

λn

}

= 23r+ρΓ(r + ρ+ 1
2 )πr−1/2

∞∑

n=1

b(n)

(s2 + 16π2µn)r+ρ+1/2
+Rρ(s), (8.6)

where

Rρ(s) :=
2−ρ

2πi

∫

C

χ(z)(2π)zΓ(2z + 2ρ+ 1)

Γ(z + ρ+ 1)
s−2z−2ρ−1dz.
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Here C is a closed curve or union of closed curves containing all poles of the

integrand on the interior of C. Conversely, if (8.6) holds for some integral

ρ and
∑∞

n=1 |b(n)|µ−r−ρ−1/2
n <∞, then (8.2) is valid.

Example 8.5. If we put a(n) = b(n) = τ(n) and ρ = 0 in Theorem 8.2,

then, for Re s > 0, we deduce that, since χ(s) is entire,

∞∑

n=1

τ(n)e−s
√

n = 236π23/2Γ

(
25

2

) ∞∑

n=1

τ(n)

(s2 + 16π2n)25/2
.

Theorem 8.3. Suppose that ϕ(s) satisfies Definition 8.1, with (8.1) tak-

ing the simpler form (8.2). Define for a > 0 and σ > σa,

ϕ(s, a) =
∞∑

n=1

a(n)(λn + a)−s.

Let D be a domain where

∞∑

n=1

b(n)Ks−r(4π
√
µna)µ

(s−r)/2
n

converges uniformly. As above, Kν(z) denotes the modified Bessel function

of order ν. Let R(s, a) denote the sum of the residues of χ(w)Γ(s − w)

(2πa)w−s at the poles of χ(w). Then, if s ∈ D,

(2π)−sΓ(s)ϕ(s, a) = 2

∞∑

n=1

b(n)
(µn

a

)(s−r)/2

Ks−r(4π
√
µna) +R(s, a).

(8.7)

Conversely, if ϕ(s, a) satisfies (8.7), then ϕ(s) satisfies (8.2).

It should be emphasized that in the statement of Theorem 8.3, R(s, a)

does not include any residues arising from poles of Γ(s− w). Keeping this

in mind, we can write

R(s, a) =
1

2πi

∫

C

χ(w)Γ(s − w)(2πa)w−sdw, (8.8)

where C is a closed curve or union of closed curves enclosing the poles of

χ(w) but not of Γ(w − s), unless poles of these two functions coalesce.

If Theorem 8.2 holds for ρ = 0, then the theorem coincides with The-

orem 8.3 if we set s = r + 1
2 in Theorem 8.3, set s = 4π2

√
a in Theorem

8.2, reverse the roles of ϕ(s) and ψ(s), employ the well-known formula [111,
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p. 80]

K1/2(z) =

√
π

2z
e−z, (8.9)

and use the representation (8.8). In demonstrating that a common identity

is obtained, one must use the functional equation (8.2).

Another proof of Theorem 8.3 was given by S. Kanemitsu, Y. Tanigawa,

and M. Yoshimoto [57]. They furthermore show that the identity (8.7)

is equivalent to an identity involving incomplete gamma functions due to

A. F. Lavrik [71].

Example 8.6. Let a(n) = τ(n). Then, as in Example 8.2, b(n) = τ(n),

µn = n, r = 12, and χ(w) is entire. We find from Theorem 8.3 that, for

a > 0 and any complex number s,

(2π)−sΓ(s)ϕ(s, a) = 2
∞∑

n=1

τ(n)
(n
a

)(s−12)/2

Ks−12(4π
√
na),

where for σ > 13
2 ,

ϕ(s, a) =

∞∑

n=1

τ(n)

(n+ a)s
.

The following theorem is the special case ϕ(s) = ζ(2s) of Theorem 8.3

and historically is the first instance of Theorem 8.3 to be established. Here,

r = 1
2 and s− 1

2 has been replaced by ν, so that we can record the theorem

in its original formulation.

Theorem 8.4. Let Kν(z) be as above. If x > 0 and Re ν > 0, then

1

4
(πx)−νΓ(ν) +

∞∑

n=1

nνKν(2πnx)

=
1

4

√
π(πx)−ν−1Γ(ν + 1

2 ) +

√
π

2x

(x
π

)ν+1

Γ(ν + 1
2 )

∞∑

n=1

(n2 + x2)−ν−1/2.

(8.10)

Theorem 8.4 was first established by G. N. Watson [110], who used the

Poisson summation formula. H. Kober [67] generalized Theorem 8.4 in two

different directions. Berndt [15] proved a generalization of (8.10) in which

either even or odd periodic coefficients appear as coefficients in both infinite
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series of (8.10). A short, more recent proof of Theorem 8.4 has been given

by Kanemitsu, Tanigawa, and Yoshimoto [56].

Recall that the theta function identity

∞∑

n=−∞
e−πin2/τ =

√
τ/i

∞∑

n=−∞
eπin2τ , Im τ > 0, (8.11)

is equivalent to the functional equation of the Riemann zeta function ζ(s)

given by

π−s/2Γ
(

1
2s
)
ζ(s) = π−(1−s)/2Γ

(
1
2 (1 − s)

)
ζ(1 − s). (8.12)

If we consider now the functional equation for ζ2(s), then Koshliakov’s

formula [68] in the theorem below can be considered as an analogue of the

transformation formula (8.11) for the classical theta function. To justify

this claim, recall first from (2.3) that the exponential function is the inverse

Mellin transform of Γ(s). Second, recall that the inverse Mellin transform

of 2s−2Γ2( 1
2s) is the modified Bessel function K0(x) [33, p. 331]. The

coefficients of the exponential functions in the classical theta relation (8.11)

are 1, while the coefficients of K0(2nα) in Koshliakov’s formula below are

d(n), the number of positive divisors of the positive integer n, which are

the coefficients in ζ2(s). Koshliakov’s formula was established in 1929 [68],

but, in fact, it was recorded by Ramanujan about ten years earlier and can

be found in his lost notebook [91, p. 253].

Theorem 8.5. Let α and β denote positive numbers such that αβ = π2,

let γ denote Euler’s constant, and let d(n) denote the number of positive

divisors of the positive integer n. Then,

√
α

(
1

4
γ − 1

4
log(4β) +

∞∑

n=1

d(n)K0(2nα)

)

=
√
β

(
1

4
γ − 1

4
log(4α) +

∞∑

n=1

d(n)K0(2nβ)

)
. (8.13)

Koshliakov established Theorem 8.5 by using the Voronöı summation

formula [109], which can be considered to be an arithmetic analogue of

the classical Poisson summation formula. We do not give a statement of

Voronöı’s summation formula here, but for several versions of it and con-

ditions under which they are valid, see [11]. A. L. Dixon and W. L. Ferrar

[30] also used Voronöı’s formula to prove (8.13), while F. Oberhettinger

and K. L. Soni [86] established a generalization of (8.13) using Voronöı’s
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formula. Soni [101] derived further identities from Koshliakov’s formula. In

contrast to the work of these authors, Ramanujan evidently did not appeal

to Voronöı’s formula. A. P. Guinand [36] showed in 1955 that Koshliakov’s

formula is a corollary of a more general formula, now called Guinand’s

formula, in Theorem 8.6 below. See also a paper by Berndt, Y. Lee, and

J. Sohn [16] for similar, more detailed proofs of both Guinand’s and Koshli-

akov’s formulas. We remark that both Guinand [36] and Berndt, Lee, and

Sohn [16] employ Theorem 8.4 in their proof of Theorem 8.6. Since Ra-

manujan recorded Guinand’s formula on the same page of his lost notebook

[91, p. 253] as he had recorded Koshliakov’s formula, he undoubtedly made

the same deduction of the latter formula from the former as did Guinand

approximately 36 years later. Ramanujan also recorded on page 254 of his

lost notebook [91] additional theorems that can be derived from Guinand’s

formula and that were not later rediscovered by other mathematicians; see

[16] for proofs of these results.

Theorem 8.6. Let σk(n) =
∑

d|n d
k. If α and β are positive numbers

such that αβ = π2, and if s is any complex number, then

√
α

∞∑

n=1

σ−s(n)ns/2Ks/2(2nα)−
√
β

∞∑

n=1

σ−s(n)ns/2Ks/2(2nβ)

=
1

4
Γ
(s

2

)
ζ(s){β(1−s)/2−α(1−s)/2}+1

4
Γ
(
−s

2

)
ζ(−s){β(1+s)/2−α(1+s)/2}.

(8.14)

As indicated above, the identity (8.14) was first proved in print by

Guinand [36] in 1955. The series in Theorem 8.6 are remindful of the

Fourier expansions of nonanalytic Eisenstein series on SL(2,Z), or Maass

wave forms [77], [81, pp. 230–232], [69, pp. 15–16], [104, pp. 208–209]. Since

certain nonanalytic Eisenstein series, namely, those defined by

∞∑′

c,d=−∞
|cτ + d|−s, Re s > 2, τ ∈ H,

where the ′ on the summation sign indicates that the term with c = d = 0

is omitted, can be recast as Epstein zeta functions, these two objects can

be regarded as different sides of the same coin. The Fourier series for non-

analytic Eisenstein series was derived by Maass [77] in the same year, 1949,

that A. Selberg and S. Chowla [97], [94, pp. 367–378] published the Fourier

series of the Epstein zeta function, but with their proof not published until
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eighteen years later [98], [94, pp. 521–545]. In the meanwhile, R. A. Rankin

[92] and P. T. Bateman and E. Grosswald [5] published proofs. Later proofs

were devised by Y. Motohashi [82] and Berndt [12], who generalized the re-

sult to more general Epstein zeta functions. In providing another proof

of a slightly less general formula, Kanemitsu, Tanigawa, H. Tsukada, and

Yoshimoto [54] point out that this less general result was also given by

Kober [67, p. 620] in 1934. In fact, Kanemitsu, Tanigawa, Tsukada, and

Yoshimoto (or a subset of these authors) have written several papers em-

phasizing consequences of the modular relation [53], [54], [55], [56], [57],

[58]. The nonanalytic Eisenstein series mentioned above were shown by

Maass [77] to satisfy modular relations. C. J. Moreno kindly informed the

authors that he was easily able to derive Theorem 8.6 from the aforemen-

tioned Fourier series expansion and functional equation of the Epstein zeta

function. One may then regard (8.14) as an analogue of a modular relation

equivalent to the functional equation of these nonholomorphic Eisenstein

series or these particular Maass wave forms.

We next state a general theorem in the spirit of Guinand’s formula in

Theorem 8.6; see [9, p. 343, Theorem 9.1] for a proof. Oberhettinger and

Soni [86, p. 24] established a similar theorem a few years later.

Theorem 8.7. Suppose that ϕ(s) satisfies Definition 8.1 in the form

(8.2). Define, for x > 0,

P (x) :=
1

2πi

∫

C

χ(s)x−sds,

where C is a closed curve, or union of closed curves, containing the set S of

Definition 8.1 on its interior. If s is any complex number and Re a,Re b >

0, then

2

∞∑

n=1

a(n)

(
b

λn + a

)s/2

Ks(4π
√

(λn + a)b )

=

∫ ∞

0

xs−1e−2πax−2πb/xP (x)dx

+ 2

∞∑

n=1

b(n)

(
a

λn + b

)(r−s)/2

Kr−s(4π
√

(µn + b)a ).

Example 8.7. In Theorem 8.7, set a(n) = b(n) = rk(n), with k ≥ 2. In

this case, we know that P (x) = −1 + πk/2x−k/2 [23, p. 19]. We also need
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the integral evaluation [35, p. 384, formula 3.471, no. 9]

∫ ∞

0

xν−1e−β/x−γxdx = 2

(
β

γ

)ν/2

Kν(2
√
βγ), (8.15)

where ν is any complex number and Re β > 0, Re γ > 0. Hence, for any

s ∈ C,

∫ ∞

0

xs−1e−2πax−2πb/xP (x)dx

=

∫ ∞

0

e−2πax−2πb/x
(
−xs−1 + πk/2xs−k/2−1

)
dx

= −2

(
b

a

)s/2

Ks(4π
√
ab) + 2

(
b

a

)(s−k/2)/2

Ks−k/2(4π
√
ab), (8.16)

where we have made two applications of (8.15). Define rk(0) = 1. In

Theorem 8.7, replace a and b by 1
2a and 1

2b, respectively, and use (8.16) to

deduce that, for all complex numbers s,

∞∑

n=0

rk(n)

(
b

n+ a

)s/2

Ks(2π
√

(n+ a)b )

=

∞∑

n=0

rk(n)

(
a

n+ b

)(k/2−s)/2

Kk/2−s(2π
√

(n+ b)a ). (8.17)

In particular, if s = 1
2 and k = 2, then upon the use of (8.9), we see that

(8.17) reduces to the identity

∞∑

n=0

r2(n)√
n+ a

e−2π
√

(n+a)b =

∞∑

n=0

r2(n)√
n+ b

e−2π
√

(n+b)a. (8.18)

This identity was first proved by Ramanujan and communicated to

G. H. Hardy, who recorded and sketched a proof of it in his paper [42,

p. 283], [44, p. 263] on the famous “circle problem,” which we now briefly

describe. Let the “error term” P (x) be defined by

∑

0≤n≤x

′
r2(n) = πx+ P (x), (8.19)

where, as usual, the ′ on the summation sign indicates that if x is a positive

integer N , only 1
2r2(N) is counted. In [42], [44, pp. 243–263], Hardy proved



November 17, 2007 11:23 WSPC/Book Trim Size for 9in x 6in bcb

126 Hecke’s Theory of Modular Forms and Dirichlet Series

that

P (x) = Ω((x log x)1/4), (8.20)

i.e., for every positive constant A, there exists a sequence {xn}, n ≥ 1,

tending to ∞ such that |P (xn)| > A(xn logxn)1/4, n ≥ 1. If (8.18) is

differentiated with respect to b, and if we then let a tend to 0, we obtain

an identity which was crucial for Hardy’s proof, and which had earlier been

proved by Hardy in a paper written in 1908 [41, p. 373], [45, pp. 434–

452, Equation (74), p. 450]. At the end of his paper [42, p. 283], [44,

p. 263], Hardy stated the corresponding identity for representations of an

integer by an arbitrary positive definite quadratic form in two variables.

The identity (8.18) cannot be found in Ramanujan’s published papers or

notebooks. Another proof of (8.18) was given by Dixon and Ferrar [29].

The symmetry of (8.17) and (8.18) in the parameters a and b is striking.

Example 8.8. Let a(n) = b(n) = τ(n). We apply Theorem 8.7 and

note that P (x) ≡ 0 [23, p. 16], [80]. Hence, we find that, for any complex

number s,

∞∑

n=1

τ(n)

(
b

n+ a

)s/2

Ks(4π
√

(n+ a)b )

=

∞∑

n=1

τ(n)

(
a

n+ b

)(12−s)/2

K12−s(4π
√

(n+ b)a ). (8.21)

To indicate one further consequence of the modular relation, we first

need to recall the definition of the Laguerre polynomials L
(α)
n (x), namely

[35, p. 1061],

L(α)
n (x) =

1

n!
exx−α dn

dxn
(e−xxn+α), n ≥ 0.

Theorem 8.8. Let L
(α)
n (x) denote the nth Laguerre polynomial, and let

ϕ(s) and ψ(s) satisfy Hecke’s functional equation (8.2). Then, if y > 0 and

m is any nonnegative integer,

∞∑

n=1

a(n)(2πλn)me−2πλny = m!y−r−m
∞∑

n=1

b(n)e−2πµn/yL(r−1)
m (2πµn/y)

+
1

2πi

∫

C

χ(s)Γ(s+m)

Γ(s)
y−s−mds,

where C is a closed curve or union of closed curves encircling the poles of

χ(s), and where −n /∈ C, for n = 0, 1, . . . ,m.
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Theorem 8.8 is due to Berndt [9, Theorem 10.1] and generalizes a the-

orem of G. Szegö [103].

In closing this monograph, we indicate one further class of Dirichlet

series, axiomatically defined for the first time by A. Selberg [96], [95, pp. 47–

63] in 1989. An excellent article describing investigations of this class since

1989 has been written by J. Kaczorowski [51], and for an article addressing

the Hecke theory, see [52]. We reproduce the definition of the Selberg class

as given in [51].

Definition 8.2. The Selberg class is the set of all Dirichlet series

F (s) :=

∞∑

n=1

a(n)

ns

that satisfy the following axioms.

(1) The Dirichlet series F (s) has abscissa of absolute convergence equal to

1.

(2) Analytic Continuation. There exists an integer m ≥ 0 such that

(s− 1)mF (s) is an entire function of finite order.

(3) Functional Equation. The function F (s) satisfies a functional equation

of the form

Φ(s) = ωΦ̃(1 − s),

where f̃(s) = f(s), |ω| = 1, and

Φ(s) = Qs
r∏

j=1

Γ(λjs+ µj)F (s),

where r ≥ 0, Q > 0, λj > 0, and Re µj ≥ 0 for 1 ≤ j ≤ r, with all

parameters depending on F (s).

(4) Ramanujan Hypothesis. For every ε > 0, a(n) � nε.

(5) Euler Product. For σ > 1,

logF (s) =

∞∑

n=1

b(n)

ns
,

where b(n) = 0 unless n = pm with m ≥ 1, and b(n) � nθ for some

θ < 1
2 .

Observe that, in this definition, Dirichlet series are normalized so that

the abscissa of absolute convergence is equal to 1. Dirichlet series in the
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Selberg class include the Riemann zeta function, Dirichlet L-functions, and

Dedekind zeta functions for algebraic number fields; see [51] for further

examples. A major goal in the Selberg class theory is to demonstrate that

certain Dirichlet series indeed do belong to the Selberg class; again see [51]

for examples.
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